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INTRODUCTION 
By Tjalling C. Koopmans 


The contributions to this book arc devoted, directly or indirectly, to 
various aspects of a fundamental problem of normative economics; the 
best allocation of limited means toward desiriid ends. The central place 
of this problem in economic thought explains what otherwise might 
seem like a suiprising fact: that the studies here assembled bring out 
affinities and connections between lines of thought and funds of experi- 
ence (hivcloped in apparent indc^pendence by various groups of econo- 
mists, mathematicians, and administrators. The volume thus testifies 
to the fundamental unity of the economic problem, even though the 
approaches and points of view may vary widely. An introduction to it 
should start by indicating some of the currents of thought here converg- 
ing and interacting. 

A specific historical origin of the work in this volume is found in dis- 
cussions among Austrian and (lerman economists in the thirties on 
generalizations of the Walrasian ecpiation syst('ms of mathemalieal 
economics. Neisser [1932] and von Stackelberg [1933] raised questions 
of existence and uniqueness of a solution to Cassel’s formulation of the 
Walrasian system, with reference in particular to the requirement that 
prices and rates of production be represented by nonnegative numbers. 
In a mathematical seminar conducted in Vi(?nna by Karl Monger, 
Schlesinger [1935] formulated a suggestion, made also by Zeutlien [1933], 
that economic theoiy should explain not only the nonnegative prices 
and (piantities produced of scarce goods but also which goods ar(» scarce 
and which are free (i.o., have a zero pricuO. Wald [1935, 193Ga, b] 
proved the existence and uniciueness of a solution to an etpiation system 
expressing this problem. Ilis discussion concerned a static model of 
production in which each commodity in demand can be produced in 
one way (a given ainounf. of production requiring the input of propor- 
tional amounts of primaiy factom of production). He assumed that 
the total availabilities of primaiy factors are given by nature and that 
there is a given static structure of demand (demand functions satisfy- 
ing a monotonicity condition). 

In a lat(‘r contribution to the same simlnar, von Neumann [1937, 
1945] geiKU-alized this model of production in s(wcral directions. He in- 
troduced alternative methods of producing given commoditic'S singly or 

1 



12 


T. C. KOOPMANS 


jointly, each method again involving fixed technological coefficients (ra- 
tios between inputs and outputs). Thus he derived not only which 
goods are free but also which productive activities (methods) go un- 
used. Also, a commodity could appear simultaneously as input of one 
activity and as output of another. This circularity idea was extended 
even to goods demanded by consumers, through the somewhat forced 
concept of an activity producing labor by the absorption of consump- 
tion goods in fixed proportions. The model thus became a closed one, 
with no inflow of primary factors from outside or outflow of final prod- 
ucts out of the system considered. Any nonconsumed ‘‘surplus^* was 
assumed to be used for (\apital formation to obtain a continuous propor- 
tional expansion of all productive activities untlc^r unchanging t(;chnol- 
ogy. Von Neumann’s model is therefore tlynamic in tlie limited sense 
that change over time is described by one scalar cocjfficient of uniform 
expansion.^ 

Like Wald, von Neumann treated prices (iru^luding an interest rate) 
as determined in competitive markets so as to satisfy a zero profit con- 
dition on all activities engaged in. He further exctluded positive profits 
on unused activities. Although his main concern was still with the ex- 
istence of a solution (i.e., a set of nonnegativc^ pric(is and a(‘tivity levels 
meeting these conditions), the important observation was made at the 
end of the article that any such solution achieves efficiency of allocation 
in the sense of a maximum rate of expansion of production compatible 
with the given technology of production and consumption. Ilns rate of 
expansion is unicpiely determined l)y the technological coefficients, but 
there may be more than one solution achieving it-. 

We have dwell on tlu^se discussions in some d(‘tail b(‘caus(‘ even among 
mathematical economists their value seems to have been insufii(‘ienily 
realized. I'he second source of inspiration for the pri'sc^nt studies, al- 
though still largely in the realm of abstract tln»ory, is part of the com- 
mon fund of ideas of “literary” and “mathematical” economics. This 
is the theory of welfare economics, particularly in its application to pro- 
duction. Bergson’s [1938] concept of an “economic welfare fuiKttion,” 
employed also by fjange [1942] under the name? “social value fuiKifion,” 
recurs in Dantzig’s “objective function” [11], in a cont(»xt where the 
distributional probiem concerning individual welfare hjvels recedes to 
the background. Similar use is made of the idea underlying Pareto’s 
“weak welfare principle” [Pareto, 1909, Chapter VI, Section 33], which 
regards a situation as maximal from the welfare point of view if no te(;h- 
nologically possible reallocation or redistribution of commodities can in- 

' TIm* i(l(!a of a linoar nioilcl dcscTihing an economy expanding at a constant rat(» 
is also contained in an earlier study by Ixiontief [ 1028 J. 
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croasc somebody's welfare without decreasing someone else's welfare. 
Through the studies of Barone [1935], Bergson [1938], Hicks [1939], 
Hotelling [1938], Kaldor [1939], Lange [1912], Lerner [19141, and others,- 
this principle became the basis of what is known as the “new welfare 
economics.” It is here applied by Koopmans [HI], Georgcseu-Rocgen 
[IV], Samuelson [VII], and others to productive efficiency problems by 
substituting the outputs of desired commodities for individual welfare 
levels in the foregoing formulation. 

Particular use is made of those discussions in welfare cconoml(*s 
(opened by a challenge of L. von Mises [1922, 1935]) that dealt with 
the possibility of economic calculation in a socialist society. The no- 
tion of prices as constituting the information that should circulate be- 
tween centers of dedsion to make consistent allocation possible (‘merged 
from the discussions by Lange [1938], Lemer [1944], and othei-s. The 
underlying idea of th(‘ modf'Is of allocation const ructed by them is that 
the comparison of the benefits from alternatix'e us(‘s of each good, wliere 
not secured by competitive market situations, can be built into the ad- 
ministrative processes that dcH'idc the allofiation of that good. This 
suggestion is nJcn'ant, not only to the probli^ns of a socialist e(?onomy, 
but also to th(j allocation problems of the many sectors of capitalist or 
mixed economies where competitive markets do not penetrate. 

The third source of ideas is the work on interindustry relationships, 
initiated, developed, and stimulated largely by Leontief [1936; 1937; 
1941; 1944; 1940a, b; 1948a, b; 1949] and givcm statistical expression by 
measurements and tabulations produccnl by the Bun'aii of Labor Sta- 
tistics. One of the purp(jS(‘S of this work has been to provide an empiri- 
cal basis for numerical estimation of the (^fleets, on the levels of activity 
ill individual industries, of givc'ii (changes in the composition of final de- 
mand by industri(^s supplying final goods. The theon'tical concepts un- 
d(‘rlying this work have beem adaptc'd to the purpose of answering broad 
fluantitative policy (|U(\stions from an analysis of observable variables 
of a more or I(\ss aggrc'gative type. The operations of an industry were 
regarded as one activity, and homogeneity of productive operations 
within an industry was ainuHl for by as detailcnl an industrial classifi(‘a- 
tioii as was permittcnl by available data and computation nu^thods and 
equipment. The mc'thod of measuivment of input-output cooffici(jnts 
that has been used most exUmsively is the ol^servation of the moimy 
value of all goods and ser\4(X?s delivc'red by each industry to each other 
industiy in a census year. This method, whicli precludes the separate 
measui’cment of alternative? proc(?sses to produce the siiinc commodity, 
or the recognition of joint prcnluction, can be and is being supplcmcntc'd 

* Tor further n-k'n'iicos, for instance, Samuelson [PMS, Chapter VII 1 1. 
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by the study of cnginooring information, wlii(!h is not subject to these 
limilatioiis. Substitution possibilities liave not been explicitly intro- 
duced in his models by Leontief but arc not incompatible with them, 
as will be explained further below. Present work by Leontief and his 
collaborators is directed to the dynamic generalization of the static 
models so far developed. 

The fourth source of inspiration has been the study of equally prac- 
tical but more detailed, less aggregative, allocation and programming 
problems that arose particularly in the organization of defense or the 
conduct of war. The most comprehensive work in this categoiy has 
b(Mm the development of programming iikmIcIs by G(»orgc P. Dantzig 
and other members of a group of officials of the U. S. Departnumt of 
the Air Force, under tlic direction of Marshall K. Wood. Scweral re- 
ports on this work arc contained in the present volume [I, TI, XII, 
XI 11, XXI, XX 111]. The nuKlels of this group were developed to deal 
both with the dynamic aspects of scheduling the interdei)endcnt activi- 
ties of a large organization and with the elloic(^ of a best combination of 
activities toward the achievement of a stated objective. Although in 
practical elaboration the dynamic features have so far rcc(»ived prece- 
dence, the conceptual structure of the models also invite's the compara- 
tive study of alternative ends attainable with given means. 

In the same “detailed practical” category is work by Koopmaiis [1947] 
on a static model of transportation developed, in ignorance of an earlier 
study by Hitchcock [1911], under the stimulation of statistical work lor 
the Combined Shipping Adjustment Board, the British-American board 
dealing with mcrcluint shi])ping problems tluring the second world war. 

There is, of course, no exclusive connection betwe('n dc'haise or war 
and the sj'stematic study of allocation and programming problems. It 
is believed that the studies ass(;mbled in this volume ani of ecpial rele- 
vance to problems of industrial management and eflKMency in prodm;- 
tion scheduling. They also throw new light on old probk'ins of abst ract 
economic theory. If the apparent prominence of military application at 
this stage is more than a historical acckh'iit, tin? rc*asons are sociological 
rath('r than logical. Jt docs seem that governmental agenci(‘S, for what- 
ev(?r reason, have so far providcnl a better ('iivironm(‘nt and more sym- 
pathetic sup])ort for the systematic study, abstra(;t and ap])lied, of prin- 
ciples and methods of allocation of resources than private industry. 
There has also been more* mobility of scic'iititic, i)ersonn('l between gov- 
ernment and universities, to the advantage of both. 

The foregoing refcaences to the main currents of thought that have 
inspired th(^ pr('S(?nt, studies may already have helped to charactc'rize 
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the intent of this volume. The immediate occasion for it is to report 
on a conference on ‘linear programming,” held in Chicago at the Cowles 
Commission for Research in Kconomics on June 20-24, 1919. In this 
conference, scientists classifiable as economists, mathematicians, statis- 
ti(;ians, administrators, or combinations thereof, poolcil their knowl- 
edges, experience, and points of view to dis(!uss the t heory and pract ice 
of cflicient utilization of resources. The mathematicians brought new 
tools of analysis essential to the progress of (iconomics. The administra- 
tors introduced an element of closeness to actual operations and deci- 
sions not otherwise attainable. Those speaking as statisticians adduced 
data and discussed their limitations. The economists contributed an 
awareness of the variety of institutional arrangements that may be 
utilized to achieve efficient allocation. 

The present volume contains the majority of the papers presentcxl to 
the conference. A list of contributors to this volume, a list of pai)ers 
presented in the conference but not reproduced, and a list of partici- 
pants in the conference who did not formally present papers arc given 
on pages vii ix. A number of papers [III, IV, V, IX, XI, XIII, XIV, 
XX, XXII I] were rewritten and substantially extended after the con- 
fert'nce, either because only an abstract was pn^pared for the conferen(*c 
or because additional material was found to be essential for a well- 
rounded presentation. Two mathemalical papers fXVH, XVHI] were 
added. Other papeu-s have undergone some revision or extension [II, 
VII, XX, XXII] or were abstracted [X, XVI, XXIVj because of plans 
for fuller publication elsewhere. The remaining papers [I, VI, VUI, 
XI I, XV, XX V] are reproduced essentially as presented to the confer- 
enc(\ Of the ai’ticles in the volume, the first two are n'printed, with 
minor [I] or more (‘xlensivc; [11] revisions, from Economdrica, Vol. 17, 
194!). All other contributions appear here for the first time in print. 

The name of the conference topic, “linear programming,” requires ex- 
planation. In (‘arlier |)hases of the work reported on in this volume, 
contacts and exchanges of ideas among its authors were stimulated by 
a common inter(\st in the formal problem of maximization of a linear 
function of variables subject to linear inequalities. The term “linear 
programming” became a corn'cnient designation for the class of alloca- 
tion or programming pi’oblems which give rise to that maximization 
pjoblem. The dilTerent title of this volume is intended to convey that 
the work has in part already outgrown the designation and may be ex- 
pected to outgrow it further. 

The term “linear” still applies to all the models discussed here. But 
to carry that. tcM’in at. the masthead would impede an understanding of 
the true intent of the work by emphasizing its present limitations. 
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Moreover, because of a semantic difficulty, its use would tend to over- 
state those limitations. To many economists the term linearity is asso- 
ciated with narrowness, nistrictivencss, and inflexibility of hypotheses. 
We cannot pass such judgment until it is specified whiirc the linearity 
assumption is made?. Tn this book the adjective in “linear model” re- 
lates only to (a) the assumption of proportionality of inputs and out- 
puts in each elementary productive activity, and (b) the assumption 
that the result of simultaneously carrying out two or more activities is 
the sum of the results of the sepanite activities. In tenns more familiar 
to the economist, these assumptions imply constant returns to scale in 
all parts of the technology. They do not imply linearity of the produc- 
tion function, only its homogeneity of degree one. (Curvilinear produc- 
lion functions witli tliat property, and with the continuity of derivatives 
suggesteil by tlie api)ealing smoothness of textbook diagrams, (!an be 
obtained from the mod(‘ls here studied by admitting an infinite set of 
elementary activities. The limitation to a finite basis of activities in 
most of the present contributions is a matter of mathematical conven- 
ience and is of little economic conseiiuenco. As long as the homoge- 
neity assumption is satisfied, the “polyhedral” production fumdJons de- 
rived from a finite^ basis ])ermit any d(?sired degree of approximation in 
all applications and constitute a gain in realism in many. In particu- 
lar, the production fuiujtions so obtained fully express the phenomenon 
of decreasing returns to proportional increases in the inputs of some but 
not all primary factoi’s of production. 

Neither should the assumption of constant returns to scale, made 
throughout this volume, be regar(k*d as essential to the method of ap- 
proach it illustrates, althougli new mathematical problems would have 
to be faced in the attempt to go beyond this assum|)lion. Mon; ess(»n- 
tial to the present approach is the introduction of the method of pro- 
duction, the elementary activity, the conceptual atom of tivdinology, 
into tlu; basic postulates of the analysis. The problem of (dlicient pio- 
duction then becomes one of finding the pro{){;r rules for combining these 
building Idocks. The term “activity analysis” in the title of this book 
is d(;signed to express this approach. 

In going down to idealized technological fundamimtals in this way, a 
new freedom is won in the specification of institutional assumptions. 
These can be left blank in an abstract study of tin; (Tit(;ria of efficient 
allocation. Alt(;rnatively, a centralized direction of allocative decisions 
can be specified. The term “programming” suggests the latter institu- 
tional s(;tting, emphasizing in particular the problems involved in the 
time s(M|ucnce of pnxluctive activities. However, it. is also possible to 
specify decentralized decision making, through a market mechanism or 
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through administrative communication. It seems, therefore, tliat the 
term “allocation” as the economist uses it is more suited to the variety 
of possible institutional arrangements envisaged, it being understood 
that this term includes the problem of best time sequence of acti\'ities. 

Where so many diverse minds are at work on a problem area of com- 
mon interest, a certain amount of overlapping in content between their 
contributions is inevitable and, indeed, wholesome. In order to pre- 
serve the diversity in points of view and methods of ai)proach, editorial 
processes have left authors with considerable freedom to restate or en- 
large other authors’ results in their own terminology or (iontext. Like- 
wise, authors have chosen their own notations, subject only to mild edi- 
torial persuasion where differences in notation might place hardships on 
the reader. 

It may be useful to give bri(»f comments on individual articles in the 
book in order to help the reader find his way rather than to attempt a 
characterization of the? various contributions, whicth can be left to speak 
for themselves. Therefore', comments are apportioned only on the basis 
of the desiral)ility of introductoiy explanations. 

The four parts of the book follow the natural order of theoiy, appli- 
cation, and tools, the lat ter subdivided into mathematical tools and com- 
putational procedunjs. Those who find the tlu'ory somewhat abstruse 
may prefer to start their reading with some of the applications given 
.in Part Two, in which the subjec.t matter is more concrete and the style 
more expository. 

The opening chapter of Part One discusses the allocation problem 
from the point of vi(;w of an organization in whic^h a high degree of cen- 
irnlization in decision making is a strong tradition and in all likelihood 
a nearly as strong necessity. To von Misc's’ arguments |1922, 1935] re- 
garding the unmanagealulity of the computation problems of central- 
ized allocation, the authors oppose the new possibilities opened by mod- 
em electronic computing eiiuipinent. In Chapter II a model is devel- 
oped to guide the study of this allocation problem. Dantzig’s model, 
initially conceived inde])en(lently of von Ninimann’s model already dis- 
cussed, is similar to it. in allowing commodities to ho. inputs as well as 
outputs, in introducing alternative ways of achieving the same ends, 
and in choosing stocks-at-end-of-peri(xl rather than flows-during-period 
as the output variables. It is, however, more truly dynamic in that it 
permits change over time in the I’olative amounts of various activities 
in order most efficiently to achieve a stated objective. Dantzig’s model 
is an abstract allocation model that does not depend on the concept of 
a market. It does not introduce prices except implicitly (for final com- 
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mo(litios) in the formulation of the objective, which is to maximize a 
given linear function of the amounts of c(^rtain activities or (equiva- 
lently) commodities. It utilizes the concept of an exogenous activity 
to introduce limitations on the amounts of primary (or initially availa- 
ble) resources and is therefore an open model, unlike von Neumann\s. 

The model developed by Koopmans llll] is a static flow model but 
in other respects builds on the work of von Neumann and of Dantzig. 
It is an open model in which, instead of specifying a single objective 
function, the class of all obj(jctivc functions that do not exhibit satura- 
tion of demand for any of the “final commodities” is admitted. Allo- 
cative efficiency, in von Neumann’s analysis a property of a solution of 
market c(|uations, is here made into the main object of study. The i)ro- 
duction function is dofiiu'd as the set of all points in the space of com- 
modity flows that result from an efficient combination of a(^tivitios. 
Substitution of factors in production is studied as resulting from such 
shifts in the levels of the combined activities as preserve the efficiency 
of the combination. While this model is again an allocation model in- 
dependent of the concept of a market, a price coiKM^pt applicable to all 
commodities is d(‘rived from the rei|uirement of efficient allocation. 
These prices represent marginal rates of substitution whenever the lat- 
ter are defined. They are related to the technologi(*al data in tlui same 
way as prices resulting from a competitive maiket structure and can 
be used as devices to decentralize allocative decisions. 

Oeorgescu-Roegen [IV] discusses a production function coiicc'pt simi- 
larly defined but using a somewhat ditlercmt definition of the chMuentary 
activity. He then relates those concepts to von Neunuuiirs model and 
gives an alternative proof, based on more elementary mathematical con- 
cepts, of von Neumann’s theorem regarding the existence of a solut ion 
of expanding cciuilibrium. 

The remaining articles of Part One deal with various asp(»cts of the 
models utilized by Leontief. In Chapter V O(»org(\scu-Hoegen discuss(\s 
a dynamic generalization of the static Leonti(?f mod(»l for two indust ri(»s, 
wliich also extends earlier discaissions in mathematical l)usin(‘ss cycle 
theory. Smith [VH] discussers the uses of Ijoontief models for answering 
(juantitativc questions relevant to economic policy and the intirrpnrta- 
tion of ther variables in these models api)ropriate to each use. (Chap- 
ters VH, VUI, IX, and X all deal with the eflect of introducing alterna- 
tive methods of production into Leontief models. It was pointed out 
by SammJson, and indcrpendently by Georgescii-Roegcrn, that, as long 
as each available method has only a single final commodity as output, 
and as long as only one primary factor of production is subject to a limi- 
tation on availability, then any bill of goods (s(it of final commodity 
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flows) that can be produced in such a technology can be produced efii- 
cicntly by utilizing only one particular production method for eacrh 
commodity (this method being the same for all bills of goods). A proof 
of a theorem stating this projierty more precisely is outlined by Samucl- 
son [VII]. This proof iitssumcs that the alternative methods available 
for each commodity (*a.n be summariztMl in a differentiable production 
function. An alternative proof using the properties of closed convex 
sets has been developed in order to show that this assumption is not 
necessary for the theorem. Koopmans [VIII] gives such a proof for a 
thrce-industiy model. Arrow |IX] generalizes this method of proof to 
the case of n industries, at the same time introducing an alternative, 
still weakcM', S(»t of assumptions. An abstract is given of Georges(Mi- 
Roeg(^n^s rt^sults [X], partly overlapping those formulated by Arrow but 
containing interesting further particulars. This investigation will ap- 
pear in full elsewh(?re. 

Tt was said above that the articles of Part Two are on the whole 
more expository in nature. This applies in particular to the opening 
chapter [XI], where Hildreth and Reiter discuss the use of linear 
models in the production policy of a firm facing given market 
prices.** 

Wood and Geisler [XII] communicate their (experience with program- 
ming problems as they arise in the practice of a large organization. Th(\y 
dev(»lop a modc'l with a nearly triangular coefficient matrix to deal with 
dynamic situations in Avliich the scluHluling problem of succc'ssivce ac- 
tivities has prominence over the probh'm of choice between alternative 
ac^tivity combinations. Wood also illust rate's the flexibility of liiu^ar 
models by using tlu'm to approximate situations characterizc'd by non- 
linear growth curves [XIII]. 

Kcjopmans and Rc'iter [.XIV] pn'sent an application of the theor}’’ of 
Chapter HI to a static model of transportation; in this analysis the spe- 
cial way in which “intermediate^' commodities occur in the tc^chnology 
leads to the use of linear graphs as a tool of analysis. 

Simon's contribution [XV], followc'd by comments from Coalc and 
Brozen, d('als with the various effects of additions to a technologj^ 
through iinentions or innovations. It is shown by graphical illustra- 
tion how the addition of a new activity may affect the techni(iues actu- 
ally used, or only the techni(iues that would be used under dilTerent 

^ It may tx* pointnl out. that in this arficla the prires, doiiotcd by Pi, are ditTerent 
in int^Tpretation from the “inti-rnar’ prices denoted by pk in Chapter 111 or by Pij in 
Chapter XIV but correspond to the “exlernar' i)riees denoted by irk in Chapter 111, 
tx'etion 5.1 1. 
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availability conditions of primary resources, or may have no (effect at 
all, depending on the input-output ratios of the new activity. 

Morgenstern fXVI] abstracts a discussion of the limitations placed on 
programming methods by the inaccuracy of the statistical data used. 
This study has since been published in full elsewhere [Morgenstern, 
1950]. 

The mathematical tools presented in Part Three are relatively new to 
economics. Methods involving c,onvex sets have been used in economics 
by von Neumann [1937, 1915] in his model already referred to, and by 
von Neumann and Morgenstern [19 14] in the theory of games. In both 
cas(*s the need for su(4i methods arose from the pmscncc of linear func- 
tions of variables which are by their nature nonnegative. This circum- 
stance results in a close? mathematical connection between the? thee)iy e)f 
pre)eluction and the theory of games, although these tbee)ries ebal with 
(piite different problemis and the variables in question represent q\iit(' 
dilTerent entities, that is, levels e)f activitie's in produe^Ueai theory and 
probabilities entering into a *hnixe?d strategy^^ in the the^e)i*y e)f games. 

The? belief may here? be cxj)re"sse?el that the thee)ry of pe)int sets in gen- 
eral, and of convex sets in particular, will be an inearasingly important 
te)e3l in economics.* In many ccemomic probl(‘ms a ])reference? ranking 
of alternatives representable by pennts in a spa(*e is confroiitenl with an 
opportunity set. Often l)oth the opportunity set and the sets e)f points 
])refeuTeMl-e)r-inelilTere?nt te) any given point can be? assumeel ce)nvex. In 
su(4i (?ases the? use of convexity projierties readily permits the study of 
optimizing choice freau all available alternatives. On the other hand, 
the metheals e)f e^alciilus, more familiar to ee'eaiemiists, peMinit at best a 
(?e)mparison e)f tlie e'hosen alte»rnativc with altc*rnatives in its neighbe)r- 
he)e)el, and that emly if the re'quired number e)f dea-ivative's (?xist. 

In tlie'se comments tlie emphasis should fall e)n the convexity e)f the* 
peiint sets stuelied in Part Three rather than on tbe*ir i)olyhe*elral charae*- 
tcr arising frean the use? e^f a finite basis e)f ])e)ints e)r lialtlines. We re*fe*r 
here to our previous observation that the use of polyhedral se'ts, which 
tenels to exaggerate the departure from earli(?r elise*ussie)ns e)f proelue^tiem 
functions, may be? a matter of mathematical eon\'enicn(*e anel appre)xima- 
tion emiy. 

A clos(?d convex peiint s(?t (in a ("artesian space?) can be built up from 
within as the convex hull (convex closure) of a basis or cut eleiwn from 
without as an intersection eif halfspaccs. This funelame*ntal eepiivalence 
was elcve'loped by Herman Weyl [1935, 1950], after earlier work by Min- 
ke)wski [1896], for the case of convex peilyliedral ce)ne?s, where? a finite 

^For Kiinilar re’markK sci* Arnjw |1‘.)50, p. r>()| anel Siunue'lKon 11U47, pp. 75, 111). 
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number of halflines (issuing from the origin) suffice as a basis and a finite 
number of halfspaces (pivoted on the origin) suffice to form a cone by 
intersection. The purpose of (Jahi’s chapter [XVII] is to give a para- 
phrase of WeyVs result for the readers of this book and to illustrate its 
application to linear models of prodiuition and to the theory of games. 
Tlie relationship between the set of all halflines contained in a polyhedral 
cone and the set of all halfspaces containing that cone is expressed by 
dale in a “duality theorem” [XVII, Theorem 2]. Among its applications 
used in the study of allocative efficiency is a “separation theorem” 
[XV 1 1, Theorem 4|. Gale’s discussion also illust rates how each prop- 
(»rty of a (;one taken as an intei’section of halfspa.(;es can be restated as a 
pr()i)m-ty of a system of homogeneous linear in(M|ualili(*s. 

In Chapt(‘r XVIII, which was developed aft(»r Gale’s contribution 
became available in manuscript, Gci*stenhabcr gives a self-contained 
discussion of the properties of convex polyluMlral cones, pr<)perties that 
have l)een found to be relevant, to the jinalysis of the model of produc- 
tion of Chapter III. The concepts of a frame and the r(?lative interior 
of a cone an^ developcid and are employed to obtain a uniipuj dc'cornpo- 
sition of a cone into open facets. This analysis rests almost entirely on 
the definition of a (tone as a convex hull of halflines but includes an al- 
ternative pro(3f of Weyl’s tlu'orem of which the duality theorem [XVII, 
'rheon'in 2] is a dirc(tt conscMpumco. 'Fhe style of analysis is abstract, 
and r('aders unfamiliar with the concepts involved will derive material 
helf) from tlie prior reading of Chaptc^r XVII. 

Gal(', Kuhn, and l\ieker [XlXj discuss a probkmi of finding a maxi- 
mal matrix (maximal with r(*speet to all of its (elements) permitting cer- 
tain ine(iualitics to have a solution. Thcty examine this problem in its 
relation t.o a minimizatiem ])robl('m, in a sense dual to it, and to a game 
problcMu symmetrically (!onst ructcHl from the data common to both 
|)roblems. ■ 

The maximization problem n^feiwl to is a gc'iieralization of, and 
hence contains as special cases, the maximization of a liiuvir scalar ob- 
jective function discussed by Dantzig [II] and the maximization (with 
respect to all elements) of a commodity flow vector which is a linear 
function of activity le^■els,^ as discussc'd by Kt^opmans 1 1 1 Ij. The math- 
ematical aspects of the metlnxls and theorems used in these earlier 
stu(li(\s are thus explorcnl from a more geiu'ral point of view. The ex- 
clusive use of the language of linear inetiualiti('s in this chapter should 
not (ionc('al the affinity of its mathematical conbmt to other articles in 
the volume formulated wholly or partly in the terminology of c(3nv('x 

® A key !o rorn'spondini; iioInliiHis in Chapters 111 iiml XIX is given in ClniptiT 
XIX at. tlu* eml of Sections 2 and ti. 
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cones. For instance, the pivotal lAunma 3 of Chapter XTX can be 
e(|iiivalontly stated and proved in terms of cone theory. 

In Chapter XX Dantzig demonstrates the mathematical ecpiivalcnce 
of the linear programming problem and the problem of finding a solu- 
tion to a game. (Computational methods or priruaples developed for 
one purpose are thus mad(^ available for the other as well. The rapidly 
growing literature on the theory of games ® thus has particular nilevam^e 
to the study of models of production, which arc the subject of this book. 

Research on computational problems in the maximization of linear 
functions on convex polyhedral sets is being undertaken by various 
groups. Any discussion of compulation nn^thods at this stage is likely 
to be highly provisional. Iterative methods seem most ap])ropriate to 
the nature of the problem. The main nu'thod available^ at present is 
Dantzig’s simplex method, presented by him in Chapter XXI and ap- 
plied to a game problem by Dorfman [XXII]. A special form of th(^ 
method for application to tin' transportation problem ^ of (Chapter XI\' 
is also presented by Dantzig |XXI1I]. 

It has been found so far that, for any computation method which 
seems useful in rt'lation to some set of data, anolln'r set. of data can be 
constructed for which that metluxl is obviously nnsatisfac^tory. A va- 
riety of methods will therefore have to be explored. Brown |XX1A'| 
outlines a method which was developed indc'fK'ndcMitly of a similar 
method by von Neumann and which is the subject of a more (letail(‘d 
joint publication by these authors.'* In Chapter XX\' some untrieil 
suggestions are offered by Brown and Koopmans that might !)(» of us(‘ 
when a systematic exploration of computation mc'thods is undertakc'n. 

For a collcclion of rcrciit studirs in llii.s fii*M roiitaiiiiiiK furllicr rTfon'iu-cs lo I In* 
literature, see Tueker (laoOI. 

" A key to coiTespoiiding notations in ("iKipIcrs XIV and .\\l 1 1 is in Chapter 
XIV, Section 2.0. 

* Included in Tucker 
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THE PROGRAMMING OF INTERDEPENDENT ACTIVITIES: 
GENERAL DISCUSSION ‘ 

By Marshall K. Wood and George B. Dantzig 

The mathematical model discussed here and in Chapter IT is a gen- 
eralization of the Lcontief interindustry model. It is closely related to 
the one formiiIat(»d by von Neumann [1937, 19451. Its chief i)oints of 
difference lie in its emphasis on dynamic rather than (Hpiilibrium or 
steady states. Its purpose is close control of an organization— hence it 
must be (piite detailed; it is dt‘signed to handle highly dynamic prob- 
lems— hence it puts greater emphasis on time lags and capital equip- 
ment; it takes into consideration the many different ways of doing 
things — hence it explicitly introduces alternative activities; and it rec- 
ognizes that any particular choice of a dynamic program depends on 
the ‘‘object ives’’ of the “economy” — Whence the selecjtion and types of ac- 
tivities are made to depend on the maximization of an objective function. 

Programming, or program planning, may be defined as the constnic- 
tion of a schedule of actions by means of which an economy, organiza- 
tion, or other complex of activities may move from one defined state to 
another, or from a defined state toward some specifically defined objec- 
ti\ e. Such a schedule implies, and should explicitly proscribe, the re- 
sources and the goods and seiwicjes utilized, consumed, or produced in 
the a(!Comi)lishment of the programmed actions. 

Tlic economy or organization for which a program is to be constructed 
is here conceived of as comi)rising a finite number of discrete types of 
activities each of whose magnitudes is to be specified over a certain time 
peritKl. For convenience, the magnitudes (or lev(*ls) of each of the ac- 
tivities will be specified for each of a finite numlxT of discrete time 
periods,® rather than continuously over the; total time peri(Hl involved. 

^This is a nwision of a pajxT pn'scnicd befom the Cleveland ^Teeting of the 
Kcon*)metri(! Society on December 27, 11M8, and was originally publislu'd, in a nn»rc 
extensive; form, in Econometriva, Vol. 17, .July-O<*toln»r, 1940, pp. 103 100. A second 
pap(?r, with the subtitle “Mathematical Model,” contains a more mathematical 
formulation of the probh'in and is included as Cha])ter II of this volume. 

*The mcMlel describiMl here is tn*ated in Chapter 11, Section 4, as “A Sivcial Finite 
Model.” 
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The resources and the goods and services utilized, consumed, or pro- 
duced by the activities arc hereafter referred to gencrically as “commod- 
ities” 2 and ai*c measured in terms of the quantities of specific; types of 
commodities. The quantity of cixch commodity type used, consumed, 
or produced by ea(;h activity is assumed to be a function of the magni- 
tude of the activity, usually proportional. Two activities arc interde- 
pendent when they must share limited amounts of a (;ommodity which 
they use in common, when one produces a commodity which is used by 
the other, or when each produces a commodity used by a third activity. 

These interdepcmdencfies arise because all pra(;tical programming prob- 
lems are circumscribed by commodity limitations of one kind or another. 
The limited “commodity” may be raw matc^rials, manpower, facililic's, 
or funds. One or more of these is almost always limit(»d in any type of 
program. To some extent, all of them are usually limited in program- 
ming problems, since any program must start from a dofinitc^ly pre- 
scribed initial status, at which point all commodities arc limited. 0 (mi- 
crally, these limitations of initial status are felt over several suce(;(Mliiig 
time pca-iods because of the existence of limitations on tlui rates of growth 
of the activities producing the commodili(;s.'* 

There are two general formulations of the i)rogramming ])roblem. In 
the first formulation, the quantities of ea(;h of several activities con- 
tributing directly to objectives (or “final demand”) are specified for 
each time period; from this it is dcsinMl to determine the magnitiid(»s of 
the re(iuircd supporting activities, their total riMiuiremcMit, for com- 
modities from outside the system, and whether or not these; total re- 
(luirements arc consistent with the initial status anel subseeiuent limita- 
tions. Procedures for solution e>f the problem in this formulatiem have 
cejnsislcel generally of ordering the work in a seM-ie*s e)f stages. In the 
first stage, the input reMpiireanents of the specific'el “final deMiiand” ae;- 
tivitics arc computed. In the second stage*, the)se suppe)rting activitie*s 
whose output is principally utilizeel by the “final elemanel” activities 
are ceraputed. In the third stage, those suppe)rting activit.ie^s whe)se 
output is principally utilizeel by be)th the “final demand” activit.ie*s anel 
the activities whe)sc resource requirements were (;ompute;el in the secemel 
step are computeul; and so on.® To the extent that the conditiems spee;i- 
fienl in the above arrangement can be mcit, this pro(;cehire yie.*Iels consist- 
ent results. I lowever, when one activity utilizes a cejmmodity produce;el 

’ The; term a.s \im\ in Chapter II anel e*ls(;whiT(; is synonymous with “com- 

modity’* a.s used here?. 

^ These' grcjwth rale* limitations are? (iis(!ii.ssc'd in Chaplets XII and Xlll. 

® This proce'dure; is (?s.s(*ntially thn Cauas-Scided method for sedution of simultane'oiis 
linear systems. 
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by another, and the other also utilizes a commodity produced by the 
first, a circular relationship exists which precludes .satisfyinj; the condi- 
tions of this arrangement, and a satisfac^tory solution can be produced 
only by siuxjessive iterations of the procedure. The procedure is also 
deficient in that it does not i)crmit the consideration of alternative proc- 
esses or a(;tivities. 

In the second formulation of the proj^rammiiij^ ])roblem, we seek to 
determine that program which will, in some sense, most nearly accom- 
plish objectives without exceeding stated rcisounuj limitations. At pres- 
ent, siK^h problems c.an only be solved by succtessive itca-ations of the 
pro(HMlur(‘. described under the first formulation. Yet this sc^cond type 
of problem is i)re(Msely the one which we are (ionstantly reciuired to 
solve, oftiai iindca* conditions rc(|uiring an answer in days or hours. 

To acaaimplish this, it is proposed to represent all the interielation- 
ships in the organization or economy by a large system of simultaneous 
ccpiations in which the variables are the quantities of the activities to 
be pea-formed, the (aiefficieaits are the rcquircmients of each activity for 
each commodity, and each (Miuation expresses that the sum of the re- 
(luirements of nil activiti(»s for a single commodity eepuils the sum of the 
outputs of that commodity from all aeitivities. To pn^pare a program 
it is necessary to insert into these eeiuations a detailed specification of 
the initial status in terms of the (piantities of each comrnotlity on hand, 
any subsecpient limitations (such as may be imposed by the capabilities 
of industries or other activities for expansion), and a statement of ob- 
jec'tives. 

To compute*, iirograms rapitlly with such a mathematical model, it is 
])roposed that all necessary information and instructions be systi'inati- 
cally classified and stor(*d on magnet iz(*d tapes in the “memory” of a 
large scale digital elc'ctronic computer. It will thi'ii be possible, we be- 
lieve, through the use of mathematical techniques now being developed,® 
to determine the program which will maximize the accomplishment of 
given objectives within those stated resource limitations. Alternatively, 
it will 1)0 possible to determine the program which will minimize re- 
(|uirements, either for funds or for any limiting commodity or group of 
commodities, needed to accomplish any fixed objective. 

The work b(»ing done on the mathematical model has clearly shown 
the necessity for a more precise formulation of objectives. Flannel’s 
generally have l)een accustomed to stating objectives in terms of means 
rather than ends (i.e., tluw have been accustomed to stating objectives 
in terms of specific operations whose relations to the accomplishment of 

•Some of these tcrhni(iiu*i^ arc ilisrussiHl in grout or dot ail in Chiiptor 11. 
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basic ends could only be evaluated subjecitivoly). Objectives must be 
stated in terms of basic ends, thus permitting the considcuation of altc^r- 
nativc means, if they are to be us<jful in programming operations de- 
signed to maximize objectives within resource limitations. 

In military program planning, it is necessary to introduce cpiantita- 
tively the various limitations of resources which restrict the capabilities 
of the militaiy establishment during wartime as well as in peacetime. 
For the most part these may be traced to limitations in the industrial 
economy of the nation. It is necessary to know what part of the total 
national production can be made available for military purposes. This 
(iannot be measured solely in terms of the ])ro(luctive capacity of the 
aircraft industry or of the munitions indust ry any more than the strength 
of an air force (;an be measured solely in terms of the number of groups. 

It is necessary to know in detail the capacities of the steel, aluminum, 
electric power, transportation, mining, chemical, and a multitude of other 
industries supporting the aircraft, shipbuilding, and munitions indus- 
tries, just as it is necessary to know the capacities of the training, trans- 
portation, maintenance, and supply activities supporting the combjit 
air groups. Further, it is necessary to det(‘rmino whether these indus- 
tries (or supporting activities) are balanced in the proper proportions 
to mecjt changing rcciuirements. 

Thus, since the dcterniination of the ^‘best^^ program nec(*ssarily 
starts with a consideration of limitations on resources, it must ikm'cs- 
sarily start with a consideration of the interrelationships of industries 
in the industrial economy of the nation. 

The first steps toward the recpiired analysis of int(»rindustry relation- 
ships liave been taken by Professor Leontief and by the Bun'au of Labor 
Statistics. These studies consider relationships in a static; or eciuilibrium 
state. Theorc'tical work now under way by sevcjral grou])S will make; it 
possible to handle these relationships dynamically and with due con- 
sideration of alternative proctHhm)s, or pro(M*sses, as is done in the math- 
ematical model we are now developing for the; internal operations of 
the Air Force.^ 

^Thc forniiil niath(‘inatical model is discussed in Chapter II and is illustrated by 
concrete example's in Chapter XU. 
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THE PROGRAMMING OF INTERDI^PENOENT ACTIVITIES: 
MATHEAfATICAL MODEL ^ 

By Geohgk B. Dantzig 

1. Linear TEciiNOLoaii:s or Models 
Postulates of a linear technology: 

Postulate I: There exists a class of objects \A | called ^'possible activ- 
iliesJ^ 

Postulate II: There exists a finite set of m things^ called ^Hteim^' (com- 
modities)^ denoted by the index i = 1,2, • • • , w. 

Postulate III: Associated with each possible activityy A, and item, /, 
there is a set of characteristic ^^flow functions^* (cunudative) of a vunable 
/, (-» < t < +x): 

(1) Fi(.l\A) (j= 1,2, ••• , w). 

Posti’LATE IV: Giren any two possible adirities, /I, and /lo, where Ai 
arul A 2 may be identical, there exists a jmssiblr activity, denoted by /I i + 
whose characteristic functions are the sum of the corresponding functions 
for /li ami Ao, respectively: 

(2) [<\{t I .1, + .h) = Fa 1 .1,) + Fa I -h) (j = 1, 2, • • • , w). 

PosTuiiATE \': For any x ^ 0 and any possible activity .4, there exists 
a possible, activity, denoted by .r.l, whose characteristic functions are the 
prinluct of X and the corresponding functions for A: 

m Fa\^A) = ^Fa\A) o: = i,2, ••• ,w). 

Wo slinll now ilisciiss i)hysioal situations wIkmv those postulates may 
be api)lioablo. The luullitudo of activities that any large organization 
or a nation engages in, in the pursuit of its objectives, are examples of 
a larger class of possible activities. Thus the various observetl activities 

* Tlu* pr(*s(‘nt paper repn*s<*nts a revision ami extension of an earlier paper whieli 
apjK'areil in Econometrica, Vol. 17, July Oetoln'r, llMU, pp. 200 211. 

10 



20 


G. B. DANTZIG 


[PAllT I 


are representative building blocks of different types that might be re- 
combined in varying amounts to form more complex but possible activi- 
ties. The ^Yhole set of possible activities we will refer to as a technology. 
Iiliurh a(!tivity requires many items to flow into it from “outside” the 
activity over time. It may also produce or make available many of 
those; items over time that in turn may be used in other activities. The 
total quantities of these itemis are often limited in amount, and this fact 
places a restri(;tion on the set of possible activities that can coexist at 
any oik; time in what we shall refer to later as a “program.” 

Thus each activity, from our point of view, is characterized by the 
flow over time of a set of it(*ms which, if one conc(;ives of an activity as 
occupying physical space, flows from the outside world into the activity 
or flows from the activity into the outside world. If two or more ac- 
tivities arc considered as a single composite activity, it is postulat'd 
that the net flow of any item over time to or from the composite activity 
is the sum of the corresponding flow functions over time of the individual 
activities. 

Natural as this assumption of additivity may seem, it may appear in 
fact to be “refuted” by many examples. Thus a day shift op(;rali()n 
and a night shift operation may each reciuirc one machine but certainly 
do not require two machines when both arc operating simultaneously. 
A careful analysis of tlK'ir respoedive flow requirements for this iU'm 
over time will show, however, that each rei|uires oik; machine but at 
(liffvrcni thnes; thus the coml)in(;d flow functions would also require; one; 
machine for both a(;tivities at any given time. 

One simple consequence of the additivity assumption^ Postulate IV, is 
that it includes the existence of integral multiples of a possible; activity. 
Thus, setting Ai - Ao = A, I’ostulate IV states that it is techni(!ally 
possible to construct anedher a(divity whose flow functions arc double 
the respe(dive flow functions of any given activity. By adding A to 
2.1, one obtains 3A, etc. Accordingly, Postulate IV implies Postulate 

V for a* = 1, 2, 3, • • • . Postulate V goes one step further in that it as- 
sumes infinite divisibility of an activity. 

The lack of realism of tliis assumption of divisibility is not to be dis- 
puted. For example, mass prodmition activities often use (for reasons 
of economy) huge i)ress('s that cannot be constructed bc'low a (pertain 
size. To cite anotiK'r (!as(‘, a garage may employ labor to rei)ai]‘ ma- 
chinery. In order to n'duce tin; time in sho]), it may try to increase 
the IalK)r force. The activity carried out by this labor force will c(*asc 
to b(; economical wIk'ii the r(;spective jobs of two workers require that 
they work on the same part at the same time. Accordingly, Postulate 

V has been introduced as a mathematical convenierux for studying prop- 
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orties of large scale systems and development of computational pro- 
cedures for solving certain dynamic programming (sch(Mluling) problems 
for such systems. Thus one must take care in real situations to discover 
significant indivisibilities and to make nec(\ssary adjustments in the 
results. 

Let us turn our att(»nti(m to certain mathematical properties of the 
sot of postulates. It will be noted that then* is a one-to-one correspond- 
ence between the addition and scalar multiplication of activities and 
the corresponding operations on the vector function, (4), of an activity 
A. Hccause of this isomorphism, the vrdnr function of time can be iden- 
tified with A and given the same symbol^ 

(4) I A), Fail 1 A), • ■ . , F„it \ .4)1 ~ A. 

Definition: The null activity ^ denoted by 0, is a symbol for the rector 
function of time whose m flow fumiions vonishy 

(5) (0,0, ••• ,0)-0. 

By Postulate V, it is permissible to multiply (4) through by x = 0; 
thus tlic null activity is always included in the set of possible activities, 
j.l 1. By (5), we may wi’ito 0.4 0, where 0 on the left represents the 

scalar .r = 0 whereas on th(» right it is the vector function of time (5). 

'Fhe class {.4 1 of possibk* activities is infinite; in fact, it has the power 
of the continuum. Thus it is natural to consider a smaller class of ac- 
tivities that may be conveniently usimI to generate the larger class. For 
(‘xarnple, for .r ^ 0, the s(‘t of activities xA can be generated from .4. 
41ierefore a basic sot of “unit” activities could be chosen such that any 
other activity would lx* a positive multiple of some activity in the unit 
s(*t of activities. Furthermore, by excluding from this basis any unit 
activity that can be exiiressed as a positive linear combination of k 
other activities in the basis, a still “smaller” basic set of activities could 
be used to repn»s(Mit j.l |. 

A linear technology can thus be categorized according to whether it 
can be represented by a linear combination of a finite set, a denumerable 
sety or a continuum of basic activities. We shall consider three separate 
sets of postulates to covit the finite technology, a special continuous 
technology y and an analogous denumerable technology. We shall also use 
the term model to connote a matluMuatical representation of a tech- 
nology. 

Postulates of a finite linear technology: 

Postulates 1 V: Same as for a linear technology. 
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Postulate VI': There exists a finite basisj Bi, R 2 , ••• , Bn, in {A} 
such that any A can be expressed as a positive lim^ar combinaiion of pos- 
sibte activities in the basis: 

(6) A = yilii + y-Jh + • • • + y„Bn, Vj ^ 0. 

2. TjINEAU 'rECllNOLOGlES WITH TlME SlIIFTS 

It is, of course, i)()ssil)le to have technologies where a time shift of a 
possible activity is also a possible activity. For example, the teaching of 
an algebra course in a university may occur periodically each September 
and ebruary . 1 1 is convenient in such cases to assume that the cumula- 

tive How functions characterizing these activities can be made to coincide 
by a suitable translation in time. If the possible time shifts of a given 
activity arc finite or denumerable in number, we shall refer to it as a 
finite or denumerable model nith time shifts. If any shift t is permissible, 
we shall refer to it as a special coniinmns model with time shifts. In 
models of this kind there may be no finite basis (i.e., the time shifts of a 
possible activity are not representable as a positive linear combination 
of a finite set of basic activities). I'sually in practice, however, there 
exists a finite number of activity types such that by taking cornbinalions 
of different time shifts of these types all other activities (*an be repre- 
sented. In this case any activity A can b(^ represented in terms of some 
“derived basis" B*, Bj, • • • , B* where B* (which need not be the same 
for all A) is derivable from a fixcnl Bj by various combinations of time 
translations of Bj. In the denumerable case 

(7) = yoBjiO) + 2 /, +•■■+ y„Bj{n) + • • • , yy ^ 0, 

where Bj = By(0) represents a typical type of activity and Bj(ta.) repre- 
sents a time shift of ta- of this activity (A: = 1, 2, • ■ •). In the con- 
tinuous case where any time shift r is permissible, the sum defining B* 
above is replaced by an integral. Thus, for example, the steel industry 
may have a continuously varying pnKluction rate //(t) over time. In the 
time interval r to t + dr, the total (juantity of production is approxi- 
mately yir) dr and the cumulative flow functions associated with this 
production are given approximately in vector form by B;(t)//(t) dr, where 
B;(t) represents the activity of producing a unit quantity of production 
of steel at time r. The composite flow functions over time of the industry 
which brings about the production pattern y(r) can be repi’escnted as an 
integral 
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The meaning of this vector relation (8) becomes clearer when expressed 
in terms of the corresponding flow funertions First, it will be noted 

that the correspondence between Bjir) and Bj = BjiO) is defincid by 

/'’,(< 1 lijir)) = Fi(l ~ T I Bj) (i = 1, 2, • ■ • , m), 

so that the flow functions of B* can |jc expressed directly in terms of 
tliese for Bj, 

I lij) = f Fid - r I BMr) dr (i = 1 , 2, • • • , m). 

So far in the continuous case we have considered the situation in which 
a density (noiRMinuilative) distribution of weights ?/(r) exists represent- 
ing, say, the rale of production at time t. This docs not allow, as in tluj 
denumerable case, for a finite weight ((piantity of production) at a point 
r. In order to generalize, consider instead the CMninlntive distribution 
function of weights r(r), where 1 '(t) is monotonically nondccreasiny. 
Any point ta- where there is a finite jump //a in the function r(rifc), 
represents a finite amount of production ?//. at time ta of the activity 
B{Tif). The Tielx'sgue-Stieltjes integral may now be used to clover a 
combination of l)oth situations. This more g(‘iieral way of expressing 
Bj is used in (12) below. 

One more point worth noting is that the passage from a finite sum as 
in (7) to an integral as in (S) tacitly assumes (since the integral is de- 
lined as a limit of linite sums) that there exists an activity whose flow 
functions are eiiual to tin* limit of a sciiuence of corresponding flow func- 
tions of a set of activity's (see l^)stulate VI H"). 

The above discussion may be formaliz(*d as follows: 

Postnlatcs of a special linear continuous technology: 


Postulates I-\': Same as for a linear technology. 


Postitlate For any t there exists a possible nctieity, denoted by 
A(t), timt is a shift in time by t of a given possible activity .1; 

( 9 ) = (( = 1,2, ••• ,m). 

PosTiriATK VIl": There ('xints a Jinifebaids of n pomble aetirities, B^, 
Ih, •• • , Bn, in {.11, such that any possible aclieily .1 can be rcpresenlal by 

(10) d = K + «:+•••+< 


where each Bj is given in terms of Bj by 


( 11 ) 



U = I, 2, 


in which Yjir) is a monotonic nomicereasing function of t. 


, n), 
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PosTULATK VII I": If the con'espon4h‘ng flmi) functions of a sequence of 
possible activities converge uniformly in /, there exists a possible activity 
A to whose flow functions the sequence converges. 

The postulates of the finite or denumerable model with time shifts differ 
from those of the continuous model in that the range of t for each Bj is 
restricted to a specified set, Sj, of permissible time shifts of Bj. Tlien? arc 
several models that Avoiild then satisfy the above postulates. Thus 
models constructed for Air Force programming purposes often have 
eciually spaced time shifts, but not necessarily the same time shift for 
each of the set of basic activities. In some cases the mod(4 was finite, 
in others infinite. Von Neumann’s model [1937, 1915] represents an 
earlier example which is denumerable with (Miually spac(Ml translations. 
The general dynamic model lately discusscHl by beontic^f, on the other 
hand, satisfies the postulates of the continuous model. 

3. Ltnkau Pro(;iiams 

We shall now turn our attention to the ct'iitral problem, namely that 
of considering whether a set of nonvaiiishing activities can be set up 
that is self-supporting. 

Dkfimtiox: A subset of \A] of nonranishing possible activities, A|, 
‘l 2 » ‘ * f constitutes a possible ^^program” if 

(12) E Ai = 0. 

The a).)ove ecuiation contains the germ of an mtorcsting philosopliical 
thought, since such a set of activili(*s could apparently arise out of noth- 
ing and yet could coexist. The usual situation that arises in praciic^" is 
one in which it is desired to find a sum of possible activities (or, what 
is the same thing, an A) which will receive flows from outside the system 
and will send out flows in specified amounts. 

Definition: A required vector function of flows into and away from a 
set of possible activities will be denoted by —B. The negative of this rc- 
(juired set of flows, B, will be referred to as the ‘‘exogenous activity.” 

Definition: A subset of [A\ of nonvanishing activities, Ai, A 2 , ••• , 
Ak, constitutes a possible program relative to B if 

(13) A, + A2+---+Af, + B = 0, 


i.e,, if —E is contained in Ml. 



CHAP. Ill PROGRAMMING OF INTERDKPKNDKNT ACTIVITIES: TI 


25 


Thus, for a finite model, a possible program relative to E exists if 
there exist values xiy ^ 2 , • * • , such that 

(14) 3C\Bi X2^h H h XfiBn + Z? = 0, Xj ^ 0. 

The number of units xj ^ 0 of the basic unit activity Bj (entering into 
a solution (.ri, X 2 y • • • , Xn) of (14) is called the Irvrl of the activity. 
The set (xi, X 2 , , Xn), provided it exists, is called ii feasible program. 

For the continuous mod(4 a possible program is obtained if we can 
determine monotonic nondecreasing functions, X|(r), X 2 (t), • • • , X,i(t), 
such that 

(15) + fi5 + ---+Bj + A’ = 0, 


wh(?re 



4. Criteria for Selection of Pro(;rams 

It is not always possible to find program levels xj, or the analogous 
cumulalive levels over time A';(r), in which case there arc no feasible 
programs. Should, howc^ver, one feasible program exist, th(‘n in th(» 
general case many feasible' programs exist (i.e., the leveds in terms of 
basic activities are not unupie). 

IiKMjuality ndations on the quantities of various items or activities 
are romnu)!! ways, of course', to expre.ss pri'ferences between alternative 
choices of feasible programs. For example, ecpiations (11) and (15) state 
an eguoliUj n'lation between the flows creat('d by the activities in the 
jirogram and the comph'iiientary flows toward the exogenous activity. 
For certain elements of the vector function of time that express the flow 
of raw materials to siqiport the economy from outside the economy, the 
iiK'ijuality ^ might lx* Ix'tter, whereas, for other items that are desirable 
outputs of the economy, the ine(|uality ^ would be superior. 

10x|)ression (II) n'presents an intinite number of liiu'ar eiiuations in a 
finite number of unknowns, (.ri, .ro, ••• , .r„). Thus (11) implies one 
eciuation for (*ach item-time combination. .Vt most n of these equations 
can be linearly independent. 

TlK'refore there exists a s('t of at most n item-time combinations which, 
it the eipiations are satisfied for any .r,- (nonnegative or otherwise), will 
be satisfied for all item-time combinations. Xot all exogenous activities 
E relative to /ii, Bo, • • • , B„ have this pro])erty ; indei'd, E is completely 
specified once its values are given over a certain tinib' set (^/i) of item- 
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time combinations. By such considerations the problem of finding non- 
negative solutions to an infinite set of linear eciuations in a finite number 
of unknowns can be reduced to one of finding nonnegative solutions for a 
finite subs()t of these ecpiations. 

The addition of linear inequality conditions to finitx^ models can, pro- 
vided the number of such inequality relations is finite, and this need 
not be the case, be replaced by a system of equalities in nonnegative 
variables. This means that the general character of the mathematical 
problem is not altered by the introduction of such restrictions. To illus- 
trate, consid(?r th(? following relations by way of example: x ^ Uj y ^ b 

^ Vi where .r ^ 0, ?/ ^ 0 are levels of two activities and a and b are 
constants. Introducing additional nonnegative variables, X\ ^ 0, ^ 0, 

0 ^ 0 , we may nuvrite the system as .r + Xi = «, y — y\ - h, x — y — z 

= 0 . ' 

We shall now introduce the concept of a maximizing princii)le the 
purpose of which will be to help define a uniepK^ program (except in 
certain “degenerate” cases). 


PosTULATK VII' (finite linear technology): There exists a linear objec- 
tive function ^ 

n 

( 1 /) ^ yjXj = z. 

y-i 


PosTULATK IX” (special linear continuous technology): There exists a 
linenr objective Junction, 

(18) + = 


where 

(19) 


7y 


= f' 7i(r)dA» (i=l,2, •..,n). 


Dkfimtiov: We call any program satisfying (l.*^) n/id maximizing z an 
optimum feasible program. 

For example, in a large business there may be a number of ways to 
produce a given product. If jj repres(?nts the nc'gative of the cost per 
unit of tliejth activity, then (17) measures (Ik? amount of profit. (S(;(j 
in particular the transportation and nutrition examples at the end of this 
chapter.) 

In the Leonti(?f steady state dynamic model [lO lSb; also Cornfield 
et al.f 1947], the bill of gf)ods for the final custoriKM* is usually spec^illed 
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as constant rates per unit of time for various items, 
activity E satisfies 


( 20 ) 


dE 

dl 


C, 


Thus the exogenous 


where C is a constant vector function of time. 

The Leontief steady state mcxlcl is essentially a finite type of model 
that can be derived from the special (tontinuous model by assuming a 
constant but unknown rate, Xj, of completed production of an activity, 
Ej [see (11)], 

dXir) 

(21) — = Xj = constant. 
dr 

Hy (11), the composite industrial activity /?*, derived from lij, is given 

i>y 

(22) B* = Xj [ J Biir) dr 


liCtting F{t) be a typical cumulative flow function for some item asso- 
ciated with Bj, and /<’*(<) the cori’csponding function for B*, then, by (7), 


(23) 


A ’*(0 






Since, in general, however, it is not exjx'cted that the cumulative flow 
F{1) — » 0 as < > '-c, the integral in (23) will usually not converge. On 

the other hand, as.suming for simiflicity that the rutv, of flow exists over 
a finite interval and is zero elsewhere, then 


(24) 


dF*{l) 
~ di ' 


I 


\ X 


m - r) 


= Xj\ lini F{1)], 


where lim/_,^ F{t) is thus Ihe input (or output) coefficient of the item 
per unit level, xj = I, of the composite activity E* in the Leontief 
model. liCt Uj represent the v(*ctor of constant injiut-outpiit coetficients 
for E* evaluated at unit level of prcKluction, xj = 1. Then, by sub- 
stitution in (15), a possil)le program is obtained if we can determine 
Xj ^ 0 such that 

(25) x.Ui + X2U2 + • • • + .r.r„ + C = 0, 


where C is given by (20). 

The bill of goods of the final customer, C, represents the objective 
to be achieved in the steady state model. Leontief, however, set up 
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the model so that n — m. The solution to (20), therefore, is unique 
when the detoi'ininant of the coefficients, \ Ui, Uij * • • , f/yi j, is non- 
singular. If ti > ?//, thi'ii (25) is not neccissarily a uniciuely determined 
system. If one of the items considered is labor, it may be desirable to 
minimize the use of I his item, in which case this eciuation is omitted 
from (25), and its left-hand member becomes the linear form z to be 
minimized (or its negative, maximized). 

As a second example, suppose that it is desirable to U'st in a finite 
model whether a given feasible program, j?, o’S, • • • , .r”, constitut(\s an 
“efficient point” in the sense of Koopmans fllF, Section 5.2]. By re- 
arranging the subscripts of activities, it is possible to let .r*/, .r!], ■ • • , x\ 
specify the amount of consumption by, say, households of certain 
“desired items,” where the consumption of an item by a household is 
considered an activity. It is assumed k <n. If there (‘xists no solu- 
tion xi ^ y/, X 2 ^ .rSj ‘ ^ -^2 (except all eciualilies) of (U), then 

^ 2 > * * * » yi defined as an “efficient poiiit” [s('e also (15)]. It will be 
noted that this definition expresses an efficient point in b'rms of activities 
nitlicr than items. Sotting j-, = // + yi, ■ • • , .a- = 4 + Ilk’, -fk+i = 
yk\h • • * i = Vn hi (14), a solution yj ^ 0 is sought to the system 

(26) ijiBi + + • • • + UnK \-E = 0, 

which maximizes 

(27) 2/1 + Jt2 + • • • + J/i- = 2, 
where E is given ))y 

(28) 5 = /;+(./, 7^, +...+ . r^7f,). 

H(M*ause of the feasible set of vahu's .r/, yj, • • • , .rj’, there exists at least 
one solution to (20) with y\ = ijo = yk = 0 so that max s 0. If 
max 5 = 0, then .//, .rj, , .rJJ is an efficient point. If maxr> I), 
then the new solution in terms of Xj cori.stitut(*s such a point. Kor the 
property of efficient jioints on which this text is based, see C.^hapter III, 
Section 5. 


5. A Special Flmte Model 

Our purpose* now is to develop the eepiations of the djmamic system, 
using a special finite^ model. Iliis is the original form of the early models 
developed for Air Fon^e use*. F.s.sentially it is th(* sanu* as one d(?s(!ribed 
by ,1. von X(aimann [1987, 1915]. However, w(* shal] seek programs 
based on this mode], which maximizes a linear olijective function, whereas 
von Neumann investigated the existence of programs whose levels were 
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expanding at a constant rate over time. Because this model is useful 
for many purposes and reveals the essential computational problem, it 
will be discussed now. We shall uae. equally spaced points in time, 
i = 0, 1, 2, ■ • ■ , r, for ease of not al ion, and we shall assume that each 
basic activity is associated with some unit lime {leriod, t — 1 to and 
that the cumulative flow functions of such an activity arc step functions 
with incremental changes only at points of time t — 1 and t such that 
the rate of flow elsewhere is zero.- We adopt the following notalioii: 

(a) i = 0, 1, 2, ‘ , r denotes cons(H;utivc points in time; tlui interval 

(t — 1, t) will be called the tth interval. 

(b) Bf represents the jth basic, unit level activity associated with 
the ah interval. 

(c) is the increment added to the (nimul.ativc flow function of the 
ith item for activity B^p at time t — 1 (input coefficient). 

(d) Up is th(^ (liscn^tc increment subtract(‘d from the flow function of 
the fth item for Bp at time t (output coefficient). 

(e) xP denotes the number of units of Bp. 

By our convention of signs, + and -- indicate in and out. Thus a 
and 5 will usually be posit iv<^ 

No use will b(‘ made of the cumulative flow function F{l \ .1). In- 
stead, e(iuation (14) will be replaced by the corresponding eipiation 
relating to the discrete additions or subtractions to th(^ flow functions 
at times t -= 0, 1, 2, • • • , T. This is valid since the rate of flow at 
all other times is zero. Thus the etpiations f)f the dynamic system 
bectime 


(29) 


3-0 


u) ,.u) 
0 -b’ 


= 

j -e 


V) J^-l) 
•b’ 


(« = 1, 2, • • ■ , nr, 

< = 1,2, ••• ,n 


whotv tho boundary ooiulitions ai'n obtained l)y settin}? a" = 0 for j ^ 1, 
and jy" = 1. 'i'be objc'ctive function b) bo maximized is 

(30) 2 22 = s = max, 

t^l j-^ 1 

where xP ^ 0. 

G. The C\)mptttational Proiu.em 


The fact that the (Mpiations of the dynamic system impose additional 
linear restrictions on the unknown levels of activities, besides the condi- 
tion that they must always remain noniiegative, leads to a very inter- 
esting computational problem that may be formulated in one of two 

* A slightly more genrrnl moilel is prestaileil in the vcTsion of this paper published 
in Enmomrtrira, using unihirm fl«)\vs during the /ih time interval :is well. 
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ways: (1) Maximize a linear function whose variables satisfy a system of 
linear inequalities. (2) M aximize a linear function of nonnegative vari-- 
ahles subject to a system of linear equalities. Those two problems are 
easily shown to be ecpii valent. 

Kxcept for general properties of the solution, very little oan be found 
in the literature that helps to solve numerically systems of cciuations 
involving many variables. One important property that is worth noting 
is the nonexistence of local maxima. Thus any prograin which is not 
optinml can always he improved by making small changes, A second 
property worth noting is that the ma,rimizing solution ® necessarily in- 
volves as few activities as possible at positive levels and as many as possible 
at zero levels. 

It is proposed to solve linear programming problems whi(;h involve 
maximization of a linear form by means of large scale digital computers 
because even the simplest programming problems can involve a large 
number of calculations (see, (».g., the experience with the nutrition and 
transportation problems mentioned at the end of this chapter). Several 
computational procedures have beem evolved so far, and resewch is con- 
tinuing actively in this field. 

Matrix notation: The essential form of the sysl-(»m of ociuations of the 
dynamic system is more clearly brought out by the use of mati*ix nota- 
tion. Let 

( 31 ) /> = 

be the column vector of levels of activities in th(' ^th time period; let 

(32) = K>I, 5") - [aj;’' 

represent the matrices of the input and output coefficients, respectively, 
in the ^th time period; and let the row vector of coeflicients of the 
maximizing form associated with the activity levels that occur in the 
^tli time period only be denoted by 

(33) r"’ = (7r,r?\ ,ri?). 

The constant terms in (29) can be written in vector notation also: let 

(31) o'" = - «s, 4r'’ - «S, • • • . - «S.) 

for i = 1, 2, • , T. The ecjuations of the dynamic system in matrix 

notation become 

*ln c(*rtain dcgon(?ratc oases them nuiy Im) inon* than one solution yielding the 
same mavimurn. If so, a uniiiue solution could be obtaineil by the usl^ of additional 
maximizing functions. 
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... ... ... 

... =a(i> 


+aV) 

... =«(=*> 

... 

-5<V +a«V« 

... =a«' 

. . . 



= a'’’' 

^( 1 )^( 1 ) 

+ * . * 

+ = max, 

where the 

arc vectors of nonnegative elements. 

It shotdd be noted 


that the {;oii(*ral mathomatioal prohh^in reduces in the linear program- 
ming ease to consideration of a system of ecpiations of nonnegative 
variables whose matrix of coefficients is composed mostly of blocks of 
zeros except for siibmatrices along and just off the “diagonal.” Thus 
any good computational technicjue for solving programs would probably 
take advantage of this fact.^ 

When the matrices and 5^'^ (< = 1,2, • • • , T) are scpiare and 
nonsingular, a direct solution is possible that may lead, however, to 
negative and nonnegative activity levels (in which case no feasible solu- 
tion exists). 

7. Applk’ations 

(a) 'riie interindustry relaticmship studies of Leontief and the Bureau 
of Labor Statistics are well known. The relation between the input- 
out|)ut cociricients of the steady state ecjuilibrium model and the special 
continuous model was developed in (21) and se(|uel. The more general 
dynamic mod(d lately considered by Lc'ontief is a special case of a 
spe(*ial continuous model. 

(1)) The ITitchcock-Koopmans transportation ])r()blem [Hitchcock, 
1941; Kooinnans, 1917; and XIV and X.XIll below] is an example of a 
steady state solution that involves the minimization of a linear function. 
The problem may be stated as follows: homogeneous product ® in the 
amounts of fju (h. • * • » res|)ectively, is to be shipped from s shipping 
point origins, and amounts ri, ro, • • • , rj, n'spectively, are to be received 
by (I destinations; the cost of s]up])ing a unit annnint of pnuluct from, 
the ?th origin to the ;th destination is r,-,. The problem is to determine 

^ S(*r Iho pnpers in Part Pour nf (his voluini*; siv :ilst> papers hy von Xouinann 
11047, IIMSI and Tompkins. 

^In Koopmans* case tla* Immoj^cm'oiis prodncl consistf'ii of empty ships to 1 h' 
moved from ports of di.scharj^e to next ports t»f loadinis, and the “cost consisted of 
time siM»nt by these ships in travel. 
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j'ijy tlie amount sliipped from i to j, so as to satisfy 

d 



Z = 9i 
-1 

II 

• • , s), 

(30) 
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0 = 1,2, • 
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Z Z CijXij = 2, 




i-l j-i 

and to minimize total transportation costs 2 . 

Because of the sp(‘cial form of the e(|uations, simplified computational 
procedures are possible. For example, a large scale problem involving 
about 25 origins and 60 destinations was solved recently in 9 man days 
by hand computation techniques. As only simple additions and sub- 
tractions occurred in the process, even the use of a desk calculator was 
not reciuired. 

(c) I'hc minimum-cost adeciuate diet problem was formulat(*d by 
.lerome Cornfield in 1941 and by C. .1. Stigler [19 15]. It is assumed that 
(1) the composition in terms of dietary elements (i.e., minerals, calories, 
vitamins) of a number of focnls is known; (2) the price's of the foods are 
giv'en; and (3) the requirenumts in terms of diedary eleiiK'iits which will 
keej) a person in good health are known. The i)roblcm is then to find 
a diet which will supply the re(|uircmerits at minimum cost. Stigler 
found a solution to the iwoblcm by testing various coml>inati»)ns under 
the assumption that the body could dispose of any surplus of dietary 
elements. A solution to the problem which demanded that the recpiire- 
ments be met exactly cost nearly twice as miudi. This result illustrafc's 
the importance? of disposal and steerage? activili(\s. \ problem involving 
9 dietaiy elements and 77 foods took 120 man days to compute by hand. 
This may be contrasted with the a))ove transport a tion problem. 

(d) A. Calm [1948] has proposed a warehouse problem which can be 
solved by linear programming technicpicjs. An (‘lit r(;pr(?neur undcrtak(*s 
to operate a waivliouse of fixed capacity by filling it with goods for which 
th(?rc is a seasonal production and, consc'cpiently, a seasonal price. When 
g(;ods are in season, he (;an purchase them at a low pri(;c and sell th(?ni 
later in the year at a liigher pricu?. Fach month new goods become avail- 
able, and the owiu'r must make a dc?cision r(‘garding the disposal or 
continu(?d storage of his present holdings and the purchase of goods that 
have just b(‘coine available to use up his idle (capacity. 

(e) In Chapter Xll an applmation is given of the discrete type of 
model to a hypothetical air transjiort problem. 



Chapteu TTI 


ANALYSIS OF PIIOOUCTION AS AN EFFICIENT 
COMBINATION OF ACTIVITIES ^ 

By Tjallin(3 C. Koopmans 
1. Intkoduction 

l.I. Technology and choice. The coiujopi of ii production function oc- 
cupi(\s a central place in the literature on production theory. In some 
discaissions this cone(»pt is associated with a particular techn()l()ji;ical 
process. The function is then supp(.).s(?d to repre^sent the output of one 
commodity (say) as a function cjf the quantities of varicais fac^tors of 
production, combined according to a given technological principle or 
formula. Further ciaboratioii of this cioncept has led to the distinction 
bc^tween situations where' the set of technically possible factor combina- 
tions is unrestricted (allowing for continuous substitution between fac- 
tors) and situations where some factors can only be combined, within 
the t.(.'chnological principle involved, in fixed ratios to eac'h c:)ther (limita- 
tional factors).- The sc'cond type of situation can only be reconciled 
with the notion of a production function detined in the whole factor 
space by allowing the production manager to discard parts of the factor 
(luantities specitie<I as being available. The corresponding production 

^Tliis model wa.s first dev»‘Ioped in a more speeial form relatiiij^ to tlie fransporla- 
lion iiKlustry. In e»niversali(»n, (leorse H. D.anlzij; inlrodueed me to the wider 
appliejibilily of models involving eonstaiU. pHnluelion eoidlieients to the diseus.sion 
of alloealion problems. At. ibis stage I also learned of and bt'iu filed from the litera- 
ture «>n .similar models n-viewed in the intnHluelion to t his volume. An earlier version 
of this ehapler wa.s pre.seiiUsl at the Madi.son meeting of the Kecniomelrie Soeiety, 
September 10, 1048. The pn'si'iit version has gained from tlu‘ reading of other 
papers in the pre.sent volume? ami a manuscript by Paul A. Samiu*lson [lO-lO]. I am 
indebl(‘d to M. (Jerstenhaber aiul .M. L. Slater for valuable .suggi\s| ions regarding 
terminology and m(*thod.s of pnaif. Note adM in proof: 11. Fn*udt‘nthal has kindly 
broiiglit to my attention a fascinating article written by Kemak [PJ20], which contains 
in intuitive form soim? of the idi'as eonceriiing productive efticieiiey more fully 
(‘laborated in the present, chapter and some olhi*r chapters of this volume. His 
treatment of pri<*es, however, se<*ms conc(*rned im)re with accounting identitu'S 
than with prices as guid(*s t») eflicicait allocation. 

2 See, among others, N. (leorgescu-U<H'gen llt)3o|, K. Schneiiler [lt)33], H. von 
Stackt?lberg [11)331. 
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functions luivc kinks at the points where the ratios of available factor 
quantities coincide witli the technical ratios specific to the process in 
(juestion. 

It has long been realized that the concept of a production function 
repn'senting a given productive “techniciue^^ is unnecessarily restrictive. 
The “techni(|iie” employed in production is itself the result of managerial 
choice (going beyond the discarding of unwanted factor (juantities). 
Managers choose between, or employ efficient combinations of, several 
processes to obtain in some sc^nsc b(‘st results. Spc'aking still in terms 
of one product of given quality, an efficient manager chooses that combi- 
nation of productive activities which maximizes tin* amount produced for 
given available (luantities of factors which have giv('n (pialitative char- 
ac^teristics. In this (H)ncept, the (juality chnractei’istics of the available 
fa(!tors and of tlui desired product specify f he variables (Mitering in the 
production function and the nature of the function. The available 
quantities of the factors specify tlui values of the variables, and the 
maximal output specifies the value assunuMl by the function. 

This concept of the production function, generalized to allow for joint 
prtxluction, is adopted in (he present study. Since it defines the value 
of the function as the result of a maximizing or (more generally) an 
economizing choi(!e, this concept is in the first place normative. It 
represents the best attainabki under (dlicient exercise of (dioice. The 
production function so obtained is d(»scriptive of reality only if and when 
the assumption of efficient choice is a good approximation to reality. 

1.2. Elements of the production problem. Tn this article a model of 
production will be developed in which the following circumstaiujes or 
considerations arc treatcnl formally as distin(!t elements of the produc- 
tion probkMn : 

(a) the purely technical possibilities of production, 

(b) the (juantil alive limibitions on basic resources (primary factors 
of production) available to the economy, 

(c) the general goal or objective to be served by production, 

(d) the optimizing choice whereby the t(K*hnical possibilities are 
exploited in a coordinated manner toward that objective. 

Any productiem function to be derived from this model will be inclusive 
rather than aggregative. That is, while no aggregation of commodities 
will be presupposed, lh(‘ prcxlucticm function will be thought of as express- 
ing the productive potential of an entire (jconomy, or of any tc(4inically 
well-defined part thereof. We shall use the term “economy’’ to refer 
to either the whole or a dcfin(Hl part (jf what is usually called the economy. 
Su(;h prodm^tion function as may be arriv(xl at represents the most 
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favorable achievable relationship betwwn the inputs of individual 
primary factors of production and the final outputs of individual com- 
modities through that “economy.” A number of (economists have 
I)ostulated the existcnc(5 of siueh a gimeral transformation function of an 
(economy.’"* When applied to a siifrici(ently w ide concept of the e(eonomy, 
it involves a broader choi(ec of (eombinations of productive activitic's 
than is available to the individual firm. We shall therefore from here 
on speak of a “transformati(3n function” rather than a “production 
function.” 

In some situations the term “function” wdll nc^t be the one most suibxl 
to describe the set of alb'rnative m(Ml(es of efiicient utilization of tech- 
nrjlogical possibiliti(»s and available r(»sourc(\s toward the slated objec- 
tive. We shall therefore most often use the term “efficient point set 
in the commodity spac(N’’ a concept which will be further dcfiiuMl in 
Sections 1.2 and 5.2 below' and which includ(‘s the notion of a trans- 
f()rmati(m functhm as a special case. 

1.3. Static and djjmmic nmleh. I'o avoid an ac(*umulation of com- 
plications, and in deference to a venerable tradition in economic litera- 
ture, w’c shall confine the pr(»s(»nt study to a static model in which the 
elements of t('chnology, scarcity, objective, and choi('e arc formalized in 
teims of varialdes and ndationships thought of as remaining constant 
during an indefinib^ period. A dynamic model is formulated elsewhere 
in this volume by Dantzig |I1]. 

1.4. The technology: connnmlitipH and activities. The formalization of 
the tcchni(?al possibilities that we shall use involves only two basic con- 
cepts, the comnmUty and the activity, l^ach commodity is assumed to be 
homogen('ous ciualitalively and continuously divisible quantitatively. 
Commodities include primary factors of pnnluction^ such as labor of 
various kinds, the use of land of various grades, including land giving 
accpss to mineral resource's; intermediate products, such as coal, pig iron, 
steel; and final prixiiicts the production of which is the objective of the 
economy under study. We shall denob* by 

(l.l) IJn («-l, 

the total net output of the ni\\ commodity in the productive system con- 
sidered. A negativ(' value of y„ signifies a net input of the nih com- 
modity. Each y„ repn'sents a rate of flow' per unit of time. 

In our static mod(4 an activity consists of the combination of certain 
(lualitatively defined (commodities in fixed quantitative ratios as “in- 

■Scc for instjincc Oskar b-)42|. 
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I)uts” to produce as “outputs” certain other commodities in fixed (pianti- 
tative ratios to the inputs. The kth activity is defined ])y a set of 
coefficients, 

( 1 . 2 ) ank = 

indicating the rate of flow per unit of time of each of the N commodities 
involved in (he unit amount of that activity. Negative coefficients a,tk 
indicate tliat the commodity involved is used up by the activity; posi- 
tive coefficients, that the commodity is produced. A value (i„k = 0 indi- 
cates that the nth commodity is not involved in the Ath ac^tivity. 

Two basic assumptions are associated with the notion of an activity. 
The first of these is divimhiUly: we assume that each activity is capable^ 
of continuous proportional expansion or reduction. If any noniu'gative 
scalar quantity, ./>, is selected to b(‘ the nmounl or level of the A:th acti\'ity, 
th(‘ corresponding commodity flows arc assumed to be given by 

(1.3) ()i =!,•••, Af). 

'rhis assumption implies (he conscious neglect of all indivisibilities in 
production. It also implies constant returns to scale for each individual 
activity. 

The second assumption is addilirihj: we assume that any numlxM’ of 
activities can be carried out simultaneously without modification in tlu* 
technical ratios by which (hey are defined, provid(‘d only that (he total 
resulting net output, y,i, of any commodity, whenever iK'gative, is 
within the limitations on primary resources to be discussed in S(‘ction 
1.6. The joint net output of any commodity from all activities then 
ecpials the sum of the net outputs of that commodity from the individual 
activities. This assumption, taken together with the previous oik^, im- 
plies the neglect of econ<jmies or diseconomies of scales for the productive 
system as a whok; (except diseconomies result ing from scarcity of primary 
factors). 

dhe two assumptions can be fused in the statement that we postulate 
the existence of a finite set of basic activities, re])n\sented by vectors 


(1.4) 




(l2k 


a(jfc) -= 


such that any possible state of 'production can be represented by a linear 
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combination of basic activities with nonnegative coefficients, j*. The 
resulting net outputs, ?/«, can be written as 
K 

( 1 . 5 ) yn = ^nk^ki ^k = ^ {71= 1 , ••• ^ N] k = 1 , ••• , K). 

k^\ 

The activity vectors (1.1) can be adjoined to form the technology matrix, 
or briefly the technology 




ail 

Ri2 

■ • aiK 

(1.6) 

A ^ 

«21 

^22 

• • tt2A 
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«.Y2 * 

• • axK 


1.5. Location and tranfiportatum. In principle, flows of technically the 
same commodity in two diffident locations repi*esent two diHereiit com- 
modities. 'rraiisporting the commodity from P to Q is an activity or 
set of activities to which the commodity in P is an initial input, tliat in 
Q a final output. A particular model (hdining transportation activities 
is discussed in Chapter XI^^ Whetlier and to what extent in any 
particular application transportation and location arc explicitly recog- 
nized in this manner dc^jK^nds, of course, on the purpose of the analysis 
and the degree of dcdail and refinement reiiuired. The problem of an 
()[)timal degr(*e of aggregation of aidivities and commodities is outside' 
the scope of this study. 

1 .0. The limitations on primary factors. We shall assume that certain 
commodities, called primary factors, can be made to flow into the econ- 
omy from nature* (or from the ‘Saitside wenld”), at a rate, possibly 
limited by a constant, depending on the commodity, that is, 

( 1 . 7 ) ri.^y,. 

The constant rja is algebraically smaller than the rate of flow /y,, because 
a net inflow into the e'conomy is represente'd by a ni^gative number y/„, 
which cannot exewd the corresponding bound r}„ in absolute value. Cer- 
tain com modi tie's, such as water anel^air, may be available in greater 
abundance than recjuire'd for any conceivable objective of the e'conomy. 
If this e'aii safe'ly be asserte'el be'fore analysis, the commodity in (jiiestion 
is certain to be a free goo<l, which eloe's not- give rise* to any re'strictions 
eai allocative' decisions. Its j)erfunctory role in the model can be ex- 
pressed by writing or the nimmodily can be omitte'd from 

the me)elel (i.e., from all activities in which it is physically involve'd). 
Wheneu-er its character as a free good in all circumstances is subject to 
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doubt before analysis, the commodity and the effective bound ijn on 
its availability sliould be incorporated in the model. 

While a commodity could not be a primary factor without being an 
input to at least one activity, there is no reason why a primary factor 
(!Ould not also appear as output of some other acitivitics. 

1.7. The objertive of allocative decisions. In order to cover a wide 
variety of cases, we shall assume as little as possible with respect to 
the aims pursued by the economy. We shall postulate only that there 
is a specified set of (commodities, to be called desired comnuxlitieSy which 
arc required by the economy in the following sense: an addition to the 
total net output of one or more of the desired commodities which does 
iKjt entail a nHluction in the net output of any other desired commodity 
is regarded as an imi)rovcm(‘nt. As long as such improvements arc 
possible, the allocathm of r(»sources in production is not regarded as 
elficicnt. 

It is clear that this postulate provides only a partial ordering of points 
in the space of whicch the coordinates arc flows of desired C(^mmoditios. 
No preference is expressed betweem alternatives A and B \i A involves 
more of one (h^sired commodity, B more of another. We can therefore 
not expect our moded to pnxlucc a uni(|U(i solution to the allocation 
problem. The postulate will prove suftici(‘nt for our more modest aim: 
to study the set of all points in the desired commodity space resulting 
from efficient modes of prodiudion. 

It should bo readily admitted that our assumption regarding the valua- 
tion of desired commodifies ignores the possil)ility of saturation. Tn 
make allowance for saturation would require much more detailed specifi- 
cation of ccjnsumcrs’ preferem^es than it is our present purpose to mak(\'* 
Tlie efficient point set obtained without regard to saturation will be 
relevant in all those portions of the space of desired commodity flows 
in which saturation is actually not reached for any desired commodity. 

As discussed further below, the desired commodities may include pri- 
mary factors. All desired commodities which are not primary factors 
will be called final commodities. We can therefore specify = 0 in 
(1.7) for each final commodity.® 

*An assumption wlit-rohy saturation in one commodity arises at a level of flow 
independimt of tlu; flows of oilier commcKlities could still be acc^ommodated in our 
model at small cost in mathematical complication but would add very little to the 
degree of n'alisin attained. 

^ Such a r(*slriclion disregards the fact that ci*rtain (itTcf ls or conditions of produc- 
tion are negativc'ly valued, such as smoke pollution. We coiilil (‘lusily allow for this 
circumstance and still maintain the formal appliwibility of the objective as stated 
above by introducing th(*.se (jfTect-s as negative outputs (i.e., inputs) of “desired” 



CHAP. Ill] ANALYSIS OF PRODUCTION IV.I 

Depending on the context, we shall follow two alternative procedures 
if the objective places a valuation on a commodity which is also available 
in nature. To consider an example: the services of land not used in 
production may be desinjd for recreational purpose's. The first alterna- 
tive is to treat land as a iirirnary desire'd commodity. In this way, our 
efficiency criterion will prescribe maximization of the (negative) net 
output, or, what is equivalent, minimization of the (positive) net input, 
of services of land in production. We shall follow this procedure in 
Section 4, where we do not wish tlw; analysis to be complicated by explicit 
availability bounds rin such as occur in (1.7). 

Alternatively, we may attach no desirability to the services of land 
as such but introduce a ^^reservation” activity whereby the primary 
commodity “services of land” as such can be converted into an “etpial” 
amount of a new final commodity, “recreational land services.” The 
minimization of the net input of land servi(*es in production is now 
induced by the re(iuirement that land s('rvic('s allotted to production 
and reservation activities together are limited by the total available 
according to relation (1.7). By this semantiij device we transfer the 
desirability property that any primaiy factor might originally possess 
to a final commodity introduced for that purpose. If, either to begin 
with, or through the application of this device, no primary factors are 
at the same time (h'sired goods, then all desired commodities arc final 
commodities, and we shall use the latter term in that case. This alter- 
native is followed in Section 5, where the ('ITect of availability limitations 
on primary commodities is studied explicitly. 

1.8. The treatment of labor. In some models considered by Leontief 
[e.g., 1011] and von Neumann [1937, 1915], labor has been treated as 
the output of an activity, of which the consumption of various com- 
modities constitutes the set of inputs, 'rhe model thus becomes a closed 
one. We intend to study an open model which does not specify the 
structure of preference's bet ween the various desired commodities or b('- 
tween consumption and leisure. 

In our model, therefore, manpower is a primary factor like land, and 
the same two alternatives discussed with n'gard to land arc open to us. 
One possibility is to identify labor with manpower, and treat it, like 
smoke pollution, as a negatively desired commodity which is also a pri- 
mary factor. Alternatively, we can treat manpower as a primary factor, 
not desired in itself, and flowing into the economy at a rate bounded by 

commodities, of which the algebraic inereiisii (i.o., the absolute reduetioii) is det*med 
desirable. Since setting up such a category of commodities would complicate the* 
notations rather than the reasoning in what, follows, we have i\‘fraiiu‘d from doing it. 
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the given negative number if n refers to manpower. Besides being 
used in all ])roduetivc activities, mani)ower is then introduced as an 
input of the activity “recreation,’* of whicli the sole output ® is the posi- 
tively desired commodity “leisui*c.” 

In a more n^fined moded, we may treat a given amount of unskilled 
manpower as a gift of nature, and manpower of various skills as the 
outputs of a vaiiety of educational and training activities. The con- 
sumption aspects of these activities can be rcM-ognized by stipulating 
that, besides skilled manpower, these activities also produce “educational 
services” whicJi are desired for their own sake. 

1.9. Inlermediaiv. vnmmmliim. If the sets of primary factors and of 
desired coininodities do not between them cover all commodities, the 
remaining commodities will be called intermediate commodities. lOach 
of these is simultaneously an input of at least ori(^ activity and an output 
of at least one other activity. This necessary proiX‘rty of all inUr- 
mediatc commodities may, but nc^ed not, also bo a property of individual 
primary or final commoditic's. 

It may be thought that these statements ignore the existence of waste 
products. In fac^t, waste i)r()ducts can be disregardcMl if they are not 
used even in part for further production or (.*onsumption and provided 
that their disposal does not recpiire the use of otluM* (M)mmodities. 
Otherwise, waste products can be regartlcMl as interni(*diate commoditi(*s 
by introducing a disposal activity, in which they appear as inputs and 
with which no useful ’ outputs are connectiMl. This trcvitment is dc'sir- 
ablc in particular if it is not known in advance whetluM’, or in what part 
of the space of desin'd commodity Hows, the commodity involved will 
actually come out of the analysis as a waste product.'' In this res])ect 
tlie position of possible waste products in the analysis is similar to that 
of possible free gejods. 

For intermediate products we can specify in (1.7) 

(1.8) = 0 if n refers to an intermediate commodity, 

because negative net flows are not compatible with the static assumption 
of constant flows during an indefinite period. However, the incorpora- 

“ Tin* <^IT(‘{;t of rccroat ion on the pro<luetivity of manpower wh(‘n applie<l in produc- 
tion can bo taki'ii into account, if desired, by eoinbininj^ roerealiou ami produel ivo 
labor into one ai^livity and rej^anling dilTerent jM!rcentage.s of time devoted to reer(*a- 
tion as giving rise* to dilTen*nt activities. 

^Thc meaning of tlie term "uscjfur’ will become clear b(*low, when prices are intro- 
ducxfd, if we defimi “us^^fu^’ as “positively priced.” 

** In the early days of the oil industry, kero.sene was tlu) main desired product and 
gasoline was dispostsl of by burning. 
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tion of disposal activities in the mcxlol makes possible a sharpening of 
the restriction (1.7). Instead of 0 ^ whicli follows from (1.8), we 
may write 

(1.9) ijn = 0 if a refers to an intermediate commodity. 

This can be understood to mean that, whenev(*r an “int(»rmediatc” yn 
would otherwise turn out best to be positive, we undertake to reduce it 
to zero by the appropriate amount of a disposal activity. This does not 
really restrict allocative deiasions lieyond what is aln'ady implied in 
(1.7), except (and rightly so) in the case where the disposal activities 
necessary to insure (1.9) consume other useful commodities. 

1.10. Summary of the commodily classification. The following table 
summarizes the commodity classification that has been introduced. 


Commodity 

Desired in Itself 

i 

Not Desired in Itself 

Not HVJiilahli* in lutturo 

lonal 

IntiTinediate 

Availahl<‘ in nature 

Primary desired 

Primary not desired 


The category “primary not desired” is assunu'd (Miipty in the discussion 
of Se(‘tion 1. The category “primary desired” is assumtnl empty in 
S(*cti()n 5 (or is rendered empty by suitable construction; see Section 
1.7). 

1.11. Managerial choirr. We shall dt'fine managerial choice as the 
selection of nonnegativ(» amounts (or lev(4s) .rj, • ■ ■ , ./> for all possible 
activities. This clioice is here studied in the abstract. For the time 
being, we do not in(|uire whether it. is (wc'rcist'd by one entrepreneur or 
manager, l)y a number of indejiendently aiding entrepreneurs, by a public 
planning body, or by a combination of these. study of the formal 
properties of ojitimizing choice is believed to lx* a uscdul preliminary to 
the study of the (‘llecliviMK'ss of alternative social and institutional ar- 
rangements in realizing or approaching optimal choice. We shall toucli 
upon the latter (luestion, though still in an abstract fashion, in Section 

5.12. 

Managerial choice is exercised subject to the restrictions (1.7) and 
(1.9) and is assumed to be guided by the objective formulated in Section 
1.7. We have already indicated tliat in general more than one state of 
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production can result from the pursuit of that objective. The main 
purpose of our discussion is to study the set of all productive states that 
realize the broad obje(!tive formulated. 

1.12. The rok of capital in the model The model to be studied implies 
a state of saturation with regard to reproducible capital. Among the 
limitations (1.7) on primary resources we have not imposed any limita- 
tions on the amount of accumulated products of past flows of primary 
resour(;es used to increase the productivity of present flows, llic reason 
lies in the plan of analysis. Any such limitation, to make sense in a 
static model, would have to be imposed on the value of capital rather 
than on the amounts of specific types of capital eciuipment. Such a 
limitation can therefore not be introduced until after the analysis has 
supplied us with a value concept. In the present chapter, then, the 
criterion of efficiency in production does not n'gard a high initial re(|uire- 
ment of reproducible capital in a particular method of prodiuition as in 
any way a disadvantage of that metluxl. Of course, the consumption of 
capital equipment through wear and tear may be expressed by the input 
c(xjfficients of productive ac^tivities. 

1.13. Sioomary of results. The model developed in this chapter builds 
on the work on linear production models referred to in the introdiudion 
to this volume. As was said already, we arc^ here concerned with an 
open model in whi(4i the nature of demand is specified only to the extent 
that an efficiency objective in the space of desireil commodities is adopted. 
Limitations on primary factors arc introduced explicitly, but circularity 
in the use of commodities in production is allowed for. It is an alloca- 
tion model independent of the concept of a market. However, a price 
concept applicabh^ to all commodities is derived from the recpiirement of 
efficient allocati(m (Sixjtions 1.3-4.7). The ratios betwi‘en these prices, 
whenever determinate, are marginal rat(»s of substitution in (‘ffici(‘nt 
production, wherever such substitution is possible (Sections 4.8 4.10). 
In terms of these prices, whether uni(iuely detcu-minate or not, the two 
conditions of nonpositive prolits on all activitk's, and of zero profits on 
all activities engaged in, are found to be necessary and sufficient for 
efficient use of resources (Section 4.7). These prices may be called 
efficiency prices in that, if an opportunity to trade with an outside world 
at th(\se pri(;es is pr(*sent(Ml, no gain in efficiency (!an result from the use 
of that opportunity (Section 5.11). These pric^es can also be used as a 
device to decentralize allocative decisions within the productive system 
studied (Section 5.12). Sections marked by an asterisk (*) arc the more 
technical ones and can be passed over by those interested in results rather 
than in methods of proof. 
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2. Mathematical Tools 

2.1. The two equivalent definitions of convex polyhedral corns. We shall 
make use of the theory of convex polyhedral cunu's, hereafter to Ixj rcs 
ferred to briefly as “cones.’^ Such a cone can be delirKvl (nth(*r as the 
convex hull of a finite number of halfiines out of the; origin (sum defini- 
tion) or as the intersection of a finite number of halfspaces whose bound- 
ing hypcrplancs pass through the origin (intersection definition). Wc 
shall use the properties, summarized by dale [XV 1 1], which depend on 
the (Mpiivalencc of tliese two definitions. We shall also use a number of 
properties, developed by derstenhaber [XVIII] in connection with thc^ 
present investigation, most of which follow directly from the sum 
definition. 

2.2. Mntnx representation of cones. The halfiines (^(A)) entering into 
the sum definition of a cone (/t) can be uniciuely defined by a set of 
nonvanishing vectors a(fc), which, again, can be adjoined as the columns 
of a matrix A. In the discussions by dale and by (}(‘rstenhaber, the 
explicit representation by vectors and matrices disappears as soon as a 
minimum of basic pro])erties of cones have been established, because 
after that no support from matrix properties is needed. In the prescait 
cliai)t('r, matrix representations have been maintained, perhaps at the 
cost of mathematical lucidity, but perhaps also in the inten^st of easier 
understandability by those accustomed to dealing with systems of linear 
ecjuations in terms of propeities of matrices. Mxjdicit use of matrices 
will also ke(‘p before the reader the relationship betwecui (jolumn vectors 
and discrete activities that represent well-deriiK'd pieces of technological 
knowledge and experience*. 

l)ilT(*renc(*s in notation and to some extent even in t(*rminology flow 
from this choice. The cone consisting of all vectors y satisfying (l.«S) 
or, in matrix notation, 

(2.1) y = Ax, xic ^0 (fr = 1, • • • , /v ), 

is denoted by (.1) and is siiid to be spanned by the column vectors a(/,) 
of .4 , or simply by the matrix A , rather than by the halHines (r/(Ao ) tiefined 
by these vectors. Similarly, a frame of *1, or of (.1 ), is here a submatrix 
of A comprising a set of vectors 0^) delining the halfiines that 
constitute a frame as defined by derstenhaber [.Will, Definition 28|. 
ihit the und(*rlying concept of frame is the same: a s('t of elements, 
whether vectors or halfiines, in the sum <ielinition of a cone, the omission 
of any one of which mak(*s the cone “shrink.’’ The matrix ref)resenta- 
tion involves some arbilrarinc»ss in the notation for lineal cones (i.e.. 
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cones containing a nonvanishing vector a along with its negative —a), 
because the frame of such a cone is not uni(iue, even if considered {is a 
set of halflines. In particular, we denote the entire space by 

( 2 . 2 ) (±/)^(-/ /), 

where / is the unit matrix, although other frames could serve the same 
purpose. Similarly, we occasionally denote the dimvnHwmilily space of 
a cone (^l) [i.c., the “smallest*^ linear space containing (A)], by 

(2.3) (±A) ^ (-A A). 

Finally, the reader shouUl be cautioned that the + sign is used in two 
dilTcrent meanings. When connecting vectors, dcnottnl by «, • • • , p, 

} 01’ matrices, denoted by • • , [A HI • • ■ , [ifcA], 

• • • , the + sign denotes ordinary vector or matrix addition. When 
(M)nnecting cones, it denotes the summation of con(% expressed by 

(2.4) (A) + (H) ^ ([A B]), 

also denoted (A B), which should again be distinguished from the union 
of (A) and (B) denoted by (.4) U {B). The intersection of (A) and 
(B) is denoted by (A) fl (B), while (A) D (B) or (B) C (A) denotes 
(hat (B) is contained in (A). 

2.3. Polar and negative polar cones. In order that piicc's of scarce 
(commodities shall be i)osi(ive, it is (convTnient Irm’c to work with the 
negative polar (A)“ of a cone (A), which is the negative, 

(2.5) 

of the polar cone as defined by C!al(\ It may therc'fonc ho us(4ul h(M*e 
to write (hjwn the two definitmns, together with the <Iefinition of the 
orthogonal complem(*nt (.l)"^. 

Pcjlar (A)'^: p e (A) * whenever p'a ^ 0 for all a e (A), 

Orthogonal 

(2.G) complement (A) : g e (A) ^ whenever q'a = 0 for all a e (A), 
N(^gative 

polar (A)": r c (A ) “ whenever Pa g 0 for all a e (A), 

where e denotes “is an (chement of,” and p'a is the inner pnxluct of p 
and a. We have (A) * = (A )“ and therefore =- (A)-^ if and only if (A) 
is a lirucar space. The prc^perticcs of (A) * statc^d by (iale can easily be 
translated by (2.5) into similar prop(‘rties of (^l)”. We use A"^, A A“ 
to denote frames of the corresponding cones. 
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2.4. Dmensiomlityj lineality ^ interior ^ ami relative interior, liesidos 
the dimensionality space (2.3), \vc shall use the concept of the lineal iiy 

spacjiy 

(2.7) (A) n (-A), 

of a cone (A), which is the “largest” linear space contained in it. The 
dimensionalities of these two spaces are called the dimensionality and 
the lineality of (A), respeetivedy, to he denoted 

(2.8) dim (A), lin (A). 


Tha dimiuisionality of (.1 ) eipials the rank of A . A cone is called lineal 
if its lineality is one or more. Hence a lineal cone is a cone containing 
an entire line through the origin. A cone is called solid if lin (A) equals 
the dimensionality N of the space in which it is considered. The cone 
then fills that enlirc space. 

If dim (.4) ~ A, then (A) lias interior points [i.e., points possessing a 
neighborhood contained in (A)], and, if lin (A) < A, noninterior or 
boundary points. It dim (A) < A, (A) consists entirely of boundary 
points by this topological definition, but we can define the relniirr 
interior of (A) as the set of all points interior to (A) in relation to its 
dimensionality space, thus identifying the r(‘lative interior of an A-dimen- 
si<mal cone with its int(*rior. 'fhe relative interior of any cone (.1) is 
denoted by ).l (. If A is a frame of (.4 ), then )A ( is the set of all points 
y that can be represented liy the vectors [see XVlIl, Theorem 1] 

(2.9) y = A.r, >0 (fc = 1, • • • , /v ). 


'Fhe remaining points of (.1) make up the relatire boundary of (A). 

2.5. Inequalities between veetors. As statiMl in Section 2.1, a cone can 
be represented by a set of linear homogeneous ineciualities on its vectors. 
We shall understand ineciualities between vectors a, 6, • • • as applying 
to all their compoiKMits, as follows: 


( 2 . 10 ) 


a> b means On > b,i for all n. 

\a,i ^ b,i for all a, and 

a > b means 

a,, > b„ for some n. 
a ^ b means On S b,i for all n. 


positive. 


If b = 0, 
a is called 


semipositive. 


I nonnegative 


The first and third of these' ndations can synonymously be denoted 
a - be )/(, a - be (f), res])ectively. Vi'ctors, «, /),•••, are regarded 
as column vectors, their transposes, a', 6', • • • , as row vectors. The 
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terms “vector” and “point” are used interchangeably, except that 
“vector” is used wherever matrix operations are involved. 

We use the symbol = to express equality by definition. 

2.6. Coordinate cones. Wo shall frequently deal with cones spanned 
by a frame consisting of a set of ve(;tors selected from the matrix 

( 2 . 11 ) [-/ 1 ], 

comprising all unit vectors along the positive and negative coordinate 
axes. Snell cones will be referred to as coordimle cones. It is easily 
seen that the polar of a coordinate cone is a coordinate cone and can bo 
determined by api)Iying to each coonlinaie separately the rules for 
(h'termining the polar of a cone in one-dimensional space, which we state 
here for the negative polar: 

( 2 . 12 ) ( 0 )-=(±l), (l)- = (-l), (- 1 )-=( 1 ), (±l)-=( 0 ). 

Hence, if (C) is a coordinate cone, C a submatrix tif ( 2 . 11 ), then (C)“ 
is spanned by those vectors of ( 2 . 11 ) which arc not included in C. 

It follows that a coordinate cone can be (‘(luivalently defined by a set 
of inequalities, 

(2.13) KOniO, 

where for each n the constant \n i« givTU oik^ or more of the values 0 , 
1 ,- 1 . It will be primarily a matter of convenience whether in any 
pjirticular case coordinate cones are represented by a s('t of inetjualities 

(2.13) or by a frame matrix selected from ( 2 . 11 ). Finally, if C\ and 
Co arc submatrices of ( 2 . 1 1 ), then 

(2.14) (ro n (C 2 ) = (C 3 ), 

where consists of all vectors of ( 2 . 1 1 ) which are common to Ci and C 2 . 

2.7. Displaced cones. Occasionally we shall use point sets obtained 
from a com? by adding a constant vector v to all its points. Su(4i a set 
will be called a displaced cone, and denoted {A \ r), where the vector v 
will be called its vertex ^ and the cone (A) from which it is derived will be 
called the generating cone. A displaced cone is not a cone, except when 
the vertex vanishes. 


3. Fi-.ndamkntai. Puopf.rtiks of Till-: Tkchnolocjy 

3.1. Constant amounts of activities. We reiterate our fissumption that 
the levels fc = 1 , • • • , A', of all activities remain constant for an 
indefinite period. This implies that the net flows /y„, a = 1, • • • , W, 
of all commodities, as given by (1.5), are also constant over time. 
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3.2. The set of possible points. A point y with coordinates • • • , 
ys in the commodity space is called possible if th(?re exists a s(^t of non- 
negative amounts .ti, ••• , .j’a' of the iesp(»etive activities of which the 
joint effect is the net outputs t/i, • • • , y\ of the lespective commodities. 
This is expressed mathematic^ally by 

Definition 3.2: A point y in the ammodily space is called possible in 
a technology A if there exists a point x in the activity space satisfying 

(3.1) y = Axy X ^0. 

This definition limits the vector x to the convex polyhedral cone (/) 
in the j-space, which is the sum (convex hull) of the positive coordinate 
halflines (i{k))f fc = 1, • • • , /v, and will he called the (closed) positive 
orthant. The linear mapping of the .r-space onto the //-space (or a part 
thereof) defined by (3.1) transforms each halfline (/(/;.)) into the halflinc 
(^(Jt)) based on tluj corresponding column of the technology matrix A 
and preserves convexity and hence also the sum operation on conc's. It 
follows that (3.1) is equivalent to 

(3.2) ye (A), 

which expresses that the possible point set is the convex polyhedral cone 
(.1) spanned by the technology matrix A. 

Possibility is a technological concept. A possible point may be un- 
attainable because of the restrictions, (1.7) or (1.9), on primary, inter- 
mediate, or (inal commodities. We shall therefore use the term attainable 
point set for that subset of the possible point set whose points can be 
realized within those restrictions (1.7) anil (1.9) that are imposed in any 
particular case. Attainability is thus a conce])t involving both tech- 
nological and economic ('lenient s since it is delined with reference to 
availability limitations of (Commodities in naturi*.® 

3.3. Fundamental postulaU’s concerning the technology, llefore in- 
vt'stigating the application of the notion of productive ('fficiency intro- 
duced in S('ction l.S to the set of possible points, it will be useful to 
formulate mathemati('al conditions on the tt'chnolcjgy matrix A, to ex- 
press certain properties of production which are in some sense funda- 
mental. It is not claimed that in all use's of models of production tlu'se 
properties should be pres(mt. Rather, it is believc'd that in a broad 
class of ('ases it will be useful to employ models having these properties. 
The order in whicli these properties are introduced is suggested by reasons 
of mathematical exposition. 

* An elc'mcnt of valimtion has alsti cn'pt into tlic notion of attainability since 
(1.9) also precludes positive outputs of intermediate producl.s, which may wc'll be 
possible within the* availability limitations. 1 have not hamd a suitable term whicli 
would also sugRcst the presimce of this element in the conc»'pl. 
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It will be convenient to stipulate in advance that 

(8.3) dim (a(ifc)) = 1 (fc = 1, • • • , /v), 

a trivial condition which excludes the possibility of an “empty” activity 
that does not involve any (^omnuxlity. 

3.4. Irreversibility of production. If labor is regarded as a primary 
input limited in total amount, rather than as the output of a “consump- 
tion” activity, the empirical fact that labor is an input for all productive 
activities entails that the labor row of .1 contains only negative coeffi- 
cients. If more than one kind of labor is dist inguished, of which one is a 
primary input, the others intermediate products, the elements of A in 
the primary labor row are negative or zero. However, in any column 
(activity) with a zero element in that row, primary labor enters in some 
sense indirectly as the input to training activities (other columns) of 
which the output is an input to the activity in (luestion. Since this 
indirectness may involve the telescoping of several training activities, 
it is desirable to specify mathematically what property of .1 is involved 
in what may be calk'd the primary-input character of labor in all ac- 
tivities. While in the following postulate labor is not explicitly men- 
tioned at all, the remarks just made about labor seem to provide one 
sufficient justification for its adoption. 

Postulate A: It is impossible to find a set of positive mnounts of some 
or all activities, of which the joint effect is a zero net output for all com- 
nuxlities. 

iMathcmatically, the postulate says that there exists no vector x 
satisfying 

(3.4) y = Ax = 0, X >0. 

The term “irreversibility” for this property is justified as follows. For 
any given vector, 

(3.5) x' = [xi Xk ••• ;rA'], 

.satisfying (3.4) there exists a pair of integers, no, ko, such that 

(3.6) 7^ 0, 

ijecause (3.3) precludes the vanishing of an entire eolumn of A . Define 

fx(',) = [0i • • • 0*, , xt, , , • • • OaI > 0, 

(lo) [ji ••• xt,_, 0*, X*, ,.i • • • Xk] ^ 0, 


(3.7) 
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in which the inequalities are consequences of (3.4) and (3.6). If we 
define further 

(3-8) 2/(1) = 1/(2) s A/(2), 

we have, from (3.4) and (3.7), 

(3.9) 0 = Ax = A(j(i) + X(2)) = ?/(i) + ^(2), 

and, from (3.6), (3.7), (3.8), 

(3 AO) 7/(1) 5^ 0, 1/(2) 0, 

the second inequality following from the first by (3.9). Thus, if (3. [) 
has a solution x, it is possible to find two activity vectors, .r(i) ami j( 2 ), 
su(4i that the net output resulting from one of tlumi exactly olTsets the 
net output brouglit about l)y the other. To exclude this possibility is 
ecjuivalent to saying that no mode of prodiurtion is reversible. 

Th(^ foregoing argument shows that, if a solution x of (3.4) exists, the 
possible cone (A ) is lineal. Coiiv(»rsely, it follows from the definition of 
lineality that, if (A) is lineal, there exist vectors 

(3A1) J-(i)>0, .r(2)>0 

such that the (luantities (3.8) derived from them satisfy (3.9) and (3.10), 
ami henc(^ 

(3.12) X = .r(i) + .r(2) 

is a solution of (3.4). We have thus established the following theorem. 

'riiKORKM 3.4: The inrirraihilily postulate, A, is equivalent to the condi- 
tion that the cone (.1) of possible points is pointed {nonlineal). 

Figure 1 illustrates five simple ease's, involving three activities and 
two commodities only. In Cases I and \ production is irreversible. In 
Cases II, III, and IV production is reversible. 44ie diagrams are drawn 
in the two-dimensional commodity space. The act ivit ies are represented 
by the column vectors U();o, k = \, 2, 3, of A. The circular arcs s(»rv(; 
to indicate the possible point set, which is an angle of either 360° [Case 
III, lin (A) = 2], or 1<S0° [Cases II and IV, lin (A) - l|, or less than 
180° [Cases 1 and \', lin (A) = Oj. 

3.5. I mpossibilily of the Land of Cockaigne. The next postulate, al- 
though mathematically indepc’ndent of the first, is r('late(l to it in its 
economic interpretation. To common sense it appears “even more 
true.^^ 
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Postulate R: It is impossibk to find a set of positive amounts of some 
nr all activities^ of which the joint prmiiid cmisists of a positive net output 
for at least one commodity, without enusing a negative net output for at least 
one other commodity. 

This postulate admits Cases I and 1 1 Init rules out Cases III, IV, and V 
of Figure 1 hecaus(» the possilde point set (contains points of the positive 



Fiouhk 1 

quadrant in these cases. A comparison with the (ases admitUid by 
Postulate A show s th(^ logical independence of the tw'o postulat<is. 

Mathematically, l\)stulate B says that there exists no vector x satis- 
tying 


( 3 . 13 ) 


y — Ax >0, a: ^ 0. 
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The equivalent condition in terms of (!onvcx cones is 
(3.11) ODD (/) = 0. 

It follows immediately that (.1) is not solid and is ihenifore contained 
in a halfspace. It has been proved by dale [XVII, Tlieori^m 5] that 

(3.14) further implies that (A) has a positive outward normal li on the 
vertex. Since the same method of proof will be usihI below in more com- 
plicated cases, we recall the reasoning here. By taking the negative 
polar cones of both sides in (3.11) we obtain, using ])roperty (c) of 
Chapter XVII, Section 2, 

(3.15) (d)” +(-/) = (±7). 

By a theorem proved by ( lei-stenhaber [XVTII, Theorem 13], it follows 
from (3.15) that (.1)“ contains an interior vector of — (— 7) = (7), the 


( 2 ) 

VI VII 

Fmi'iiK 2 

closed i)ositivc orthant. In view of the ilelinition (2.0) of the negative 
polar, this is etpiivalent to saying that (.1) possesses a positive normal 
on the vertex, that is, a vector li satisfying 

(3.10) h'A go, h> 0. 

If Postulate A is also satisfied, (A) is pointed and [by X\'ll, Theorem 
3] (A)” has th(‘ dimensionality A' of the space. Hence there exists a 
vector li interior to l)oth (!) and (/1)~. 11 follows from a theorem by 

Cerstiaihaber [.W ill, Theorem 17, see second part of the proof] that 
(.1) |)ossesses a normal h on the vertex satisfying 

(3.17) /i'A<0, li>0. 

(^mversc'l}^, if (3.10) or (3.17) holds, we have 

(3.18) li'y g 0 for all y e (A) and some h > 0, 

and Postulate Bis satisfied, luirthermore, if (3.17) holds, (.1) is pointed, 
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and by Theorem 3.4 Postulate A is satisfied. These results can be sum- 
marized as follows. 


Theorkm 3.5.1: A necessary and sufficient condition that Postulate Ji 
{impossibility of Cockaigne) he satisfied is that the possible cone (A) pos- 
sesses a positive normal h on the vertex. A necessary condition for this is 
that (A) IS nonsolid. 

Theorem 3.5.2: A necessary and sufficient condition that Postulates A 
B are both satisfied is that the possible cone (A) is pointed and possesses 
a positive normal h on the vertex. 


For purposes of comparison with criteria for the possibility of produc- 
tion, to be discussed in Sec^tion 3.6, we note that, as a corollary of 
Theorem 3.5.1, Postulate B im|)lies that the cone 

(3.19) {~T A) 

is nonsolid, because it possesses a mirinal h. Likewise, as a corollary of 
Theorem 3.5.2, Postulates A and B tojijether imply that the cone (3.19) 
is pointed. Conversely, Postulates A and K anj satisfied if (3.19) is 
pointed, because then there exists a vector h such that 

(3.20) /i'l-/ A]>0, 

which is merely anotlun* way of writing (3. 17). We t hus have* the follow- 
ing criterion equivalent to that of Theorem 3.5.2: 

'Fheorem 3.5.3: A necessary and sufficient condition that Postulates A 
and B are both satisfied is that the cone (3.19) is pointed. 


3.6. The possibility of production without inter niediale. commoflities. 
For the formulation of Postulates A and B, it was not necessary to 
specify which commodities are desired products and which are primary 
factors. Bather, Postulate B expn'sses the neci'ssity for the availability 
of primary factors, without identifying them with particular rows of A. 
In order to express in a postulate that positives production of one or 
more desired commodities is possible, it is necessary to specify in advance 
the commodities (jf which net inflows arc made available; by nature. 
For simplicity we shall first assume that every commodity is either pri- 
mary or desired, but not both. 'Jliis rules out intermcnliate commodities 
(Section 1.9). It also permits us to refer to the desired commodities 
as final commodities (Section 1.7). We thus presuppose a partitioning, 


(3.21) 


y ^ 


‘2/fin 

-2/pri 



2/fiii — AfinXf 


Uvri 


~~ ApriJ', 
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of the rows of y aruJ A, reflecting the classification of commodities, given 
in advance, into final and primary commodities, with 

(3.22) >""■ - "• 

(3.22 pri) ;(/pri ^ ^ d, 

as the restrictions defining the attainable subset of the possible point 
set (il). 

In order to express the possibility of production we may wish to 
impose on the ve(!tor 7/fi„ the strong HHiuirement that positive production 
of all final commodities is possible, 

(3.23) i/nn > 0. 

Alternatively, we may leave that (|uostion to be answered by analysis 
and insist onl^y on the weaker requirement that it is possible to produce 
at least one commodity, 

(3.24) ynn > 0. 

We thus have the* following postulates: 

PosTULATK (.^1 (strong): It is possible to find a set of positive arnounts 
of some or all aelirities of which the joint primary factor requirements are 
within the bounds set by nature and of which the joint product consists of 
positive net outputs for alt desired commodities. 

Postulate Vo (weak): It is possible to find a set of positive amounts of 
some or all activities of which the joint primary factor requirements arc 
within the bounds ,se/ by nature and of which the joint product consists of 
nunneyative net outputs for all desired commodities, including a positive 
net output for at least one such commodity. 

To illustrate, let y\ in Figure 1 correspond to a final commodity, ijo 
to a primary factor of which a flow of one unit is available. Then all 
five cases in Figure I satisfy both the weak and the strong postulate 
because the feasible point set includes in each case points with positive 
values of yi above the line ijo = —1. 

A more instructive illustration is t)btaiueil if we interpret Figure 1 
differently as follows. Let there be two final commodities with net 
outputs yi and ijo, and one primary factor with net output //.j, limited by 

(3.25) 2/3 = ^3 = ~L 

am indebted to llerlxTt A. Simon for ti discussion of thcs(» postulatt's. A 
sjiocial oaw' of Iho atroiif; has iMsm fonnulatod by Hawkins and Simon 
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liCt this primary factor l)c mpiinid for each of the three activities, and 
normalize each column of the <!<H*fficic*nt matrix A by 

(3.26) «;«=-! (* = 1,2,3). 

The matrix can then 1x5 tieiiobxl 


(3.27) 


«(l) «(2) 

-1 -1 


«( 3 ) 

-1 




where the a^k) are vectors with two elements. I^et Kigui*e I now represent, 
ill five possible eases, the configurations of the vectors a^k) ia the space 


of tlic vector yrm == 


1J\ 

-//2 


of final commodities. 


Then C-ases T and II 


arc ruled out by either Postulate C| or Co, because no achievable point 
is found in or on the boundaiy of the positive (puidrant. Cases III, 
IV, and V are admitted ly either postulate, h'igure 2 shows another 
case (VI) admitted by both postulates, and a borderline case (VII) 
admitted liy (the weak) Postulate Co but excluded by (the strong) 
Postulate Cl. 

It should be added that if, in the present interpretation of Figure's 1 
and 2, we consider the attainable point set in the desired commodity 
space as limited by (3.22 pri) [i.e., in this case by (3.25)], but without 
restricting the signs of i/i, 2 / 2 > l>y CI-22 fin), that space is no longer re'pre- 
sented by an entire angle, but instead by a convex polygon spanned on 
the origin and the end-points of the three vectors 0 (i), U( 2 ), acn, as sug- 
gested in Figure 2 by dotted lines. The available primary factor input 
is fully used in any point on a dotted line, and partially used in any point 
in which the origin enters with a positive weight. However, a negative 
net output of a nonprimary commodity is possible only temporarily, if 
there is some stock to draw upon, and is impossible in a static model. 
If we include the re(|uirement (3.22 fin), or ?/i ^ 0, ?/2 ^ 0, in the defini- 
tion of the attainable point set, that set contains only the origin in tlaxse 
ca.ses in Figure I ruled out by the strong postulate and consists only of a 
line segment in Case VII of Figure 2. 

Let us now translate the postulates in mathematical t('rms. Both 
postulates reejuire that the possible cone (.4) contains a point ?y such 
that yfin > 0. In terms of convex cones this (;an be expressed in the 


condition 


(3.28) (Bnu) ^ (^fin) n (/nJ 5*^ 0. 

Both postulates require further that the coordinates T/„ri of this point y 
satisfy Ukj availability restrictions in (3.22 pri). It is easily seen that 
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the latter reciuiremcnt does not place any restricttion on (A). For, if 
y is a point such that //n,, € as defined in (3.2S), hut which does not 
satisfy (3.22 pri), we can always find a positive S(ialar X small enough 
such that \y satisfies (3.22 pri). 

Since (the weak) Postulate C 2 contains no other rc(iui!(‘ments than 
those stated, (3.28) is ecpiivalent to it. The strong postulate recpiircs 
in addition that (A n,,) contain an interior point of (/fi„). Using Theorem 
13 of Oerstenhaber [XVI 11], and in particular the statement following 
its proof, we obtain: 

Tiieori:.m 3.n.l: Pofiluhle Oj {the stromj pontulale) of the ^foni^ibility of 
pmlnciwn is equivalent to the requirement that the cone 

(3.29) (-7n„ Afi,0 

be solid. 

We shall state without proof a criterion for (he weak postulate, only 
in the somewhat simpler cas(^ in which the irreversibility Postulate A 
is satisfied. In this eas(', using the deliiiition of a lin(»al cone given in 
S('ction 2.4, wc can olitain from (3.28): 

Tiikokkm 3.().2: If Postulate A {the irrerersibility postulate) is satisjiedj 
Postulate C 2 of the possibility of production is equivalent to the requirement 
that the cone (3.29) be lineal. 


3.7. The possibility of production with intermediate commodities. The 
situation is somewhat mon' (!ompIieated in th(^ presimce of commodities 
which an* iieith(*r d(»sired nor given by natun?. In this case*, the vector y 
is partitioiKHl according to 

[//fin I 


(3.30) 


y = 


.Viiit 


and the restriction (1.9) or 


L yi.Ti J 


(3.31) yiui^O 

on the net output vector of intermediate commodilii's must be atlded to 
(3.22). This leails to the following possibility postulates: 


Po,sTUL.\TK Di (strong): It is possible lo satisfy Postulate Ci in a man- 
ner involving zero net outputs of all inlermediate commodities, 

P()STUL.\Ti!: Do (weak): It is possible to satisfy l\)sl(date in a man- 
ner involving zero net outputs of all intermediate eommodities. 


“ To be prmsi‘, we are usinij; only the iHuiiteilness of utfin). not that of ul). 



T. 0. KOOPMANS 


[PAIIT I 


5 () 


* 3.8. Criteria for the possibility of production with intermexliate com- 
modities. We note that, again, the limitations (3.22 pri) on primary 
factor availahilities do not restrict the technology matrix A under either 
postulate, l^xploring now in particular the mathematical contents of 
Postulate Di, we requin^ only that theue exist a solution 2/fin, 2/iiit, a:, of 

(3.32) 2/fi«i = >0, 

and 

(3.33) 2/iiit “ “ tl* 

In the notation of convex cones we rccpiire that theu’e exist a vector ytm 
such that 


Since it follows from the sum definition of cones that (A) Z) {B) irnplitvs 
(A C) 3 (B C\ (3.31) implies 


^fiu Afi„\ / /fin //fiiA 

0 Aint/ \ 0 0 /’ 


.(/fin > 0. 


If in Theorem U of Cliapter XVITT we let A stand for (— /fi„) and B 
for (—2/fin), we see that the cone at the right in (3.35) consists of the 
entire siibspaco of the “fin’^ coordinates. Hence, foi’ Postulate Di to 
l)(? satisfied, it is necessary that 



We shall show that this condition is also sufficic^nt. 

If (3.36) is true, any vector i/fin can be represented by 


(3.37) = [ 

LO J .0 Ai„tJ 


Z 

lx A 


2^0, ;e ^ 0, 


which is equivalent to 

(3.38) iJL = -2 + Afinr, 2^0, r ^ 0, 
with X satisfying (3.33). Taking yhn > conclude that 

(3.39) yu,, = iJL + 2 = /tfinJp > 0 
satisfies both (3.32) and (3.33). Tliis estal)Iishc8: 


* 8(ic tlu; last .st-nli'nw* of Section 1.13 (p. 42). 
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Thkouem 3.8.1: A neceHmry and sufficient condition for (the strong) 
l^ostuUUc l)i of the possibility of production with intermediate commodities 
to he satisfied is that the cone 


(3.10) 



shall CAuUain the Zmmr space of Nvin dimensions, 


(3.H) 



By a similar roasoning wo can derive a criterion for the weak post ulate, 
which we state without proof: 


"riiEOur.M 3.8.2: If the irrerersibilily poslnlafc, A, is satisfied, a necessary 
and sufficient condition for (the weak) Postulate 1)2 of the possibility of 
production with intermediate comnuxlities to he satisfied is that the cone 
(3. 10) be lineal. 

3.0. Computational aspects of the. criteria for postulates A, B, C and D. 
It is worth noting!: that the crit(M-ia p;iven for Postulates A, Ci, Di, and 
those j 2 ;iven for Postulates B (Theorem 3.5.3), C 2 , D 2 the case in 
which Postulate A is satislied, can all be stated as conditions on the 
lineality of a cone d(‘tined by means of the U'chnology matrix .4, in 
OIK* case (l)i) supplemented by a simple condition on the lineality space 
of such a cone. 'Fhe main computational |)roblem involved in the appli- 
cation of these criteria is therefore the determination of the lineality 
of a cone d(*tined as the convex hull of f^ivi*!! vectors. It is (juite possible 
that, in a variety of circumstances, computational methods are found 
1 ‘conomical for this purpose which do not reciuire the inversion of 
matric(*s. It is for this r(*ason that we have "iven explicit criteria for 
the case when* intermeiliate jj;t)ods are pn*s(*nt . Alternatively, as shown 
in (the next) Section 3.10, intermediate be eliminated from 

the technoloj^y Ix'fore the production possibility criteria an^ applied, 
by methods bas(*d on polarity of cones, and therefore esscaitially involv- 
ing matrix inversion. In any case, polarity of cones and matrix inver- 
sions are essential concepts for the theory of prices of commodities, 
developed in 8(*ctions 4 and 5. 

* 3.10. Reduction of the technology matru\ Hie reciuirement that net 
output of int(*rmediate commodities shall vanish is ciiuivah'iit to inter- 
soc.ting the technologically achievable cone (.4) with the linear space 
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i/i„t = 0. Considered as a cone, this linear space can be denoted by 


0 \ 

(3.42) ( 0 0 y 

^ 0 ±lj 


The intersection is again [by XVll, property (a), Section 2] a (polyliedral) 
cone, which we d(^iu)te, after omitting tlie vanishing “int”-coordiriates, 
by 


(3.43) 


A) 



shall say that A is obtained by a mlurtinn of A which gives elTect, 
once and for all, to the restriction 7/i„t = 0. To indicate how A is ob- 
taiiK'd from -4, we make use of certain prop(a*tii^s [XVH, Section 2] of 
the mapping of the space of coiu^s (.1) onto th(^ space of their negative 
polars (A)“. We have, interchanging the order of “int^ - and '‘pri’ - 
coordinates, 


(3.44) 




Iiet/t"“denoteaframeof (A)““, and -lint its submat rices accord- 

ing to the three types of coordinates. Then, indicating under the 
ecpiality signs the property us(‘(b we derive from (3.44) 


(3.45) 



•* * fin 



/it/fin 0 

n f 0 ±/pri 
NO 0 


I 

^^pri 


'iiit 


The equalities in (3.15) without a reference follow trivially from the 
definitions of cone', polar, sum, and intersciertion. From (3.45) we con- 
clude: 
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Tiikorkm 3.10: The i^et of those pmnts y in the commodity spacCj pos- 
sible in a technology A involvinxj inkrmcdinie commodities, which satisfy 
the restrictions ijiui = 0, is utenlical with the set of all possible points in a 
technology A derived from A by 


(3.4G) 



Of course, application of the criteria for Postulates Ci or C 2 to (.4) 
is equivalent to application of the criteria for or D^, respectively, to 
(/I). The reader who d(»sires a furtluT exercise in operations with the 
polar transformation of cones may wish to estaldish the equivalence 
explicitly. 


4. 'riiK ICfpiciknt Point Skt in thk Spai k of Final and Primary 

OoMMODITIKS 

4.1. Primary factors regarded as desired commotiities. We shall now 
study the application of the allocative objective of production introduced 
in Section 1.7. It will lie useful first, in the present, section, to consider 
the cas(» in which no availability restrictions are placed on the net flows 
of primary factors. Instead, as already suggested in S(»ction 1.9 with 
rep;ard to land, w(' sliall include^ primary factors amon;^ the desired com- 
modities, with the interpri'tation that the objective of the economy is 
served by th(* algebraic increase of their net out|)ut (i.e., by the decrease 
of their ininit). Witfi n^j^ard to manpower or land this interpretation is 
justifiable by the existence of an alternativi^ use of these factors for 
leisure or recreation. With regard to other primary factors, a justifica- 
tion may be found in a desire for conservation of exhaustible resources, 
although such a considei-ation can lie aileiiuately expressed only in a 
dynamic model. However, the (|uestion of justification of the objective 
is not important at this stage because the present case is considered 
mainly for its malh(*matical simplicity, as a step toward casc*s which arc 
both more complicated and more realistic. 

With respect to intermediate commodities, we shall assume in the 
pre.sent section that the technology matrix .1 either tUies not contain 
them at the outset, or is already the result .T of a reduction, as deliiied in 
Section 3.9, of an original matrix .1 so as to eliminate intermediate 
products. In tlu' si'cond interpretation, we shall omit the bar from the 
symbol A and speak of the cone (.1) as tlu' possible point set in the 
reduced technology, although it excludes points possible in the original 
technology but unattainable under the restriction (3.31) on intermediate 
commixlitics. 
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We shall, however, not necessarily assume that A incorporates the 
restrictions y,^ ^ 0 for all n designating nonprimary commodities, men- 
tioned in Section 1.7, althougli such an assumption can be added when- 
ever desired. Thus (qualified, the concept of possibility, as introduced 
formally by Definition 3.2, diffei*s from that of attainability (see Defini- 
tion 5.2) ill that the availability restrictions on primary commodities, 
and those on final commodities not implied in the technology A, arc 
disregarded in it. 

As a result of these specifications, our commodity space consists of 
final and primaiy commodities only, and all of these are regarded as 
desired comnuxlities. 

•1.2. Definition of an cfricioit point A possible point (1. 1 ) in the corn- 
motlity space is called efficient whenever an increase in one of its co- 
ordinates (the net output of one good) can be achieved only at the cost 
of a decrease in some other coordinate (the net output of another goofl). 
This is expressed mathematically in 

Diofimtion 4.2: A point y in the conimodiiy spare is railed rllirirni if 
it is possible [f.e., if y e (A)], and if there exists no possible point y c (A) 
such that 

(4.1) y-y>0. 

4.3. A neeessary ami suffieienl eonditionfor effieieney. We must expect 
to find more than one point y satisfying this definition. For instance', 
Ix'cause of the linear homoge'iieity of all conditions entering into this 
definition, the efficiency of y entails the efficiency of X// if X is a positive* 
scalar, (generally, the efficient point s(A consists of a sc^t of halllinc's 
rather than a single halfline. Application of the crit(*rion of (dliciemry 
thus serves only to eliminate a s(?t of clearly wasteful modes of produc- 
tion, leaving us with a set of efficient points from which further choice 
by other criteria is to be made. These further criteria fall outside tla* 
scope of this chapter. We are studying only the prop('rt ies of the t'fficient 
point set and the conditions under which it can be regarded as dedining 
a transformation function. 

In this section we shall give a discussion of the case of two com- 
modities, based on diagrammatic illustration, which will help us formulate 
a theorem concerning tlie nature of the efficient point s(*t. In the; next 
section we shall prove that theorem for the case of N commodities. 

Let the cone AOW in Figure 3 be tlie possible cone (A). The condition 
(4.1) can then be interpreted as follows: A point y of (A) will be efficient 
whenever a displaced cone DyE witli vertex y and spanned by halflines 
yD, yE parallel to the positive coordinate axes has only the point y in 
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common with the cone f ^10/^. It is seen that this requirement excludes 
(a) any interior point y' of AOB, and (h) any point i/" on the haUline 
OA in the boundary of AOB (except the point 0), but permits (c) all 
points y of the halfline O/i in tlie boundary (»f AO/i (iiKthiding the iioint 
0). The bounding halfline OB of AOB distinguishes itself from tlie 
bounding halfline OA in that each point y of 0/^ p«)ssesses a normal yN 
to AOB with positive direction coefficients. It is clear that each point 
possessing such a normal is efficient. The converse statement, that 



each efficient point possesses such a normal, is likewise clear in two 
dimensions, but needs more careful argument in lli(‘ iV-comniodity case. 
It will then b(j our task to pnivc the following theorem. 

Thkoukm 1.3: A ncceminj and suffiand condilion that a possible point 
y e (A) be rffident according to Definitiun 1.2 is that y possesses a positive 
normal (p) to (A), as defined by (4.7) below. This implies as a necessary 
condition that y is a boundary point of (A). 

* 4.4 Proof of Theorem 4.3; the local possible cone. Tt is inconvenient 
to work with displaced cones, such as DyK in Figure 3, with a viatex not 
in the origin. I'his can be avoided by using the concept of the local 
possible cone d(4ined as follows. 

DKFiNrno.N 4.4.1 : The local possible cone (/)) in the point y of the pos- 
sible cone (A) is the set of all vectors d of the form 

(4.2) d = XO/ - y), y « (-0, ^ a positive scalar. 

t No confusion nis'd iiri.se In'twiH'n the u-se of llic loiters .1, B, ■ • • to iiulicalc half- 
lines in Figure 3 anti their u.st* to indicate matrices. 
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It follows easily from the convexity of (A) that the set so defined is 
indeed a convex cone, and that y + de (A) whenever X g 1. The cone 
(D) therefore contains all directions of variation from the point y of 
(A), in which it is possible to go (for some positive distance) without 
going outside the possible cone (A). In other words, (/>) is obtained 
from the displaced cone “projecting” (A) out of the vertex ?/, by a transla- 
tion which makes the new vertex coincide with the origin. In Figure? 3 
the local possible cone in y' is solid, that in y is the halfspace “below” 
the line 0/^ (extended also beyond 0). 


Lkmma A.4.2: The local ‘possible ceme in y can be represented by 
(4.3) (D) = (-^y A). 


To prove this lemma, we note that any vector d satisfying (1.2) can 
be written as 


(4.4) 


d = \(y - y) = \{-y + Ax) = X[-?/ 
X > 0, i’ ^ 0 



and is therefore a vector oi{—y A ). To argue the converse, we (‘onsider 
separately those vectors of (—7/ A) which are not contaiiK'd in (A ) and 
those which are. Any vector of the first class can, by a suitable positive 
choice of X, bo expressed as d in (4.4), and Iherefore satisfies Definition 
4.4.1. Any vector of the second class [i.e., any ve(!tor d of (A)], can 
be used to define a vector y = d y which is also in (A ), whence? d 
satisfies Definition 4.4. 1 with X = 1 . 

It follows from Lemma 4.4.2 that the local possible cone is a convex 
polyhedral cone. It follows further, by Theorem 11 of Ohapter XV HI, 
but it can even more readily be argued directly from Definition 4.4.1, 
that the local possible cone (/>) in an interior point y of (A) is solid. 
Since (/)) is defined only for points y of (A), it contains the line (± 7 /), 
and therefore its lineality is at least one whenever y 0. 

To prove Theorem 4.3, we now express Definition 4.2 of efficiency of 
y by the requirement 


(4.5) (- 7 / A)n(/)=0; 

[i.e., we cannot from y proceed in a positive direction within (A)]. A 
condition of this form has already been analyz(?d in the paragraphs fol- 
lowing (3. 14) al)ove, the only dilTerencc being that ( — 7/ A ) is known to 
be lineal. The reasoning previously given therefore now leads to th(? 
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result that, for y to be efficient, it is necessary and sufficient that there 
exist a vector p satisfying 

(^• 6 ) p'\-y A]^Q, p> 0 ^ 

or, equivalently because of (3.1), a vector p satisfying 

(1-7) p'A ^ 0, p'y = 0, p > 0 

(a condition applicable? also when y = 0). This cannot be the case if y 
is an internal point of {A), because? then (— y A) is solid and hence 
possesses no noiwanishing normal. 

Since Ijy Lemma 4.4.2 any halflinc (p) normal to (-y A) on 0 gen- 
(*rates a displaced halflinc normal to (A) on the vertex y, we shall refci* 
to (p), briefly though somewhat inaccurately, as a normal to (A) in y, 
and to p as a vector normal to (A) in y. 

4.5. Efficient facets. It has been proved l)y Gerstenhaber [XVIII, 
Theorem 35] that the l)oiin(lary of a convex polyhedral cone (A) is the 
union of a finite number of its open projx?!* facets,*- no two of which 
have a vector in common. We use the term “proj)er facets” here to 
designate (closed or ()i)en) facets of which the dimensionality is at most 
N - 

Closed fa(M4s are d(4ined by Gerstenhaber recursively, a closed 
(n — l)-facet l)eing a cone contained in the boundary of a 

closed 7i-facet (A’„), such that no con\'ex cone (E) containing both 
{En-\) and a vector not in (/'\_i) is contained in the boundary of (F„). 
Thus (A\-i) is a maximal convex cone in the Ixnindary of (F„). Ily 
identifying {F„) with (A) if n = dim (A), facets of all lower orders n 
arc defined, and the order n is found to eipial tin? dimensionality of (/'’„)• 

A closed facet (F„) is [X\AiI, 'Fheorem 23] spanned by a siibmatrix 
Fn of a frame .1 of (A ). An open facet )Fn{ is here defined as the relative 
interior t)f a closed fac(4> (F„), or equivalently [XVIII, Theorem 1] as 
the set of vectors obtained by strictly positive linear combination of the 
vectors of Fn. The dimensionality of )Fn{ is defined as that of {F„). 
We shall ofltai use the term “facet” without adjective if the notation 
specifies whether the facet in ({uestion is open or closed, ami also in state- 
ments applying to both kinds of facets. Tlie dimensionality n of a 
fa(?et )Fn( of a pointed cone (A) ecpials the number of linearly inde- 
pendent frame vectors of .1 included in the submatrix F„. 'Hie cone 

** If (.1) is pointed tliis includrs tin* oripii as a st'parali* lacrt, which must hm; be 
ronsidored jus oiK*n. If (.1) is lineal, its lineality space is !in open facet containint; 
the origin. 
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AQB of Fij^iirc 3 thus hjis two ojx^n 1-facets, 0.4 and OB (each not 
including 0), and one open 0-fa(^et, 0. 

Tn this two-dimensional example it is obvious that the normals to 
AQB in all points y of OB are parallel. To formulate the extension of 
this statement to the case of N commodities we shall associate with each 
boundary point !/ of (i4) by (4.3) the cone (D)“ consisting of all ve(itors 
j) normal to (yl) in ?/. This will be referred to, again somewhat in- 
accurately, as the cone of normals to (A) in y. The extension of the 
foregoing statement, to be proved as T^emma 4.6 in (the next) Section 
4.6, is that all points y of a facet )F{ have the same cone of normals 
From this lemma, the following consequences of Theorem 1.3 
are also proved in Section 4.6: 

Thkorkm 4.5.1: If one point y of an open facet )F{ of (A) is efficient 
according to Definition 4.2, then all points of the closed facet {F) are efficient. 

On the basis of Theorem 4.5.1, a further definition leads to a reformula- 
tion of Theorem 4.3. 


Definition 4.5.2: A facet {open or closed) of (A) is called efficient if all 
its points are efficient. 

Theorem 4.5.3: A necessary and sufficient vendition that an open or 
closed facet, )F{ or (F), of (A) he efficient according to Definition 4.2 is 
that there c.rist a vector p satisfying 

(4.8) p'A g 0, p'F = 0, p> 0. 

*4.6. Proofs of Theorems 4.5A and 4.5.3. We shall lirst draw sonu^ 
conclusions from the assumption that y is a point of a facet )F{ as defined 

i>y 

( 1.9) y = Fxf, xf > 0. 

If in Theorem 14 of Chapter XVIII we let A stand for (F), B for (i/), 
we find that 


(1.10) {—y F) = (— F F) = dimensionality space of (F), 

regardless of the particular value of y satisfying (4.9). Let us denote by 
{Df) the local possible cone in a point y of )F(. Then, from Lemma 
4.4.2, since F is a submatrix of A, ami using (4.10), 

(4.11) (DF) = {-y A) = {-y F A) = (-F F A) = (-F .1), 

again independently of the particular point y of )F(. It follows that 
the cone of normals {Df)'^ on (A) in y chjpends only on the facet )F(. 
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Now let y be a point of the (closed) facet (F) but not necessarily a 
point of )F{, Then 

(1.12) 

and the local possible cone (/5) in // satisfies 

(1.13) (/>) = (-/7 A)(Z{-F A) = (Dp). 

Wci then have [XVTI, Section IB, property (1*)] for the cone 0) of 
normals on (A) in ?/ 

(1.14) (/i)-3(D,r. 

These results establish the following lemma. 

Lkmma l.b: AU points y of an open facet )F{ of (A) have the same roiie 
of normah (Df.’)"* to (A). This cone is contained in the cone of normals 
(/)) “' of any point y of the closed facet (F). 

On the basis of this lemma, we may now speak of a normal to (A) on 
)F(, or on (F), instead of the previous term: normal to (A) in a point y 
of )F{. If p is su(*h a normal, we shall also say that )F(, or (F), possesses 
a normal p to (A). Since* by Theorem 4.3 the efficiency of a point y 
is ec|uivalent to the ('xistence of a positive normal to (/H in ?/, Theorem 
4.5.1 follows directly from liemma 4.6. Theorem 4.5.3 states the re- 
C|uired e.xisteiice of a positive normal explicitly as a condition on the 
facet )F(. 

4.7. Economic interpretation of the efficiency conditions. An interesting 
interpretation can be given to a vector p normal b) (.1) on an ellicient 
point y. We shall call it a vector of prices p„ of the commodities 
n = 1, ••• , iV in the point y. There is in this term no necessary 
implication of a market in which exchange of commodities l)etween dif- 
fer(*nt parties takes place. The terms “sha<low prices” or “accounting 
prices” have been used in various contexts to express this reservation. 
For the moment, we shall use the general term “prices,” subject to 
dilTerent interpretations in different us(.*s of the model. 

To see the meaning of this interpretation we rewrite (4.8), having 
regard to (4.9), as separate conditions on each column vector a(jt) of A, 
as follows: 

|//a(i)=0 ifxt>0, 

■ if •>•» = «• 

I’hp expression p'd^k) interpivtcil as the net (aceounting) profit on the 
unit of the kih aetivity, eoinputeil on tlu* l)i\sis of the priee vc'ctor p. 
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Then (4.15) sjiys that no activity in the technology yields a positive 
profit, while each activity carried out at a positive level to achieve the 
point y yields a zero profit. We thus find the following equivalent 
formulation of Theorem 4.5.3 in economic terminology: 

Theorkm 4.7 : A necvi^mry and sufficient condition that the activity vector 
X shall lead to an efficient point y = Ax in the commodity space is that 
there exists a vector p of positive prices such that no activity in the technology 
permits a positive profit and such that the profit on all activities carried 
out at a positive level be zero, 

1.8. Tlniqueness of the price vector p. Since every efficient facet is 
contained in the boundary of (.4), the dimensionality of an efficient 
facet {F) is at most N — If dim {F) — N — then the matrix F 
has rank W — 1, and the second and third condifioiis in (4.S) determine 
p up to a positive scalar factor. If dim {F) < N — I, we have 

dim (Df)- = N- lin (Df) 

( 1 . 16 ) 

= iV - lin {-F F A) = N - dim (F) > I, 

because of Theorem 3 of Chapk»r XVH, and because [XVI 11, Th(‘orem 
23 (5)] the lineality space of (.4) is contained in any facet (F) of (.4). 
Thus we have: 

Theorem 4.8: A necessary and sufficieid condition for the uniqueness 
{hut for a positive scalar factor) of a price vector p associated with a point 
y of an efficient open facet )F( is that (F) have the dimensionality N — \. 

From the computational point of view, it may be noted that, once an 
efficient {N — l)-facet )F( has been found, the determination of the 
corresponding prie^e vector requires the solution of a system of liiuMir 
equations represented by the second condition (4.8). The first and 
third conditions arc then simultaneously satisfied by proper choice of 
the sign of p. 

4.9. Marginal rates of substitution defined by a unique price vector. If 
for an efficient facet (F) we have dim (F) = N — 1, the comjionents p„ 
of the unupie price vector p associated with F can be regarded as defining 
marginal rates of substitution between all commodities on (F). If y and 

It might U; thought (hat the condition of po.sitiv(;n(!S.s of p might cut out just, 
one luilflinc (p) from n twoHir-monMlimciLsioiial com; of normals (—7/ /I)" su(;h as 
arist.;s if dim (F) < N — \. However, the interw'clion of the closed cone (— ?/ A)~ 
with th(; opeh s(‘t )/( expressing the; positiveness of p is either empty or contains an 
infinite number of halflines. 
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7/ are two points of (F), and hence both efficient, we have, from the 
second condition (4.8), p'y = 0 = p'?/, hence also 

(4.17) p'(// - y) = 0. 

Within the limits of the facet (F), therefore, choice between different 
modes of production ?/, //, • • • opens the same alternatives as would 
trading at the constant prices p. To take an (example, if 

(d.l8) 7/1 > 7/1, !h < 2/2, 111 = Z/ii, (n = 3, ■ • • , W), 

then (4.17) implies 

(bl9) piifn - 7/i) = P2(?/2 - ?72)- 

An amount (7/2 - fh) of commodity “2” is “traded'' for an amount 
0/1 “ 2/1) of commodity “1“ at the price 

(4.20) pi2 = 7)i/p2 

of the unit of “1" expressed in terms of units of “2." 

It is important to emphasize the two conililions that must be satisfied 
for these relative prices p„,n to be applicable. In the first place, the 
relative prices r(4er only to a change from one efficient ])oint y to anotlier 
efficient point //. That is, commodities are substituted for each other in 
these ratios only after efficiency has been reached and provided that efficiency 
is maintained in the change in activity levels. Secondly, the set of 
sul)stituti()n ratios belonging to an cllicicnt {N -- l)-(liniensional facet 
applies only to changes between points on that same facets including its 
relative boundary. Tpon entering an adjoining {N - l)-faccl, a dif- 
ferent set of substitution ratio.s becomes applicable to changes within 
that facet. No set of constant substitution ratios applies to comparisons 
between points of dilTerent (N — l)-facets. 


4. 10. Noninereasiny marginal rale of suhslilntion. It is easily seen that 
if, in increasing the net output of a commoility “1“ in efficient exchange 
for a decn'ase in the net output of a commodity “2," the point y passes 
from one eflieimit (A'^ — l)-facet to another, the marginal rate of sub- 
stitution (4.20) cannot jump upward at the passage. Let u, t’, to be 
three efficient points such that 


(4.21) 


wi < I’l < a?i, 

1(2 > Co > M’2, 

= Vn = (71 = 3, • • • , N), 


where we will think of u and w as on dillerent closet! etficient (AT 1)- 
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facets, and of v as on the relative boundary of each. Now suppose we liad 


(4.22) 


1’2 — ^ ^2 — ^’2 
1/’l — Vi Ui — U\ 


as illustrated by Figure 4. Then, because of the convexity of the possi- 
ble point set (A), we could find a possible point 


(1.28) 
such that 

(1.24) 

by choosing 

(1.25) 


p = X/A + (1 — X)a; 

Vi > Vu h > *^2, (a = 3, • • • , A^^), 

V2 - W2 •“ ^'1 

<x<- 

ll2 - W2 “ ’^1 


the possibility of which follows eiusily from (4.22). This would con- 
tradict the assumed (ifficiency of v. Therefore (4.22) cannot be true. 

This result can be applied, of course, to rates of substitution between 
final commodities, betweciii primary commodities, and between a final 
and a primary commodity. It can also be extended to proportional 
changes in the outputs or availabilit.ies of two groups of commodities, 
as follows. Consider the partitionings 


(4.26) 2/fiii — I I , l/pri 

L/yiiJ 

and enlarge the technology matrix to 


l“l- 

Lj/iv I 


1 

0 


(4.27) A = 


an 

0 

0 

.0 


0 

0 

0 

fliii 

0 

-1 


0 0 0 

Ai 0 0 

All —fii 0 

Am 0 —/ill 

Aiv 0 0 

0 0 0 . 


Oil < 0, am > 0. 


The first column introduces an activity that “bundles'^ the final com- 
modities “11” in given proportions into a new composite final commodity 
with net output i/o, say. 'fhe second activity bundles the primary 
commodities am into a composite with net output i/.v-fi, say. The 
third column contains the original technology matrix A with two rows 
of zeros adfled. last two columns introduce disposal a(;tivities on 
all commcxlities subject to bundling. 
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Treating the commodities “H” and “III” as intermediate, restricted 
by 

yii = 0, j/in = 0, 

the application of our result to yx+i and j/o establishes that the margiiud 
productivity of a set of primary commodities, under proportional in- 
crease in availabilities, in terms of the proportional increase in the out- 
puts of a set of final commixlities, is nonincreasing, outputs or avail- 
abilities of all other final and primary commodities bciing held constant. 
Of course, if “II” comprises all final, “III” all primary, commodities, 
the marginal productivity </j/,v+i/dyo is a constant. 
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4.11. An equivalent characterization of the efficient point set y. So far 
wo liMVo not provcnl the existence of an effiriont {N — l)-facet, and it is 
not (Iifli(;ult to const met a technology matrix of rank Nj which satisfies 
Postulates A, 11, C of Section 3, such that none of its {N — l)-facets 
has a positive normal. The three 2 -facets of the nonsingular technology 
matrix 

■ 1 I o.tr 

(4.28) A = I 0.5 0.8 

.-1 -I -1 - 
have as normals the column vectors of 

-3 -1 V 

(4.29) /' = [/>(!) P( 2 ) 7^(3)] = -1 2 0 , 

-5 I 1 

none of which is positive. The example is illustraied in Figure 5, which 
exhibits the intersection of (.1) with the plane 7/3 = —1. thus (A) 
is the cone projecting the triangle fl(i)U( 2 )U( 3 ) out of the origin 7/1 = 
y.y = 2 /;^ = 0 , which may be thought ol as above the paper in which the 
figure is drawn. 
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The following illustration may help to visualize the nature of the 
efficient point set. Attach a source of light at eacJi coordinate axis at 
the locations “ yn = ^ = 1, • * * , respectively, and let (A) be 

represented by an opacpie body. By ]\)stulate B of Section 3, all 
sources are located outside (.4). Any facet which rec^eives light from 
all sources consists of efficient points only. Any open facet which is 
in the shade of (A) with respect to at h^ast one source does not contain 
any efficient points, although lower-dimensional facets in its relative 
boundary may contain efficient points. In particular, the origin y = 0 
is an efficient point on the relative boundary of all facets, because of 
Postulate B. An open facet containing a straight liiu* segment parallel 
to a coordinate axis is to be regardcMl as in the shade of (A) with respect 
to the corresponding sour(^(^ of light. 

If this construction is applied to the example of Figure 5, the facet 
)u( 2 ) «(;o( shade from sources 1 , 2, and 3, the facet )a(\ ) a(.s)( 

is in the shade from source I, while the facet )rt(i) n( 2 )( just falls in the 
shade from source 2. Similarly, of the 1-facels, only )«{!)( receives light 
from all three sources. 

These considerations suggest a method of constructing the efficient 
point set, cxpn'ssed by the following theorem. 

Tiikouem iAl: Let a be a technology matrix Hatisfying Pofitniatc B. 
Let 

(t.30) I = [-/ A] 

he the technology matrix obtained from A by adjoining costless disposal 
activities for all commodities. Then the efficient point set in the technology 
A is the union of all closed fimis of (A ) which do not contain any of the 
column vectors of —I. 

*4.12. Proof of Theorem 4.11.*^ We shall first establish three useful 
lemmas. 

Lemma 4. 1 2. 1 : // (F) and (G) are facets of a convex polyhedral cone (A ) 
such that 

(4.31) (G) D (F), dim (G) > dim (F), 

*^The illustration remains gooil, but. is less easily graspcul, if a finite positive loca- 
tion is s(;l(*ct(;(l for each source. 

“A simi)le and elegant, proof of Tlieon?fn 4.11, Imsc^d on Theon*ni 2G of (chapter 
XVllI, was sugg(;sli‘(l by .M. Slater. He has also pointed out, that Theorem 4.11 
remains vacuously true if Postulate B is not salisfieil. The; method of proof Iktc^ 
followed, and in particular b(;mmii.s 4.12.1 and 4.12.2, have usefuliuiss for the dis- 
cussion of topological properties of the efficient point wt in Sc'ctions 4.13-4.14. 
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then the cone of normaU (-f? Ay to {A) on (G) is contained in the rela- 
tive boundary of the cone of normals (-F A)~ to {A) on (F). 

Proof: From (4.31) it follows [XVII, Section 11^, properly (1*)] tlint 

(4.32) (-F yl)-~3(^f? A)-. 

Therefore [XVII I, Theorem 14] we shall have established the contention 
if we can show that 

(4.33) lin(-(-F yl)-^-(-f; y|)“) <dim(-F .1)" 

This is ecpii valent [XVI I, Th(M)rcm 3] to 

(4.34) dim {{F -A) H (-0 A)) > lin F A) = dim (F), 

the eiiuality being based on Theorem 31 of Chapter XVI II. 

Now, on the one hand, we have, by (4.31), 

(4.35) (F -.4) n (-G A) D (F -A) D {-F A) = i±F). 

'rhe middle meml)er n'pvescnts the limnility space of {—FA) which, 
because (F) is a facet of (.1 ), is [XVHI, 41icorcm 31] ecpial to the dimen- 
sionalitv space (zkF) of (F). On the other hand, we have, because 
( r/)c(-.4), 

(1.30) {F -A)n{-G A)d(-G), 

whereas by the ineciuality in (1.31) (“*(/) cannot be contained in {-±F)\ 
hence (4.35) and (4.30) imply (4.34). This completes the proof of 
Lemma 4.12.1. 

Lkmma 4.12.2: // (F) is a facet of a conrex polyhedral cone (.4), and 
p 9 ^ 0 a rector in the relative interior of the. cone of normals { — F .4)“ to 
(.4) on (F), then 

(4.37) (F) = n (^). 

It. will Im> noted tliat this Icniinui .xjx'cifies a class of liy|)erplanps {p)'^ 
tluit can be iisc'd for N in 'I’hcorem 33(2) of Cliupter XVIII. To pn)ve 

(4.37) , we U.SI' tlie detinition (2.0) of the orthogonal complement (p)! to 
conchidc from the premise 

(4.38) 0 5^P«)1-F .in 

that (F) C (/»■*■). Since (F) C (.4), we conchale that (F) is contained 
in the right-hand meml)er of (4.37). (^)nversl'ly, if there were a vector 
a in (j;)"*" f) (.1) but not in (F), there would be [XVUl, 'rheorem 33(1)] 
a facet (G) of (.4) projK-rly c(»ntaiuing both (F) and a to which p is 
normal, contrary to (4.38) and Tjcmma 4.12.1. 
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Lkmma 4.12.3: A facet of (/T) an defined in (4.30) contains a column 
vector of (— /) if and only if it does not possess a positive normal. 

Proof: Any normal p to (i^) on any of its facets must- satisfy 

(4.39) p e (.T)- = (-/ Ar = (/) n ci)-. 

Thcrefore, if a facet (P) of (J) d(x^s not possess a positive normal p, 
then the cone of normals 

(4.40) (-P Ar 

on {P) to (/T) must be contained in the boundary of the i)osit ive orthant 
(/). It follows easily from the convexity of (4.40) that 

(4.41) {-P Ar C („/) for some n, 1 ^ a ^ AT, 

where denotes a matrix obtained from the unit matrix I l)y delctinji; 
the nth column (which we denote by /(„)). Taking negative polars in 

(4.41) , we obtain 

(4.42) (—P .T) D (—/ i(n)) 3 (=tfn) for some n. 

It follows that —i(n) is in the lineality s|)ace of { — P .T). Since, l)y 
(4.30), —?(„) € (J), it follows [XVHI, Theorem 32| that 

(4.43) -i(n) € (/T) n lin space of {-P .4) = (P). 

Conversely, if a faret (P) possesses a positive normal p to (J), 

(4.44) p'J g 0, p'P = 0, p> 0, 

it cannot contain a vector —i{n)- This completes the proof of Lemma 
4.12.3. 

We proceed to the proof of Theorem 4.11. Let {F) be an enicient facet 
of (A). Then {F) possesses a positive normal to (A), 

(4.45) p,{-F A)-n)/(, 

which, since )/( is an yV-dimcnsional open set, can be selectcHl in tlu^ 
relative interior of {~F A)“. Then Lemma 4. 12.2 establishes the first 
cciuality in 

(4.46) {F) = (p) ■■ n (A) = (p)^ n (-/ A) ^ (p)^ n cT). 

The second equality in (4.46) i.s a consequence of (4.45), which can be 
written as 


(4.47) 


TP'A ^ 0, p'F = 0, p > 0, 
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(4.48) p'a = p'[“/ A] = — p'g + p^Ax < 0 

whenever z < 0, z g 0, and henc(i p’a = 0, at (/T) implies a e (d). It 
follows [XVIII, I'hcorem 33 (I)] tha^ (F) is a facet of (I) which, hy 
(4.47), possesses a positive normal to (1). It follows from Lemma 4. 12.3 
that (F) is a facet of (.^1) not containing a column vector of —I. 

Conversely, let (F) he such a facet of (I) and hence, by Lemma 4. 12.3, 
pos.ses.sing a normal p satisfying (1.44), which we select again in the 
relative interior of (-F i)~. Then, by the same reasoning applied in 
rcverse, 

(4.49) (F) = (p)"- n {A) = (p)^ n (A) = (F), 

where j XVI 1 1, Theorem 33 (1)] (F) is a facet of (.4) which by its defini- 
tion has p as a positive normal, and hence is efficient. 

Since by Theorem 4.5.1 the efficient point set by Definition 4.2 is made 
up entirely of efficient facets, this concludes the proof of Theoiem 4.1 1. 

1.13. Topological rlassificalion of (ficicnl point sets. \Vc shall use 
Theorem 1.11 to give a l>riof heuristic discussion and classification of 
topologically dilTerenl ca.ses with regard to the efficient point set, illus- 
trated by graphical examples in a three-<limensional commodity space 
(.V = 3). We shall visualize halflines and cones in that space by their 
intei'sect.ion with the plane 

(4.50) h'y=-l, 
where h is a vector which .satisfies 

(1.51) h'A=h'[-I .11 <0 

and is therefore positive. The existence of such a vector, whenever 
Postulates .\ and B of Section 3 are .satisfied, is guaranteed by Theorem 
3.5.2. By pro|x?r choice of the units of nicasurcinent for the com- 
nuxlities, we can make all comixnieuts of h eciual to 1. Thereby the 
intersection of (1..50) with (— /) becomes an efiuilateral tiiangle (for 
N > 3 a regular simplcxl, as shown in Figure Oa, to 1x5 denoteil by 
1 - /]. The inler.s('ction of (1.50) with the various octants is .shown in 
Figure 6b, where the origin can be tlunight of as fixaited above the 
I)aper. 

Because of (4.51 ), every frame vector of (.4) intei'secfs the jrliuic (4.50) 
in a finite point, and (.4) intei’secfs (1.50) in a polygon {.Ij obtained 
as the convex hull of those points. Finally, (.4) intersects (1.50) in a 
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polygon |.Tl which is tho convex hull of {ill and {— /}. We use the 
relations between bH, {—/I, {iT}, illustrated in diagrams, to discuss 
corresponding relations between (A), (— /), (il). 
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The simplest case, illustrated in Figure (ic, is that where (“-/) con- 
sists entirely of internal vectors of 0*1). In that case (*l) and (J) arcj 
identical, and no facet of (A), or its dimensionality space, contains a 
column vector of — The cone (.1) is necessarily iV-dimensional, and 
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the efficient point set is its entire (,V - 1 Wlimonsional lioiindary, 
topologically equivalent to an entire (N ~ l)-(liinensional linear space. 


“( 6 ) "( 5 ) 



FliM’ltK He 

The second case is that in which (A) and (-/) aj^ain have an internal 
vector in common but (-[) contains vectors outside (A). This case 
is illustrated in Fij^ure (id. Tlu* dott(Ml liu(‘s show how (Aj is extended 
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to (il). The application of Theorem 4. 1 1 shows that the efficient point 
set consists of the adjoining closed facets (a(i) a( 2 )) and (a( 2 ) a(;o), 
and the separate closed fa(u»t ^( 7 ))* TIi(»se t.wo 2-diin(Misional parts 
of the efficient point set are joined only by their common relative bound- 
ary point ill the origin, so that deletion of the origin would destroy the* 
coimectedness of the efficicMit point set. For N — 3, at most, thiec so 
separated sections can arise in this way, some or all of which may 
degenerate to a 1 -facet. 

A third conceivable case, that in which (A) is contained in (— /), is 
excluded by either of the Postulates Ci, (^2 t)f Section 3. Tlierefon' 
the boundary of (A) contains at least one column vector a of ^1, which 
is not in ( — /), unless (/T) is solid. Hy 'rheorem 4.11, the halHine (a) 
must th('reforc be part of the efficient point s('t. In the light of Tlu'orem 
3.5.1, this establishes 

Tiieout:m 4.13: If the technology matrix A antisfies Postulates 11 au(IV\ 
or C 2 , of Section 3, the efficient point according to Definition 1.2 contains 
at least one haljline (a) based on a column vector a of A. 

The fourth case is that in which (—/) and (A) have no internal vector 
in common. Toiiologically, this case is not dilTerent from that subcase 
of the second case, in which the part of (A) outside ( — /) is contracdibli* 
to a point within itself, because of its economic importance*, this case* 
will be cxple)re*el further in the next sectie)n. 

4.14. Contractihiliiy of the efficient point sd when at h ast one nonprimary 
desired commmlity exists. Our example's sugge»st that the splitting up 
of the eflicient point set inte) subsets e*e)nnecte*el e)nly by the* e)rigin cannot 
e)ccur unle*ss the techne)le)gy matrix A p(*rmits racfi ce)mme)dity te) appe'ar 
as a negative e)utput (net inflow) for seane activity V(*e*tor .r g 0. The 
latter assumptiem will rarely be satisfieel in re'alistic situations, bee*ause 
in me)st applicatieais it is kneiwn in advance tluit e(*rtain elesir(*el eumi- 
iru)dities are not given by nature?. In Se*e*tie)n 4.1, we? have le*ft e)pe‘n 
the pejssibility of incorporating in A the restrict ieai /y,, g 0, n designating 
a nonprimary commejdity, expressing that circumstane.*(*. The fe)lle)wing 
statem(?nt is strongly suggested by enir discussion and is believeiel to be 
valiel. 

Asseution 4.14: Whenever the technology matri.r A satisfying Postulate 
II of Section 3 restricts one eoummUty^ sa/y, to nonnegativf net outputs 
hut permits positive outputs of it, 

(4.52) y = Ax j :r ^ 0 implies y\ ^ 0 anel permits y\ > 0, 
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the efficient point set with the origin y = 0 deleted is controctible within 
itself to a point 

In . Section 4.15 we give suggestions toward a proof of this assertion. 

*4.15. Outline for a proof of Assertion 4.1 1. It seems a fruitful ap- 
proach to such a proof to utilize I he ono-lo-one mapping of the open 
facets )F{ of (/T) on the open facets say, of its negative polar 

The closed facet corresponding to )F^~\ may he defined, 

for instance, as the cone of normals to (A) on (F) and is then found to 
ecpial the intersection 

(1.53) ^ {-^P Ar = {-P P Ar 

= i±Pr n {Ar = (P)^ n {Ar 

of the orthogonal compI(?ment (F)^ of the dinKaisionality space (AzP) 
of (P) with the negative polar (d) ' of (.4). Then, from Lemma 4.12.2 
and the definition of (d)“”, it is seen that (P) is the cone of normals to 
(d)“ on ail}" point of )F^'''\, From this it follows IXVllI, Theorem 
33 (1)] that 

(4.54) (/)^ n (.4)“ withO?^/€)/^( 

is a facet of (.T) which by Lemma 1.12.2 does not depend on the choice 
of /, hence ecpials {F^ as givcai by (4.53). Ile^nce {F^~~^) is indeed a 
facet of (.4 ) Furth(‘rmor(» we hav(‘ 

(4.55) dim )F{ + dim )F^ "’( = *V. 

In particular, the vertex of (.1) is mapped into the interior )A""( of 

(A)' 

If we define two facets )Fr{ and )FA whose dimensionalities differ 
by one as incident whenever one is in tlie relative boundaiy of the other, 
it follows from Lemma 4.12.1 that the mapping preserves incidence, 
while reversing the ord(M’ of the dimensionalities. It is to be expected 
that toj)ologi(*al properties of the union of a s(»t of oiien facets depend 
on the incidence Halations among these facets only. Then the union U 
of a set S of facets )F( has the same contractibility properties as tlw^ 
union of the sc't of corresponding facets )F'^ '\. 

44ie eflicient ])oint set is now to be delined as the union U of the set iS 
of all open faccds of (.1) not containing a vector of exclusive of the 
origin. By the definition (4.23) of (J^ we have 

( 4 . 5 ( 5 ) (Ar - (-/ .4)“ = (I) n (.4)-, 

showing that (A)” is contained in the closed positive orthant (i). By 
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Lemma 4.12.3 any facet )P~( contained in the boundary of (I) must 
be the mapping of a facet )P( of (.1) containing a vector of — and 
conversely. TTence the set S is mapped into the set of all proper 
open facets of (J)“ not contained in the boundary of (/). Our task 
is then to prove that the union of is contractible within itself 
to a point. It is easily seen that contains no boundary points of (/). 
The assumption (4.52) implies that 

(4.57) -?(u6(A)- 1(1) ^(A)- 

if /(i) denotes the first column vector of /. This makes it possible to 
map one-to-one and bicontinuously on a subset V of the first co- 
ordinate hyperplanc 

(4.58) (^d)'*' = (=tiO, 

(where i/ denotes the unit matrix with the first column deleted) as 
follows: W'ith ea(4i point p of we associate its orthogonal projection 

(4.59) (i)P = p - c (±i/) 

on the plane (4.58). Since (i)p is in (/) wh(*nev(M- p is, and since! by 
(4.57) (i)P is in (/!)“" whenever p is, p c U^~- C (.T) implies by (1.5(3) 
that (i)p € (J)-; hence by (4.56) and (4.59) we have, say, 

(4.60) (,)P*(.T)-n (,/)s(Q). 

Conversely, it can bo shown from (1.59) that, if (i)p is a point of (Q) 
which is not in its relative boundary, then the point 

(4.61) p = (i,p + pii(i), 

where pi is defined as the highest value of pi for which 

(4.62) f) = u,j) + ffiiw « (.T) " 

is finite and in U^~\ In this way a one-to-one bicontinuons mapping 
can be established between and a point set V e(|ual to the cone {Q) 
or obtainable from (Q) by deleting a part or the whole of its relative 
boundary. The contractibility properties of (Q) are not alTccted by such 
a deletion. 

It should b(! pointed out that and hence K, is indeed nonempty. 
This follows from Theoiern 4.13 and the fact that (1.52) implies Postulate 
C 2 t)f S(!cti(»n 3.6. If we assume that Postulate A is also satisfied, them 
(A)"" is flimensional. It is seen to follow from (4.59) that both 
and (Q) are then {N — l)-dimensional. 
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5. The Efficient Point Set in the Final Commodity Space under 
Given Availabili'it Restrictions on Primary Commodities 

5.1. The set of attainable points. In the seel ion, wo have 

studied tlic notion of alloealive effiei(‘ney in th(^ possible point set, that 
is, accepting the restrictions expn^ssing the possibilities of technology, 
and also the inavailability in nature of nonpriinary coiniiiodities, l)ut 
ignoring the nonhomogeneous restrictions expressing the liniiliMl a\'ail- 
ability of primary commodities. Thus, in SiM'lion 4, the spacer of d(‘siiod 
commodities includes both final and piimary commodities, the lattia* 
in the sense that th(*ir conservation is deemed desirable. 

W(‘ shall now regard only the final commodities as d(\sircd. Inter- 
mediate commodities we place, as Iwdore, under the restrictions (1.9) or 

(5.1) yiMt = 0. 

(^incerning the primary (Commodities, we shall assume that tlucy are 
available in rate's of flow limited by the iiie(iualiti('s (1.7), which we 
restabi lucre in the form 

(5.2) ^pri ^ V\>ni *7pri ^ 9* 

Thescc limits cannot, it is assumed, be exceeded by any means, but within 
th(*s(c limits an incr('as(* in the input (an algc'braic dc'cnvisc in the ru'ga- 
tive net output) of any primary commodity is not rc'garded as in any 
way undesirable or costly. Tluc attainable point set is now defiiu^d as in 

Definition 5.1: .1 iwint y in the commodity space is called attainable 
if there exists a point c in the activity space such that 


//fin 

(o.il) y “ //int vlu, X ^ (1, //fin ~ 0, 

- Upri - 

and such that y\nt y^,r\ satisfy (5.1) and (5.2), rrspccturly. 

Any attainable point is a possible point by Definition 3.2, but the 
converse is not necessarily true. 

5.2. Redefinition of the cjficient point concept. Since it is now only in 
the net flows of final commodities that increases are desired for their 
own sake, the (hdinition of etticiency must revised to read: 

Definition 5.2: A point y in the commoddy space is called efficient if 
it is attainable and if there exists no attainable point ff such that 

(5.4) //fin //fin ^ 9* 
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Tn words, Definition 5.2 sjiys that an attainable point y is called effi- 
cient whenever an increase in one of its final commodity coordinates 
(in the net output of one final K^od), within the availability limitations 
on primary commodities and the zero-net-output restric^tion on inter- 
mcdiat(^ commodities, can be achieved only at the cost of a decrease in 
some other final coordinate (the net output of another final good). 

As explained in Section 3.10, the restriction (5.1) on flows of inter- 
mediate goods can be satisfied once and for all by an appropriate reduc- 
tion of the technology matrix. We shall again assume that this reduc- 
tion of ^4 has already been carried out and omit the bar fi’oni the reduced 
technology matrix A , except in Secitions 5.10 5. 12, where the implications 
of our results for the intermediate commodity spa(;e are explored. In all 
other parts of Section 5, therefore, y and A contain no coordinati's 
representing int(M*mediate products, and the restriction (5. 1 ) in Delinition 
5.1 of an attainable point can be ignored. 

5.3. The role of the availahilily reatridions on primary commodities. It 
may be expected, and will be confirmed in Section 5.14, that, if y is an 
efficient point according to Definition 1.2 satisfying (5.2) and (5.3) in 
such a way that the eciuality sign in (5.2) holds for all components of 
7 /pri, then y is also an efficient point according to Definition (5.2). TIk^ 
reader may therefore ask himself whether the pn\sent assumptions can 
lead to any re.sults that cannot be read from the theorems of Section 4. 
It will be seen below that the pre.sent assumptions do give rise to a new 
possibility, namely, the case whore a point y is effi(;i(‘nt according to 
Definition 5 although for some components of y,,ri the ineciuality sign 
in (5.2) holds. The commodities in (piestion will be called free primary 
commodities in y. 

Other consequences of the imposition of availability restrict! ions arise 
from the fact, to be proved in Lemma 5.8.1 below, that the effi(M(‘iit 
point set according to Definition 5.2 is bounded. It is therefore possible 
(Section 5.6) to obtain efficient points by the maximization of a linear 
function. This is important for purposes of computation of efficient 
points, and also for the construction of rules for the attainm(ait of effi- 
ciency under given institutional circumstances such as those specified 
in Section 5.12. 

5.4. Reformulation of the necessary and sufficient condition for efficiency. 
We shall use a simple example; to sugg(;st a theorem analogous to Tlwjorc'in 
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4.3, to be proved in (the next) Section 5.5. Consider the technology 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 

( 0 ) 

0 

0.8 

1.0 

( 0 . 9 ) 

0.62 

0.0 

-1 

- 1.0 

- 1.0 

(- 1 . 0 ) 

- 0.8 

- O.G 

0 

- 0.5 

- 0.8 

(- 1 . 0 ) 

- 1.0 

- 1.0 


in which y\ is the only finiil conimiHlity flow, while y-i and ijj arc the two 
primary commodity flows restricted by 

{ 5 - 0 ) 1/2 ^- 1 , 2/3 ^ - 1 , 

resi)cctiv(!ly. 'i'hc aiftivity vectors a,!), 0 ( 2 ,, • • • , have been so 
normalized that the unit amount of each activity fully uses the available 
flow of that primary commodity whose availability limit controls the 
maximum level of that aidivity if carried out alone. 'I'hus the unit 
amount of each activ ity I, 2, 3, or I uses up the available flow of com- 
modity 2, and the unit amount of each activity 4, 5, or 6 uses up the 
available flow of commodity 3. Activity 4 is not a frame activity but 
represents that combination of activitiiw 3 and 5 (with weights each) 
which fully utilizes the available flows of both primary commodities. 

Kigurc 7 (in which the sign convention has been reversed for 2/2 and ys) 
e.Nhibits the attainalile point set, a polyhedron with vertices 0, a(i), 0 ( 2 ), 
«{ 3 ). «( 4 )i «(.'))( «(«)) "flin disposal activities 1 and fi have been added 
mainly to improve the readability of the figure. It is immediately clear 
from this tigurc that tlu* point oco is the only efficient point in the 
present cu.s(\ For no other attainable set of activities does iji reach 
the value 1. If we introduce a disposal activity 7 for the third com- 
modity alone (with coeflicients 0, 0, —1), a weighted combination of 
the activity vectors Ocn and 0 ( 7 ) will represent the vector 0(8), and all 
points of the line si'gments 0 ( 3 ) 0 (s) are efficient. If we introduce an 
activity 9 which allows the first coinmiKlity to be pnaluced from the third 
alone (with coeflicients 0.5, 0, -1, say), then only the vector ooo) 
(with coordinates 1.1, -1, -1) indicates an cfBcient point. 

In order to fomiulate a theorem suggested by Figurc 7 it will be useful 
to associate with each attainable point y a partitioning of the primaiy 
commodities into two sets, according to whether or not the availability 
limit on <*ach comnuKlity flow is rcachcil in y. Similarly we partition 
the final commodities according to whether their net output is positive 
or zero in y. After such permutation of coordinates as may be neces- 
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Fkjurk 7 


sary, th(\s(? partitionings may be ileiioted by 


(5.7 fin) 


'//fin-f 1 

//fill = 



-//fill 0-1 

.(ij.7 pri) 

//pri — 

//pri — 



-2/pn>.l 


//fin j. > 0, 
//pri- ” ^?pri— ) 


//fill 0 

/ypri> ^ ^pri>- 


We shall also apply this parlitioning to a normal p to (-1) in ?/, and to 
various matrices, it being und(*rsto(Kl that the |)artitioniiig has a meaning 
only in association with an attainable point y. 


'riiKOUKM 5.4.1 : A nmsfiary ami nufficienl comlition that an aftainabk 
point y be efficient according lo Definition 5.2 is that there, ej-ists a vector 
p, normal to the possible cone (A) in y, which has positive components for 
all final commodities^ nonnegalire components for all primary commodities 
whose availabilily limit is reached in //, and zero components for all primary 
commodities trhosc avaitability limit is not reached in p, 

(5.8) Pfi„ > 0, Ppri-. ^ 0, Ppri^ = 0. 

This implies as a necessary condition that y is a bourulary point of (A), 
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Thus, in the case in Fij^uro 7, whorci only the activities numbered 1 
to 6 ar(^ possible, tiie cflicient point 0 ( 3 , possesses, among others, a vcictor 
normal to (A), with components ( 1 , 1 , 0 ). The same vector defines the 
unique normal to {A) in all efficient points on a( 3 )ri(s) if activity «( 7 ) is 
added. If activity a(y) is added, the efficient point a^o) possesses the 
unique normal to (A) defined by ( 1 , 1.4, 0 . 5 ). In each of the throe 
cases mentioned, no other points possess a normal to (A) with the re- 
(piired properti(\s. J he reader may wish to visualize the proof givtm in 
Section 5.5 by applying it to these examples. 

For brevity of cxprc'ssion, we shall introduce a term for the vector p. 

Definition 5.4.2: A vector p iiorntal to (A) in an efficient point y will 
be called a price, vector amwialcd with y in the technology A if it satisfies 
the conditions (5.S). 

Before giving a proof of Theorem 5.4.1 in Section 5.5, we note another 
necessary condition f<jr efficiency, whi(‘h follows from the restriction ( 5 . 3 ) 
of the attaiiuiblcj point set to nonnegativc values of ycm- 

Theorem 5.4.3: In an efficient point y according to Definition 5 . 2 , either 
we. have //fi,, = 0 or the availability limit is reached by at least one of the 
primary commodity flows. 

The proof follows from the' fact that, if //fi„ 7 ^ 0 , (5.3) prescribes that 
//fill > 0 . Then y can only be efficient if at l(‘ast one of the availability 
restrictions on ^pri precludes the orescMice in the attainable point set of a 
])oiiit 


(5.9) y = vijj V scalar, u > \. 

It follows that Ppri in (5.S) contains at least one coordinate. 

* 5.5. Proof of Theorem 5. 1.l ; the local attainable cone. We now asso- 
ciate with each attainable point y a hwal attainable coar, comprising all 
directions of variation from y in which attaimibility is preserved in a 
neighborhood of y, as follows. 

Definition 5.5.1 : The local attainable cone {E) in the attainable point 
y is the set of all points {vectors) e of the form 

(5.10) e = X(/7 - ?y), y altainabh*, X a positive scalar. 

Because of the convexity of the attainable point set, the set so defined 
is indeed a convex cone, and // + e is attainable whenever X g 1. In 
order to prove an analogue of Lemma 4.4.2, w(* associate with each 
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attaiiRiblc point y the following coordinate cone based on the partition- 
ing (5.7), 


/Cfi„ 0 \ 

®-(o J’ 


(C,|J = 


/ fin+ 
\ 0 



(Cpri) = 



“ )■ 


For later use, we note the following expressions for the negative polars 
of C, Cfin, ^'prij 


(5.12) 



(Cfin)- 


( 


0 

0 . 


(cVi)“ = 



wliich are found by applying the nile stated in Section 2.6. 


Lkmma 5.5.2: The local attainable cone in y can he represented by 

( 5 . 13 ) = A)n(C). 


To prove this lemma, we observe from a compiirison of Delinitions 
4.1.1 and 5.5.1 that the local attainable cone in y is obtained from the 
local possible cone {—y A) by deleting those vectors d such that /y -~ 
y + jur/ violates the restrict ion.s (5.2), (5.3) for all positive* valu(*s of the 
se^alar g = In view of (5.7), a vector d escapes being deleted under 
this criterion if and only if 


(5.14) 


f/fill 0 ^ 0, rfprir= ^ 0. 


The value of f/pri> is iminateM’ial because the last i-elation in (5.S) can 
always be satisfied l)y // if we take a sufficiently small value of /x. The 
restriction (5.1 1) is expressed by the intersection in (5.13). 

It follows from Lemma 5.5.2 [XVII, Section 2, property (a)] that the 
local attainable cone is pfjlyhodral. 

Coming now to the proof of Theorem 5.4.1, we note that Definition 
5.2 of an efiicient point y is e(|uivalent to the c^ondititm that in y we 
shall have (/i-fi,,) D (/fi„) = 0, or, in full array of coordinates, 


(li) n 



0 \ / 0 Y 

Xdr/pri/ 


(5.15) 
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Substituting from (5.13) for {E) we obtain 


(5.1(i) 


-y A)n(c)nf^“ “ ) = (-y “ )c( ® V 

\() rt-'/pri/ Vo Cpri/ \±ilprJ 

1 aking negative polars and using (5.12), we obtain the ecpii valent condi- 
tion 

0 


(5.17) 


(“/y A) -f I 


0 -/pri- 


/±/fi 

0 

0 


"Diis condition is in turn eciuivalent to the following statement: For each 
vector r sucli that 


(5.18) rpri =0, 
there exist vectors (/, satisfying 

(5.19) p^i-y Ar, qun^O, r/„H=gO, = 0, 

such that 


(5.20) p + q = r, 

Ry taking rfi„ > 0 we road from this that, if y is ofTicient, there exists 
a vector p normal to (.1) in y with the propcM’ties (5.S) required by 
'rheorem 5. 1. 1. (\)nv(M’sely, if (.1 ) possesses a normal (p) in y satisfying 
(5.8), any vector r satisfying (5. IS) can be expressed as 

(5.21) r = Kp + (/, K a positive scalar, 

by proper choice of k and a vector q satisfying (5.19). Jlence y is effi- 
cient. 'riiis (\stablishes the necessary and sullicient condition in Theorem 
5.4. 1 . The necessary condition follows, as before, from the fact that an 
internal point y of (.1) possesses no nonvanishing normal to (A). 

5.0. Efficient points and nwximizaiion of a linear function of final com- 
mmiity flows. Let us assume that a linear function of final commodity 
flows, with positive (a)efficients, 

(5.22) 1j — ^fin ^ 

reaches a maximum, within tlie attainal)le point, set, in a point y. Then 
w(‘ have 


( 5 . 23 ) 


in (//fin ?/fin^ = 0 
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for every attainable point y. This and the restriction on Trfin in (5.22) 
a!‘e obviously incompatible with 

(5.24) ijiin — yiin ^ 0» 

Hence y is efficient. 

Convers(4y , hit ?/ be an efficient point. Then, by Theorem 5.4. 1 , there 
exists a vector p normal to (.4) in y satisfying (5.S). It follows that for 
every possible point //, and hence for every attainable point ?/, 

(5.25) p'(/7 - y) ^ 0, 
or, in view of the third relation (5.8), 

(5.2G) PfinO/fin .Vfiii) “f“ Ppri-O/pri— “ y^ri^) = 0, 

where the partitioning (5.7 pri) applied to y and y is that associated 
with 7/. From the second relation (5.7 pri) and the secfond relation 
(5.8) we derive that tlie attainability of which implies //pri — T/pri ^ 0, 
further implies 

(5.27) Ppri«(?ypi.i_ — yprir=) = Ppri = (//|)ri=« ““ V\m—) — 0. 

Combining (5.26) and (5.27), we conclude that (5.23) holds in all attain- 
able points y if pfin is substituted for 7rfi„ in the delinition (5.22) of tlu* 
function L. Hence the function L so obtained is maximized, within 
the attainable point s(^t, in y. 

The first statement in the following Theorem 5.6 summarizes these 
results. The second statement, to be proved in Section 5.7, adds in- 
formation about the set of vectors Tr^n for which L naches a maximum 
in a given efiicient point y. 


Theouem 5.6: A neveamry and mfficicnt condifion for the effinenry, ac- 
cording to Dcfinilion 5.2, of an attainable point y is that there exist a positirr 
vextor TTfin such that the. linear function (5.22) of final commodify flows 
reaches a vuiximum, within the attainable point sety in y. If 7 rfi,i is such 
a vector^ then there exists a price vector p associated until y sueh thaty for 
the partitioning (5.7) associated with y, 

(5.28) = Pfin+> ^fin 0 ^ Pfin (). 

This theorem makes it possible to coinputi^ efficient points by any of 
the methods for maximizing a linear function under linear inequalities 
as re.straints, discussed elsewhere in this volume [XXI, XXIV, .\XV]. 
It also leads up to an existence proof for efficient points. 

* 5.7. Proof of the second statement in Theorem 5.6. The proofs given 
in Section 5.6 could be put so simply in terms of linear ineiiualities that 
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thoir formulation hy moans of polar transformation of cones seemed 
artificial and unnecessary.'* To show the last shilement in Theorem 
5.6, it is helpful to express the condition (5.24) that L reach a maximum, 
within the attainable point set, in y, by t he condition 


(5.29) 


0 

I) / 


where (K) is the local attiiinahlc cone in y. Using the expression (5.13) 
for {K), taking negative polars, and using the expression (5.12) for (C)~ 
we sec that (5.29) is (xiuivalent to 


(5.30) 


i-y .1)- + 



4’his can be the case only if ( - y A ) coni ains a vector p, of which the 
subvectors pfu, | , pfi„ o, Ppri , Ppri> satisfy (5.28) and (5.8). 


5.8. Kxiulciicc (if an rfliciriil paint. The attainable point set is the 
intersection of tlu! possible cone (.1) with the displaced coordinate cone 
(.sf'o SiHition 2.7) 


(5.31) 
w here 

(5.32) 


(/N), 




^l»ri 


As such it is the intersection of cIoscmI hnlfspaces (each having either the 
origin or tlie point rj in its bo\nnlary\ and therefore a closed convex set. 
lienee Tlu'orein h.C) assures the existence of an ellicient ])oint if we can 
prove, as we shall now do, 


Lkmma 5.8.1 : The attainable point set is honinhl whcncrcr Postulate B 
of Section 3.5 is satisfied. 

Theorem 3.5.1 implies that then* exists a positive vector li such that 


(5.33) h'u ^ 0 

for every po.ssibIe j)oint //. With the* notation (5.321, the attainable 

TIm* rr.'ulrr interest »*(! in the inerhanic.s of proofs iii:iy wish to traiisliito the 
foU'troing proofs in terms of propertie.s of eoiies. 
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point set consists of all possible points y satisfying 

(5.34) y ^ 

lienee, for any coordinate j/„, n = 1, • • • , AT, of an attainable point y, 

AT 

(5.35) luljn ^ - Y, ftmljm ^ 

rn — l m^n 

Since hn > 0 for all finite iipf^cr and lower hounds for each coordinate 
of an attainable point are thus j^iven by (5.35) and (5.34). This estab- 
lishes Lemma 5.8. 1 . 

It is easily seen that a linear function L d(4incd on a compact (closed 
and bounded) convex set S rea(;hes its maximum eithcT in one point, or in 
all points of a convex set, Therefore* we have from, Lemma 5.8.1: 

Titeohkm 5.8.2: If Poslulatc H of Section 3.5 ?.s satisfied by the tech- 
nology matrix A, then there exists for each positive vector 7 rfi„ at least one 
efficient point y amrding to Definition 5.2., in which the linear functim 
(5.22) reaches its (absolute) maximum in the attainable point seU^ 

It is, of course, (piite possible (hat different positive vectors pfi„ (dif- 
ferent in more than scale) lead to the same effi(*i(*nt point y or set of 
such points, as can easily be shown by examples. Therefore Theorem 
5.8.2. establishes only the existence of one ellicient point. Lmler the 
assumptions stated so far, this might still be the origin, a trivial case 
which we wish to exclude. This is done by (he following theorem. 

see tlii.s, denote by /tt =(7r'///7rV)7r (he ortho)i;onal projeetion of a |)oint^on 
the halfline (±Tr). Then the scalar cfxmlinate I measurt‘s (lie ])ositi(m of the projec- 
tion hr on ( + 7r), and Jj = ir'jf = hr'ir deiMmds on I only. Hence, if (denoted 
/SinodTT '■ in XVlll) repre.senls the projection of S on ( J-ir), is a cln.s«‘d liin* sej 5 inent 
on which L reaches a niaximuin in /nu,x^r, say. TIuui Suvax c«)nsists of all points of S 
of which /niaxTT is the projection. 

This proof employs the notion of a limiting; proce.'^s underlying the definition 
of a elo.s('d set. A simultaneous proof of both Lemmas 5.8.1 and 5.8.2 that us(i.s 
finite processi?s only can bi; based on a theon*m by Wcjyl [lt).35, 1U50, §1, II) that 
th(; intersection of a finite number of displaced halfspa(H*s {a^k) | oa), A = I, • • • , A', 
if not empty, is the conve.\ hull of a finito number of points if and only if the cone 
( 0 ( 1 ), • • • , a(K)) is solid. 

** It is implied in Theorem 5 of dale, Kuhn, and Tucker [Xl.X] that, while* Postulate 
B is suflici(‘nt for the e.\i.stence of an efTicient point by Definition 5.2, the following 
weaker Postulate B is necessjiry and .sufficient: There is no .c ^ 0 such that i/fm 
Afin.r > 0, //pri “ ApriJ* ^ 0. Under this postulate, the availability n*strictions, 
yon ^ 0, //pri ^ »7|)ri < f)i cxclude a Iwuianza in final commodities but do not nece.s- 
►sarily e.xcIiKh* one in primary commodities only (.since Vfin = 0 might permit z/pri > 0). 
Because there .s(*cm.s to be litth* ('conoinic meaning in a technology matrix which 
satisfies B but not B, we have not u.sed Postulate B. 
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Theorem 5.8.3: The origin ?.s not an efficient point according to Defi- 
nition 5.2 whenever Postulate C 2 (the weak postulate of the possibility of 
production) of Section 3.6 *.s* satisfied. 

For, in lluit case, (yl) contains a vector a with r7fi„ > 0, and th(M*e 
exists an attainable point ?/ = Xa, X > 0 such that ijrm > 0. Hence 0 
is not efficient. 

5.9. The prices of intermediate commodities. Tt will he argued in Sec- 
tion 5.M below that the ellicient point set according to Definition 5.2 
is “in general” OVn,, — l)-dimensional. As long as the availability 
limits ijpri are not regarded iis subject to variation, it is not possi))Ie, 
even in the absence of iiitiM-mediate products, to interpret the compo- 
nents of ppri as determining marginal rates of substitution. In Section 
5.1 1 we shall give another interpretation of the “price vector” y>, which 
a|)i)li('S ind(^p(mdently of whatever restrictions the efficieruy riHiuirernent 
may place on the compon(*nfs of y. Since this interpretation applies 
also to intermediate commodities, we shall first study the extension of a 
v(M*tor p normal to (A) in the space of final and primary commodities 
to that of intermediate commodities. We state the relevant theorem 
here and den’ote Section 5.10 to its proof. 

Theorem 5.9: Theorems 4.3, 5.4.1, and 5.6 remain ralid as characteri- 
zations of the efficient point set^ umlcr the appropriate definition^ if the 
technology matrix .1 and the price rector p allow for intermediate com- 
modities, while allainahility is defined so as to imply the restriction (5.1) 
that the net outputs of all intermediate commodities are zero. 

* 5.10. Proof of Theorem n.9. In Sc'clions 5.10-14 we return to the 
notation .T of Section 3.10 for a technology matrix in the s])ace of final 
and primary commodities, obtained from an original technology matrix 
.1 in tlu^ .space of final, primary, and intermediate commodities (parti- 
tioned in that order), by a reduction based on the restrictions (5.1) on 
interm('diat(? commodity flows. Similarly we use the notation //, p for 
a boundary point of (.4) and a ve(‘4.t)r normal to (.4) in //, respeidively. 
The present analysis applic's to any boundary point // and any normal p 
to (.4) in //, whether or not a normal satisfying the conditions (I.S) or 
(5.8) for efficiency, according to the approi)riale definition, exists. 

The condition that p is a normal to (.T) in y is, according to Lemma 
4.4.2, expressed by 

(5.36) P€(-!l J)-. 
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Wo shall prove 

TiKMMA 5.10: Any vector p normal to the reduced possible cone {K) in a 
point y can be supplemented by a vector pint to form a vector y 


(5.37) 


c )■ 


pei-y A) y 


normal to the original possible cone (/I), from which (J) is derived by 
(3.45), in the point 

] y/fi.i I 


(5.38) 


y - 


1 - 

oj 


!-0i„|J 


Conversely, if p is such a vector normal to (.1 ), its suhveetor p is normal to 
(I) in y. 

To prove the first (^mtontion, let p satisfy (5.3G). Then 


(5. 


0 — / 2/fin\ _ 

= 7' «(-'/) n (/!) = ( ) nil 

\“ 2 /pri/ \-^pri/ 


by (3.45). Hence there exists a vector q't 0 such that 

(5.40) I | = |._|7. 

We define 
(fi.tl) 


Pfin 


-Ifiii 

.Pm 




Pint 


and show that 


Pfill 


^fiii 

(5.42) 

P = 

Pm 

= 

' ^ pri 



JP'itii 


_ iiit 


qsA q 


satisfies (5.37), as fellows. Tlie condition (5.37) can l)e written as 


(5.43) p = 


fy 

VPint/ 


n (A)- = 


oy 


-Vfin 

0 


0 V /Afin^ 

0 iniA'i 


±7 


iiit 


\4:- 


This condition is satisfied on account of (5.39), because the addition of 
the “int”-coordinat(‘S in (5.43) only requires pi„i to be derivable from 

r ^fiii 

^ini. by the ^ame weight vectejr q b}'' which p is derived from , as 



CHAP. Ill] 


ANALYSIS OF PltODUCTlON 


91 


specified in (5.41). To prove the second contention, let j> satisfy (5.43). 
Then p satisfies (5.30). 

It should be emphasized that there is no restriction on the sij^n of the 
components of pint- Negative prices adhere to by-products of which 
“too much*' is obtained in the process of producing other positively 
priced things, while the disposal of the excess consumes positively priced 
commodities. Negative values can occur only for those components of 
Pint corresponding to commodities for which no costless disposal activi- 
ties are present in the technology matrix .4 . 

5.11. Interpretation of the price vector when net oittput variations are 
restricted. In Sections 5.11-5.13 we shall follow tlui interpretations of 
the technology matrix, of attainability, and of the price vector asso- 
ciated with an efficient point, which allow for the presence of inter- 
mediate commodities. 

It has already been remarked in Section 5.9 that, when the attain- 
ability restrictions (5.1) and (5.2) enter into the definition of the effi- 
cient point s(4., the interpretation of the associated price vector as indi- 
cating substitution ratios in efficient production is no longer applicable 
to all commodities, although it still applies to final commodities as before. 
Moreover, even where that interpretation was aiiplicable to all com- 
modities, und(‘r Definition 4.2 of efficiency, it was limited to points in 
the relative inti^rior of (.V — 1 )-dimensional facets. 

It is desirabki to develop an iiifiapretation of lh() price vector which 
is not subject to the foregoing limitations. Let us imagine that, through 
communication with an economy outside that described by the tech- 
nology matrix .1, a possibility is pnndderl to trade any commodity 
against any other at constant relative prices given by a price vector 

(5.44) • 

It is natural to interpret such price's as “(‘fficie'ncy prices” at the point 
y whenever the' net output vector // cannot be improved upon (by in- 
creasing one component without decreasing any others) through the use 
of this trading opportunity in combination with changes in amounts of 
productive activities. We shall show that such improvi'im'nl is not pos- 
sible if and only if tt is a price vector associatetl with y in the original 
technology .4. 

The possibility to trade with an outside world at prices tt can be 
introduced formally by adding to the technology a set of “exchange 
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activities/^ Since a value tt = 0 would have no meaning, we can with- 
out loss of generality assume that tti is positive. Let II then represent 


the matrix 


“-7r2 

-^3 . . 

‘ -TTN 



TTl 

0 •• 

0 

(5.45) 

11 = 

0 

Tl • • 

0 



. 0 

0 •• 

ri 


and let the new technology matrix, extended by exchange activities, be 
(5.40) i = [-II ir A]. 

The point y is efficient in the original technology A if and only if the 
cone 

(5.47) (P) ^ (-1J Ar 

of normals to (A) in y contains a vector p satisfying the refiuiroments 

(5.8) of Theorem 5.4.1. Assume this to be the case, and considen- the 
(luestion wh('thcr y is efficient in the new technology (5.40). To answcu* 
this, the same criterion must be applied to the cone of normals to (A) 
in //, as given by 

(P)^(-y A)- = (-j/ -11 n Ar 

(5.48) 

= (-y A)“n(-II lI)-= (D n (±11)- 

[XVII, Section 2, property (b)). However, since II by (5.45) has the 
rank N — 1 and satisfies 

(5.49) tt'II = 0, 

the negative polar of the linear (N — I )-dimensional space (±11) is its 
orthogonal complement, 

(5.50) (±11)- = (±IT) ^ = (±7r). 

Hence the cone (/^) in (5.47) is one of the following four cones 

(5.51) (0), (-tt), (tt), (±;r). 

We recall that the criterion of efficiency of y in (/I) is whether or not 
(/^) contains a vector p satisfying (5.8). Since 0 and -tt do not satisfy 

(5.8) , y is efficient in the enlarged tcjchnology (5.16) if and only if tt 
is in (P) [is a normal to (A) in y\ and satisfies (5.8). This completes 
the proof oi 
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Theorem A necessary and sufficient condition^ that an efficmit 
point y shall remain efficient after the addition to the technology, by (5.46), 
of exchange activities (5.45) at constant relative prices w, is that w be a price 
vector associated with y in the original technology A. 

5.12. The attainment of efficiency under a regime of decentralized deci- 
sions, Th(M)rem 5.11 susjrcsis the possibility of using the device of effi- 
(•i(uicy prices in institutional situations where the responsibility for al- 
locative decisions is distributed over several individuals. So far the 
conditions for cffHaency have been discusscul without reference to the 
institutional arrangements under which decisions about the components 
of the activity vector x are arrived at. One possible use of our results 
would be for a centralized decision-making agency to possess all the 
information that goes into the technology matrix A, and to choose an 
activity vector x such that by the proper matlK^rnatical criteria the out- 
l)ut vector y = Ax is an efficient point. An oj)positc extreme is a situa- 
tion in which knowledge of each column a(f,) of A is available only to 
the individual who determines the level Xk of that activity. Fjven in 
this extnuTK' case of (k^centralization, efficiency is still achkivable if we 
assume that information about an appropriate price vector p is made 
availabki to all managers. 

To show this, we shall consider an allocation model in which the 
various decisions which tog(*th(‘r determine th(^ activity vecitor x are 
parc(4ed out to a number of individuals or administrative organs, each 
of which makes these decisions according to definite rules of Ixdiavior. 
In defining the rules of behavior, we shall use the concept of the profit- 
ability of the A:th activity with reference to the price vector p. This is 
defined as the vector j)roduct 

(5.52) (jk - p'a{k) 

and r(‘pr(»s(Mits t.lu? “accounting revenue” secured from carrying out tlu* 
A’th activity in the amount Xk = 1. 

Let the players in our allocation game be called the helmsman (or 
central planning board), a custodian for each commodity, and a manager 
for each activity. Consider the following I’ules of behavior: 

I. P'or the helmsman: Choose a vector pvm of positive prices on all final 
commodities, and inform the custodian of each such commodity of its 
price. 

II. For all custodians: Buy and sell your commodity from and to 
managers at one price only, which you announce to all managers. Buy 
all that is offered at that price. Sell all that is demanded up to the limit 
of availability. 
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IIT. For all custodians of final commodities: Announce to managers the 
price set on your commodity by the helmsman. 

IV. For all custodians of intermediate commodities: Announce a tenta- 
tive price on your commodity. If demand l)y managers falls short of 
supply by managers, lower your price. If demand exceeds supply, raise? 
it. 

V. For all custodians of primary commodities: Regard the available 
inflow from nature as a part of the supply of your commexiity. Then 
follow the rule on custodians of intermediate commodities, with the fol- 
lowing exception: Do not announce a price lower than zero but accept a 
demand below supply at a zero price if necessary. 

VI. For all managers: Do not engage in activities that have negative 
profitability. Maintain activities of zc;ro profitability at a constant 
level. lOxpand activities of positive profitability by increasing orders 
for the necessary inputs with, and olTers of the outputs in (piestion to, 
the custodians of those commcxlities. 

The dynamic aspects of these rules have on purpose been l(?ft vague. 
It is not specified by how much managers of profitable activities should 
increase their orders, or by how mu(;h custodians of commodities in 
short or excess supply should change the price. Neither is it indicated 
how during a temporary dise(|uilibrium a commodity in short sui)ply is 
apportioned to managers. These questions would be highly relevant 
if our purpose were to design an allocation model which automatically 
seeks and finds an effiinent point from some initial nonoptimal situation. 
However, our present purpose is only to demonstrate that an efficient 
point, once achieved, is maintained if all players follow the rules stated. 
More precisely: 

Theoiip:m 5.12: Let pvm > 0 be a vector of positive prices of final com- 
modities announced by the helmsman under rule I. Then a necessary and 
sufficient eomlition that the vectors j ^ 0, pi„t, Ppri ^ 0 will remain emstant 
under the rules IL VI is that the point y ^ Ax is efficient and that 


(5.53) 


p = 


Pfin 

Pint 

Ppri- 


is a price vector associated with y. 


To prove this theorem, we read from rules IV, V, and VI, respectively, 
the following necessary and sufficient conditions for the constancy over 



CHAP. Ill] ANALYSIS OF PRODUCTION 95 

time of Pint, Ppri, and j, respectively, where, of course, x^O: 

(5.54) T/jpt = ~ 0, 

(a) 2/pri “ = ^pri, 

(5.55) (b) ppri ^ 0, 

Uc) Un = Vn if Pn > 0 and n refers to a primary commodity, 

(S.-'jfi) p'A g 0, p'rt(A-) = 0 if Xk > 0. 

The conditions (5.54) and (5.55a) express the fact that y is attainable. 
Condition (5.56) says that p is a normal to (A) in y, and (5.55b) and 
(5.55c) plus the premise pn,, > 0 arc o(|uivalont to (5.8). J3y Theorem 
5.4.1, the conditions (5.54), (5.55), and (5.56) arc necessary and suffi- 
cient conditions that y is efficient and that p is a price vector associated 
with y. This compl(4x's the proof of 'rheorem 5.8. 

'Fhe reader will have noticed that the behavior prescribed for indi- 
viduals by the rules I- VT is similar to that which results from the opera- 
tion of competitive? markets. The rules on the custodians are only 
ptTsonalizatioiis of the properties of competitive markets. The vector 
Pfiti which ultimately ^ives direction to the allocation of resources in 
production, instead of beinji; set by a h(4msman, could eepially well bo 
the result of competitive bidding by many consumers, each of which 
maximizes his individual utility. The behavior attributed to each 
manager could also come about as the result of each activity being 
carried out independently by many entr(»])r(?neurs bidding competitively 
for the input commodities of that activity and selling its output com- 
modities competitively. 

However, the “personal” formulation also has relevance to iiroblerns 
of economic organizat ion. The rules suggest methods whereby a planned 
economy can strive for efficient allocation of resources in production. 
With respect to an economy in which entrepreneurs individually make 
production decisions, the ruk's help in the appraisal of alternative forms 
of (iconomic organization or of market behavior from the point of view 
of efficiiiiicy. Finally, the analysis may bi? applied to production deci- 
sions within the firm or the public enterprisi*, which can be regarded as 
planned economics on a smaller scale. 

5.13. Compariaon iritli (liscussiona hi nrlfarc economics. It may be 
useful to explore some conn(»ctions between the pr(\s(?nt analysis and 
the discussions by Lange [1938], Lerner [104 1], Ueder [1047], and others 
of allocation problems in a w(4fare economy.'® The managc'rs postu- 

*®For a mom dctailc'd disfussion of Ihm* coiiiiiH'lions, siv Koopiiiiins [10511. 
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latcd by these authors are in control of plants in which many activities 
(as here considered) arc carried out in sui)p()sedly efficient combinations. 
The problem how to ac^hieve efficient production within the plant is 
presumed solved in the discussions referred to, but is here analyzed on 
the basis of a pai-ticular model of teclmology. This model is, in one 
sense, narrower than the type of technology admitted by the authors 
mentioned in that we have ruled out indivisibilil.ies and increasing or 
decreasing returns to scale. In another sense the present model is more 
general, since it does not depend on the notion of a continuous family 
of productive activities (a production function in the traditional sense) 
for the definition of marginal rates of sul)stitulion. 

Accepting the narrowca* assumptions regarding technology made in the 
present study, tlie conc('pt of “prices at maiginal cost” used in the dis- 
cussions referred to can be identified with our “efficiency prices.” The 
main result of these discussions can be summarized in tlie statement 
that allocation of each commodity in the various priwhictivc^ procc'sses, 
in such a manner as to e(|uate the value of its marginal product in all its 
actual uses at a level that cannot be exceeded in any potcuitial uses, is a 
necessary condition for efficient allocation of resources. The present 
analysis impli(»s further that, in a technology as assumed, observance 
of this rule also forms a sufficient condition for efficient allocation of 
rcsourcos. 

* 5. 14. Comparison of the analyses of Sections 4 and 5; topoloyical prop- 
erties of the efficient point set under availability restrictions. So far we have 
in Section 5 used the methods rather than the rc'sults of Section 4. It 
may be iLseful in a brief heuristic discussion to lay somewhat closer 
coniK'ctions between the two analys(»s. 

Let (S denote the effi(fi(*nt point set according to Definition 4.2, 
G(7;prj) the efficient point set by Definition 5.2. While we have found 
that a sufficient number of sufficiently diverse activities in the tech- 
nology A makes G an {N — 1 )-dimensional sr^t, we cannot expect the 
same to hold for G(?7pri). Counting only restrictions that take the form 
of equalities, ea(!h point of G(i7pri), besides having to be on the boundary 
of (A), is subject to restrictions on ^int, y/pri and ppri which together 
are ecjual in number to the number iVpri + of primary and inter- 
mediate commodities. AVe would therefore expect the set G(T/pri) to be 
at most (Afin — l)-dimensional, where A^fin = N — Ai„t — A^ri is the 
numl)cr of final commoditi(?s. This is necessarily inia of tlie more 
relevant set (Srmivm) points yun in the final commodity space con- 
sisting of nil subvectors 7/fi„ of vectors y of G(?;pri). 

Defining Gfii, as consisting of all ijrm such that ?/ e G, wc note tliat 
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every point y[\n of Gfi„ I)clongs to an Gfin(vi) f<>r p«‘irtieular value of 
i/pri- 'i'his is the vaIlH^ r|^,r[ = i/pri, where y^„\ is the vector supplement- 
ing 2/fiii and i/iut = 0 to a vector y of G. Therefore Gfia is contained in 
the union Gn,, of the sets Gfin(?ipri) for all negative values of lypri. How- 
ever, Gfi„ need not contain all points of G*,,, for the union G* of all G(7?pri) 
consists of all facets of the reduced te(‘hnological cone (A) possessing 
a normal p satisfying 

(5.57) PVm ^ 0, Ppri ^ 0, 

whereas G allows only ppri > 0. 

The relationships betwi'en G* and G will be useful in studying the 
topological properl ies of G(rjpri) for a given value of r^pri. We may define 
an open facet of G(7ipri) as a not of efficient points y which (a) are on 
the same open facet )F{ of the (reduced) cone (.4), and (b) have the 
sanu' partitioning (5.7) of y^,ri• Then eveiy facet )F{ of (A) which is 
in G contribut(‘s as facets of G(7ipri) its intersections with all open proper 
facets of the displaced cone (5.31). In addition, contributions to G( 7 ipri) 
may come from open facets )F( of (*l) which are not in G but pos.sess 
a normal p satisfying (5.57), and of which the union when closed can 
be expcct(‘il to be contra(!tible, within itself, into its common boundary 
with G. 

We shall not attempt a topological analj^sis of G(»;pri), but we base 
on the foregoing considerations the conjecture that, under the restric- 
tions (5.1 ), (5.2\ and (5.3) and for any r/pri < 0, the conlractibility prop- 
ei'ties of G(Tipri) are the same as those of G. 
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THK AGGRr:GATE LINIOAR PRODUCTION FUNCTION AND 
ITS APPLICATIONS TO VON NEUMANN’S 
ECONOMIC MODEL' 

By Nkiiolas Geoiksescu-Roecjkn 

In a sories of studios Profossor I^oontiof fI936, 1941] presented an 
analysis of the struetiire of the Ainerieaii economy throuj^h a new tech- 
niciue known today as the input-output relationships technicpie. This 
was the lirst attempt to apply the general eciuilibriurn theory to the 
analysis of an economic reality. 

A few years later Professor von Neumann [1937, 1915], making use 
of similar simplifying assumptions, arrived at an e.xtnMiiely interesting 
theoretical result for the general eciuilihriurn theory, namely, that the 
equilibrium conditions were actually fulfilled by at least one alternative 
of the economic system. 

The evidence that it is possible to analyze an economic reality from 
the point of view of general e(iuilibrium theory - provided one is willing 
to grant certain restrictive assumptions and to undmlakcj tlu? difficidt 
task of computing the numerous input-output co(4rK*i(‘nts -and that tlu^ 
same type of simplifications enables us to (establish inon^ definite theo- 
retical results explains the recent growing interest among economists in 
linear economic models. This appeal’s to be, in fact, a nivival of tlu^ 
Walrasian assumption regarding the constancy of production coefficients 
under a more geiKM'al form. 

The purpose of this (hapter is to discuss the concepts of tindinological 
horizon and of the aggregate linear production function -the latter is 

1 The n'sults contained in this chapter may be reproduced in whohi or in part for 
any purixjsc of the United States Cioverniiuuit, undt'r whosci contract tliey W('re 
completed. 

These* results wore presi-nted hir the first time on Marcli 22, 11)40, at a meeting 
of the staflF of Harvard Lconomic Itesearch Project. The author wishes to ackiKJwl- 
edge the helpful criticism and the valuable suggi-stions of Professjir Wassily W. 
Lcontief. It is hardly necessary to add that, for any faults tin* chapter may contain, 
the author is sohily responsible. The facilities of the Institute of Itesc^ardi and Train- 
ing in Social Sci(‘nces at Vanderbilt University ext^mded to the author in preparing 
the final version are gratefully acknowledged. 
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analogous to the classical concept of production function- and to use 
the (!oncept of the tecdinological horizon in proving the results obtained 
by von Neumann for his economic m<wlcl along lines more accessible to 
economists. The considerations of this chaptcu’ cover the more g(meral 
case where the set of given proc(‘sses of produ(;tioii is not necessarily 
finite but may have the power of the continuum. 

The last point distinguislies the approach contained in this chapter 
from the contributions of von Neumann and of Kooprnans, who have 
considered only the case of a finite number of given processc's. 


1. Linear Proi^esses 

Let us think of an economy involving n perfoi^tly defined commodities, 
^ 2 , • * • » represent nonn(‘gative (piantities of An 

economic transformation is the possibility of obtaining (6i, i> 2 , • • * , hj 
from (ui, , «/»)■ Tliis can be d(*noted by 


( 1 ) 


(( 


(ih * * 
* * 



or ((u/; 6/)). 


'rhe a’s are inpuh and t he h\ oulpuls. But a t ransformat ion may corre- 
spond to an actual process of prodmttion, transportation, training, con- 
sumption, disposal activity, storage, etc. 

To eliminate the economic transformation ex nihilo^ it will bo as- 
sumed that at least one u/ is positive* or, in other words, that 


( 2 ) 


S 


In some special easels the existence ot the transformation (1) leads 
implicitly to that of 


(3) 


(( 


Aui, Xu2i 
Xb|, X/>2» 



also, for any positive value of X. If so, tlie totality of transformations 
(;i) for X > 0 will be n^ferred to as a litmu proresa. 

A linear process is completely determiiu'd l.)y any one ot its trans- 
formations. The linear process delined by the transformation (1) will 
be denoted by 


Ul, 



POb; t.). 


( 1 ) 
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The transformation actually used in defining P will be called the base 
of the linear process. According to the definition of a linear process, 

(5) P(a.-; bd ^ PiXm; \h) 

for any X > 0. 'fherefore any transformation of P may be taken as 
base. 

The transformations belonging to the same linear process reprc'sent 
different scales of production of that process. Thus ((Xai) \bi)) repre- 
sents tlie s(;ale of production measured by X if ((«»; 6,)) is taken as the 
unit of scale. Symbolically this is written 

(G) P(\ai] \bi) = XP(a,; 6,). 

If all the transformations of a process can actually be carried out, the 
])rocess is called achievable. 

The formulation of a linear process presented above is basically that 
of von Neumann, which differs from that used by Koopmans or by 
Leontief. 

Indeed, process (1) convoys two distinct pieces of information: 

(a) that the transformation reiiuires some preexisting stocJvS of com- 
modities («!, (toy • • • , On); 

(b) tliat the transformation brings about a modification of the stocks 
(ai, ^2; * * • > determined by the differences 72, * • • , 7«)> where 

(7) 7i = hi - a/. 

The y’s ri'iiresent JlowSj and they may be positive or negative. 

Koopmans’ formulation of a linear process takes into consideration 
only aspect (b). In his notation corresponds to 7/ in tliis chapter.- 
As the current production undeniably recjuires some preexisting stock 
[information conveyed by (a)], the formulation of von Neumann is 
preferred to the other for the purpose of this chapter. It must, how- 
ever, be admitted that even formulation (4) presents some disadvantages 
in handling certain economic problems. It does not offer more detailed 
information regarding the inner cinmits of flows. Relation (7) furnishes 
only the ultimate result after all compensations between positive and 
negative flows have taken place. 

To help make this point clearer, let us think of a process reciuiring a 
certain stock of electric gcncratoi’s, for instance, and producing, among 
other things, such gerua’ators at a speed just sufficient to keep the stock 
constant. With adcciuate notation, this means «i = 61 . 'riuTe is, there- 
fore, no trace of the prodiudion and consumption of g(meratoi*s. The 
corresponding flows have, so to speak, vanished from the picture. Some- 

*So(; Chapter III, r(;latiori (1.4). Leontief’s formulation is a particular case of 
(1.4) whore only one flow is positive. 
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times such (lisappearing flows do not raise any difficulty. This is so 
if the corresponding commodity, (7,-, is prodiuied and consumed within 
the same plant like, to cite an extreme case, the melted glass in a glass 
factory. It is seen, tlicrcfore, that the problem of handling disappearing 
flows is closely connected with that of defining and classifying the com- 
modities. On the other hand, in actual applications integration of indus- 
tries or of processes should be expected to bring about the disappearance 
of some commodities. I'his may be the underlying reason why Leontief 
ignores in his model the amount of output consumed by the industry itself 
[Leontief, 1911, p. 11]. 

To return to the comparison between processes as treated by von 
Neumann and Koopmans, it is easily sch^ii that, from the formal point 
of view, the latter’s process can be assimilated to a particular case of 
(1), namely, 

\ * * * » 9, * * * > u«,Ay 

where the uy. for j ^ r are nonpositive, but not all null, and for j > r 
are nonnegative. This may be written in the simplified way: 

(9) P{n\,k, ao.A, ••• , (in,k)y 

which is basically Koopmans’ notation. Therefore, most formal prop- 
er! i(\s of a niodi'l based on proce.ss (1) will be, miitatis mutandis^ valid 
also for the corresponding models using formulation (9). 

2. Thk Technological Horizon 

The definition of a liin^ar proce.ss given above (o) makes it possible to 
represent /’(u,-; hi') in the 2a-dimensional space (ui, • • • , • • • , 

bn) by a straight halfline A starting at 0, the origin of the coordinate 
system, and pa.ssing through the point (ui, Uu, ••• , w„, ?>i, ••• , 6„). 
\ny point on A r('pres(*nts a given scak' of |)roduction (jf the process P. 
'riius A is the only image of P, and onl}’^ one P corresponds to a given 
A. For the sake of brevity, it will be possilfle, therefore, to refer un- 
e(iuivocally to tin' process P as the proce.ss A. 

Two processes, P\ and Poj are distinct if, and only it, their images, Aj 
and A 2 , arc distinct. 

Lemma 1 : If 61,), P 2 ((J 2 i: Ihi) are (wo aehievaUe processes and 

Ai, A 2 their respeeiive. images^ any draujld haljlinc A belonging to the angle 
(Ai, A 2 ) is the image of an achievable prm'css P^ 

® No ambiguity is involved in the definition of the angle (Ai, A2) simv this angle is 
always ^ 7r/2, Ai, Ao being in the positive orthaiil. 
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Let bi) be any point on A. As this belongs to the angle (Ai, A 2 ), 
two points, 6^,), P 2 (<* 2 t» ^ 2 i)y exist on Ai and A 2 , respectively, such 
that 

(10) ai = au + aL, + Ki (t = 1, 2, • • • , n). 


The transformation {{ai] hi)) may be regarded as the result of the 
simultaneous transformations ((a^-, ((ai,-, 6i,)), and it is therefore 

possible ac^tually to carry it out. As any transformation belonging to P 
can actually be carried out, the latter is achievable. Obviously, 


( 11 ) 


au = Xiait, bii = 
a^i = ^2a2ii ~ ^2^2it 


and, with the help of (6), we may write 


Xi > 0 

(f= 1, 2, ••• ,n), 

X 2 > 0 


(12) P = Xi/*i + X 2 P 2 . 

The process P will be said to have been derived from Pi and P 2 by 
inkgralion. 

Corollary: The mages of all achievable processes form a convex cone.^^ 

Let us now consider the technological information. By Uiis is meant a 
set of actually recorded processes achievable under the prevailing tech- 
nological knowledge. This set, together with those pi’oeessos derived by 
integration from the set of those initially recorded, forms a set of achiev- 
able processes (Ijcrnma 1) which must be a convex cone, // (Corollary). 
The cone // will be referred to as the technological horizon of the given 
technological information.^ 

The technological information may consist of a finite or of an infinite 
set of processes. A process belonging to the technological information 
will be demoted by 

( 13 ) Pi{^ik7 l^ik)} 

where i represents an ('kmient of a given set, not iicc(\ssarily finite but 
having at most the power of the continuum. 


^ A convex comj is here defined im a siit (A) of st, might halflim-s A such that, if 
Ai, A2 € (A) and, if the angle (Aj, A2) < »r, any A Ix'longing to tlio angle; (Ai, A2) 
belongs to (A). This (hdinition d<M*s not inchuh; tlio ca.se of a convex cone coiislsting 
of ordy two directly oppo.sed half 1 in(*.s, Ai, A2. (Aj ainl A2 are directly opposed when 
th(‘y liave the same origin and togetlier form a whole straight liiu;.) 

^H(;laling the. U’chnological horizon to the technological information and not to 
the technological knowledge; aims at avoiding a definition which would not lie opera- 
tional. In(h;ed, if om; tri(;d to define the technological horizon of technological 
knowledge, one would soiin discover that it seians rather impossible to find a work- 
able criterion according to which it could Ixj ascertained whether all aithievabk; 
proc(‘s.si.‘.s have lx;en included in the horizon. 
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If this structure of II is assumed, another question must he considered 
from the beginning, namely, whether II includes its boundary or not, 
or, in other words, whether it is or is not a closed cone. At first glance 
this question may secern to have no economic significance. This is not 
so, however, as will be shown later on.^*' It will be assumed throughout 
the subsequent parts of this chapter that II is a closed cone. 


3. Comparison of Linear Processes 


At this point of the argument it is necessary to introduce an economic 
criterion on which to base the choice betwc?en two linear processes. In 
the search for such a criterion, it is realized immediately that the criterion 
must involve (a) the value of outputs, 

n 

(14) y = E hut, 

k==l 

and (b) the cost of inputs, 

n 

(15) <7 = E am . 

k^l 


where Y{yi, 2/2, • • • , Vn) is R f?ivon price constellation of. the commodities 

At the same time, since the criterion will be used for the choice between 
linear processes (and not between economic transformations), it must be 
imlepcndcnt of the scale of prodnclion, whereas F, C, and V ~ C are not. 

Keplacing V (or C) by Y /hk (or C/bk) will not solve the difficulty since 
for some processes bk may be zero. Even if it wei’e not so, the criterion 
would then depend on the (ihoice of k. The only simple criterion which 
has at the same time a definiU? economic meaning seiuns to be 


V 
C 

The last expression represents the return to the dollar. It is made up of 
interest rate and rate of profit.^ 

* If the tc(!hno!oKi<*!il information coiisiMts of a finite nunilKT of pro(?ossos, // is 
always a closed cone. The question ratsed assumes decisive inipurlanco for tech- 
nological information containing an infinite luimU'r of processes in connection with 
the existence of economic mini librium (see beU)W, Section 6). One may a relation 
betwwui the closiMlness of 11 and the continuous substitution of one factor of produc- 
tion for another in the case where this substitution cannot Ix^ carried to the point 
of completely eliminating one factor of production. 

^ Von Neumann makes use of <f», spt*aking of it as a potential function with no 
economic nu'aning altaeheil to it. He expres.'^^s the opinion that ‘‘a direct inter- 
preUition of the function 4> would Ixj highly di'sirable” jltUf), p. 1]. 
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The return to the dollar fails, however, to lead to a definite value in 
some special cases. This is so for all processes involving only free 
goods (i.e., only goods for which yk = 0). The value of 0 will in this 
case be indeterininate. We may dismiss these alternatives as absurd. 
It must not be overlookcMl, however, that economic theory, if it aims 
at explaining anything at all, cannot adopt such a standpoint. All proc- 
esses and all goods must be considered in our initial data. The theory 
has to explain why some processes arc not used and why some goods are 
free, and cannot take these results for granted. 

To avoid the indeterminateness of von Neumann's assumption that 
for each commodity in every process 

(17) ak + h>0 (fc=: 1,2, ... ,n) 

will be retained [1945, relation (9)]. We should not overlook the limita- 
tions introduced thereby. In economic t(‘rms (17) means that all proc- 
esses of the technological horizon must include every commodity, either 
as input or as output. 

With the same intention of avoiding the indeterminateness of 0, we 
shall assume that not all goods are free (i.e., at least one iji is positive*), 

n 

(18) Z Vk > 0. 

Awl 

We shall further denote by 0(/^ }') the return to the dollar for the linear 
process P and for the price constellation Y. 

Defimtiox: For two given linear P^ ami /\>, and a price 

(Wistellalianj F, the process Pi will be called more profitable than P^ if 

(19) 0(7^, Y) > <I>{P.,, Y). 

This definition is not basically different from that usihI in the ek*- 
rnentary theory of the firm. Let us (consider the two transformations 
belonging, respe(;tiv(*ly, to Pi and P 2 and such that the corre'spunding 
input costs are eeiual, Ci = C 2 . Pi is more profitable* than P 2 if the 
values, Vi and F 2 , of tlie out])uts corr(*sponding to these transforma- 
tions are such that Ki > K 2 . Obviously, if this is so, (19) is fullilled, 
and conversely. 

Definition: If 

(20) 4>iPu Y) ^ 0(P2, Y) 

for mry pike cemtrUaiion, 1\ will be callal technically superior to P 2 . 
We shall .show this by writing symbolically Px > P 2 . 
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Condition (20) is equivalent to 

(2^) iYJ^ikyk){Y1^2kyk) — (5Z&2it2/fc)(5Z®u2/it) = 0 

for all noniiegative values of yk. This d(x^s not lead to simple analytical 
restrictions for the fl's and 6\s. Writing 


( 22 ) 



for what may be called the productivity ratio of the commodity in 
th(i linear process /\, a necessary condition for technical superiority, 
easily derived from (21), is that** 


(23) [«i] ^ [Qf2]. 

This is not, however, a suinciont condition.'-’ 

If in and Jdl outputs arc zc^ro except that of ffi, for instance, 
(21) becomes e(iuivalent to the classical condition that all average pro- 
ductivity cocllicients of Px be greater than those of 


( 21 ) 


bn ^ ^21 


(fc= 1,2, ... ,n). 


Other special cases l(?nd themselves to an immediate comparison ac- 
cording to (20). Thus it is obvious that 


(25) Pifli) hi) < P(ai - Mi; hi + A6*) 


for 


(20) 1«] > [la] ^ 0, [Ih] ^ 0, 

(but not simultaneously [la] = 0, [Ih] = 0), provided that P{ai — An,-; 
hi + Ihi) is also achievable. 


** At lliis point sniiK* notations us^hI throughout tin* clinptfr luvil to l,c iwplainod 
Thus [x\ means tho virtor ^.ri, / 2 , ■ • • , x„,). Tho rrhitioii jj*! > 0 staiuls for j-i > 0, 
X2 > , -Twi > 'rhi* n-hition t/| > 0 inrans that some a-, but not aU^ miiy lx* 

zoro, whilo [x] ^ 0 will bt* us(*<l wlu*n Xk = 0 for all k is in)t an oxcludod altornativo. 

®Th(* analytical dilficulty of expressing (21) in liTins of u’s and //s and also the 
insufliciency of (23) are shown by the following fad: the necessary and sidhcu-nl. 
condit ions that 

(i) Inlii + 2.ti2//i//2 + lTiH2 h for uu t/2 ^ 0 
are 

(ii) All ^ 0, A 22 ^ 11, A 12 +^''^AiiA 22 ^ 0; 
or, in alteriuitive form, 

[(«) if Ai 2 ^ 0, then An > 0, A 22 ^ 0; 

^ ^ i(l>) if A 12 <0, then AI 2 ^ A 11 .I 22 , An > 0. 

It is easily seen that, for two commodities, the conditions (23) represent only --In, 
A 22 = 0, and eonse<iuent ly lh«'y etnild not be sutlicient for (i). 
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4. Thk AciGrecate Linear Production Function 

If // is a 2R-(limeiisional cone, it has intiTior elements. If P is such 
an element, then, according to (25), a process technically superior to P 
and belonging to H can always be found. The use of the same procedure 
to find a process belonging to // and technically superior to P can fail, 
therefore, only if P belongs to the boundary of //. (// contains its 
boundary since we assumed it to be a closed cone.) 

Now let &?) belong to the boundary of //, and let 

w n 

(27) L{M) = D AkOk -f Z Ihhk = 0 

A-1 k~l 

be a supporting plane of II passing through This means that 

(28) L(I^) = 0 
and that 

(29) L(P) ^ 0 

for all P e //. The necessary and sufficient condition that all processes 
P%/! - An?; 6? + A6?) for [Aa^'J ^ 0, [A6'^] ^ 0 (but not both [Aa'^] = 0, 
[A&^^l “ 0) be outside of II is that a supporting plane (27) exists for 
which L{I^^) < 0 for any such I^.^^ because of (28), this condition 
becomes 

n n 

(30) - Z + Z IhM>l < 0, 
which yields 

(31) [A]^0, [B]^0. 

The case of both [A] = 0, [B\ = 0 is excluded by (27). The condition 
(31) eliminates from II some additional processes which are technically 
inferior to some others though not necessarily all such processes. 

The set of processes of the boundary of II which have not been so far 
eliminated will be referred to as the aggregate linear production functim 
and denoted by F. The proc(*ss('s belonging to F will I)e called cJficienL^^ 

‘®Cf. Gale [XV II, Theorem fj] and Koopmans [III, Scjctions 3.5 and 4.4) for corn;- 
sponding siaternent.s n;garding i)olyh(*dral eones. A proof of this statenu*nt for 
nonpolyhcdral cones can be. based on a statement by Bonn(‘S(m and Kenchel [1048, 
top of p. 5, passage in italicns). 

“This term was first introduced by Koopmans and applied to economic trans- 
formations iill, Sect ion 4.2). Obviously, all transformat itms of an efficient |)rocess 
are efficient. 
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It can also be sho^vn that the aggregate lirw^ar production can be ox- 
pressinl in terms of a continuous function. Jhicause of the convexity of 
//, a continuous hornogoneous function, 

(32) y~-f{a)h\ 

can be found such that y = 0 on thi? boundary of y < 0 for the 
interior of //, and ?y > 0 in all other cases. •*“ The aggregate production 
funiition will therefore be determined by 

(3:{) /(a; b) = 0, /(« - M]b + Ah) > 0 

if [a] ^ [Aa\ > 0, [A/>1 ^ 0. 

The concept of aggregate production function can be applied to a 
single industry, to a group of industries, or to a closed economy, \ho 
the latter being defiruMl as the totality of all pr()C(»ss(‘s of production and 
consumption — including consumption of consumers^ goods as a labor- 
producing process as well as any other achi(‘vable procc'ss. 

The aggregate production function F leads to two categories of iso- 
cur ues: 

(1) tlie output isoquants (analogous to the classical isocpiants of the 
production function) obtained by all points of F for which [h] is a con- 
stant; 

(2) the input isoquants (analogous to the classical opportunity cost 
curves) corresponding to \a] constant. 

The relations (29) and (31) lead to the following conclusions: 

(i) The output isoquants arc conce.r toward the origin of the coordinate 
system (a). 

(ii) The input isoquants arc concave toward the origin of the coordinate 
system (b). 

(iii) Any input yields decreasing returns with respect to any output.^^ 

The first two results show that in a linear model the marginal rate of 

substitution is increasing hir inputs ami decreasing for outputs. 

It is worth stressing that the properties regarding the marginal rate 
of substitution and the marginal productivity, (i) — (iii), are direct con- 
setiuences of the linearity assumption (5) and are, in a way, structural 
aspects of the linear models. For nonlinear models these assuinjitions 
have to be introduced as distinct technological laws. 

It can b(‘ shown that, by integrating nonlim'ar processes, we may 
obtain output iscxpiants concave toward tlu' origin, it the assumption of 
increasing marginal rate of substitution is not explicitly introduced. As 

>*This follows imniiMlialfly fn.ni rry-solin’s Tlworcin [Sirrpiiiski. VXU, ]). 711. 

**Thc result (iii) was also ohlaiiieil hy Koopiujiiis for his iiioilel [IN, heetion 4.10). 
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an illustration lot us consider two processes of producing /?, with liinita- 


tiona 

1 factor? 


and A 2 , 





((h) 


b 

= /i(ai), 

02 = 

Xai; 


l(l>) 


b 

= /2(«l)( 

O 2 = 

nai. 

Their integration leads to the isoipiants determined by tlie system 

(35) 

«; + 

// 

«l 

— ttl, 

Xni + ita" = 

= 02, 

fM) +f2(a") = b, 

which yields 






(30) 

dn-i 

r/«i 

7: 

-X/; 

(m 

dai (/I 

-X) 

-0 

i +/:.'(/;)“i. 


It is seen that, if no other process besides (31) exist s in the technological 
information, the iscxpiants of the integrated pi*oc('ss may have any shape. 
If, however, the principle of decreasing marginal rate of substitution is 
accepted, and if the output isoquants of the integrated process arc con- 
caves, it follows that achievable processes other than those deduced by 
integration must necessarily exist and that our technological information 
is incomplete. 

In this light the law of increasing marginal rate of substitution appears 
as a criterion which, in certain cases, will signal the' absence* e)f seanc 
processes from the techrie)logie*al information. Whenever ce)ncave out- 
put isex|uants are obtained, this is sex The criterion works emly by its 
negative side, in the sense that if the isoepiants are e;onvex it does not 
necessiirily follow that the technological informatiem is e*om|)lete. This 
ae'couiits for the absence of any such criten-iem in the e:ase of linear tech- 
nological information. 


5. Illustration of Economic EQuiLinitiuM i\ a Closed 
Linear Model 

There arc different ways e)f elefining the cex)nomic eMpiilibrium in a 
model, closeel or open. We shall illustrate the way the problem (5f eco- 
nomic equilibrium of a linear model can be handled l)y considering a 
closed economy whcire all processes are of von Neumann’s type. The 
model will consist of a certain technologii^al horizon, //, and certain 
economic principles describing the meidianism of the model. These 
principles may lead, through a process of elimination, to a certain set of 
processes and to certain price constellations. If so, these processes and 
price coiisti^llat ions constitute the equilibrium of the model. It is 
obvious that, when the ciiuilibriurn of the model is defined in this way, the 
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c(iuilibrium may (i) exist and be unique, (ii) exist and l)e indeterminate, 
or (iii) not exist at all. 'fo find out which of these alternatives is true 
constitutes the most important question in dealirif? with an economic, 
problem. 

The two following economic principles will be uschI here for describ- 
ing the mechanism of the model: 

(a) Given a price constellation, that process will be chosen which will 
maximize the return to the dollar or, what coiik^s to the same thing, 
that process which for a given cost of input will maximize the value of 
the output [the most profitable process to the entrepreneur; see (19) 
above]. 

(b) Given a process of production, the (iompetitive forces of th(i econ- 
omy will bring about that price consU'llatiori which makers the return 
to dollar a minimum (i.e., which will make profits zero and the rate of 
interest the smallest possible). In a closc'd model siu^h as the one d(j- 
scril)ed here, the only social cost is wailing, and its cost is the interest. 
Therefore we may say that the price constellation brought about by th(^ 
competitive force's will make the social cost minimum [von Neumann, 
19 If), relations (7 **) and GS **)], 

Von Neumann proves tliat in a model where // consists of processes 
defined as in Section 1 and where the principh's (a) and (b) are ac- 
cc'pted, there is at h'ast one price constellation 1’^^ and at least one process 
P” which fulfill the conditions (a) and (b), 

(37) 1'") S «(/^ 1'”) ^ 1’), 

for any P c II and for any The alternative proof given in the next 
section does m)t recpiire the number of processes in the technological 
information to be finite. 


(). Altkunative Proof of vox Neumann’s Results 

For the argument of this sectitm we retain tlu' assumption contained 
in (17) and also assuim' that II is a clomi cone. By intersecting the 
technologiciil horizon II with the linear space 

(38) i] Ok + X) bk = I, 

A- -I A = l 

we obtain a convex, bounded, and closed point set, l\ To each point 
of r then^ corr(*sponds a unique linear j)rocess ol II and vice versa. It is 
therefore possible to refer unequivocally to a point ol V as a process P. 
On the other hand, any (‘onstellation ol prices (assumed iionnegative 
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and not all null) can be represented by a unique point of the simplex S 
defined by 

n 

(39) llyk = i. 

1 

The return to the dollar is therefore a function, 0(P, K), of a point 
P eV and of a point Y eS. 

Thkokkm 1 : For a given P, 0 reaches Us greatest lower bound in S. 

It is always possible to renumber the variables (commodities) in such 
a way that, for a given P, 

^^1 _ ^2 _ ^3 _ _ _ 

fll a^ (Z3 flr 

m , 

h ^ f f , 

- ^ M M foi* ^ 
ak 

The greatest l()W(*r bound (g.l.b.) of 0 over S is reached for the prie(! 
constellation Yp^ for which 

(41) Vk = 0 for k > r, 

the other prices for k ^ r being subject only to the condition Y,\Uk == 1- 
Therefore 

(42) g.l.b. over of 0 0(P) = 0(P, Yp) = m ^ 0(/^ 10, 

where Y is any price constellation. 

The value of n will be referred to as the rate of growth of the process 
P. Since not all ak can be zero, by (2), the rate of growth is always 
finite. The integer r will be called the rank of /^ 

Tiikokkm 2: The function 0(P) is continuous over I\ 

SiiKui the function 


(43) Zk = bk/uk 

is continuous at all points for which ak 9 ^ 0, we can, for any positive 5 a-, 
find at, jSt sucli that, for all 1**1 < at, 1 i;t 1 < ^k, 


(44) 


bk bk Vh . 

I <; 

(Ik d'k + 


Some res j ictions will have to be imposed, such as ak < Uk, Pk < bkf and, 
if bk = 0, tiicn rik ^ 0. 
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If afc == 0, bit > 0 for a given fik, then we can find pk such that 
for all 0 < < (Xkj\vk \ < Pk < bfc, 

(45) {hk + Vk)/^k > Mfc. 

Let us choose 5^ < 6 < (/x' — /n), /x^ > ju'. From (10) it follows that 
the minimum of 0 for any P{ak + ejt; bk + Ty^) lies between /x - 5 and 
/X + 6 if €jfc and rik are such that (44) and (15) are fulfilled. This proves 
the theorem. 

Since F is closed and hounded^ we have the following: 

C'orollary: 0(P) reaches Us smallest upper hound in F. 

Notation: Let M be the maximum of <j>{P) over F and let F® C F 
be the si^t of proc^esses for whicrh 

(40) = M. 

Also let (T be the minimum rank of the processes belonging to F®. 

'Fhkorem 3: There are a commodifies for which 
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for all P € F”. 

Let P^ c F^^ be a process of rank a satisfying (47) and P“ e F° such 
that, for some k ^ c, 

(48) hi/di > 

If this were so, Ihe process .viP^ + J 2 P“ *^*2 > 0; .Vi + .r 2 = 1), which 
evidently belongs to F, would either iM^loiig to F^ but have a lower rank 
than the minimum, a, or have a rate of growth greater than the maxi- 
mum, M. 

C'ouollauy: The set is convex. 

Theorem 4: // P c F, it is impossible to have 

(49) hk/uk > M 
for all values of k ^ <r. 

Let us assume that there is one P € F for which 

(50) bk = Mdk + *’Jti *'A- > 

for all a. T.et be a process belonging to F^ and having the rank <r. 
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It follows that 

(51) bk = Mai + Wjfc, Uk > 0, 
for all fc > <r. Let T be the maximum of 

(52) (Mofc - bt)/uk 
for k > (T. If 

(53) >7, a*o, .r > 0, xo + x = 

the process xP + xqI^ would have a rate of growth greater than thc^ 
maximum one. 

'rHi':0Hi:M 5: A price constcUntion I"'” with = 0 for all k > a can be 
found stick that, if e 

(54) 0(P°, F«) ^ «(/>, 1^) 
for any P eV. 

Let us consider the mapping of V by which to each elemcuit of Y is 
made to correspond the element 


(55) {Mai — bi, Ma2 — bi, • • ^ Ma^ ~ 

and denote by ‘^71 the set of all points (55). The set iRl is closed and 
convex. According to 41ieoreni 4, i)ll has no points in the interior of 
tlie negative orthant, and, since the origin of the coordinate system 
belongs to 3TI, the oiigin is a boundary point if i)tl is a-dimcnsional. 
Therefore a plane passing through the origin, 

<r 

(50) - h) = Yi - h)yk = 0, 

1 

can be found such that IT(il/a — h) ^ 0 for any [Ma ~ b] ciTTt and 
II(il/a — 5) ^ 0 for any fil/a — b] el2~ [Bonnesen and Fenchel, 1931]. 
Since (50) is a supporting plane of 11 h^ negative orthant, we havc^ 
[y] > 0.*^ If is not cr-dimcnsional, it will be contained in at least 
one plane with the same propcjrties as (50). 

Tliis Klatcmcnt can Im? pnivnl iis follmvs: The vectors Ka(0, 0, • • • , —1,0, • • • , 0) 
(A; = 1, • ■ • , <r) b(;long to but they cannot all In-long to (50). Let Ki, K 2 , • ■ • , W 
(0 ^ s < (t) be those; vectors l)(;longing to (50), aiul ^ 8 + 2 , '*• 1 Yo he those 
not belonging to ( 50 ). It follows immediately that ijk = 0 for k ^ s, and //a > 0 
for s <k ^ a. llen<;e \y] > 0. This provides an extension of Tlieon;m 3 of Chapter 
XVII. 
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Under all einnimstanecs, if is the constellation (yi, ^ 2 , * • ' , Vay 0, 
• • • ,0) where yi, 2 / 2 , • • • » Va Rre the coefIi(;ients of the supporting plane 

(56) , and if P e r [i.c., (il/a — 5) c 311], it follows that 

(57) 53 - h)yk ^ 0, 

1 

or 

a 

53 ^kVk 

(58) <^(/", 1^') = ^ -i 0(/>, y«). 

53 «fc2/fc 

1 

It is worth stressing that may not bo uni{|iie and also that ijk 
may be zero even for some k ^ <r. 

Theorem 0: IfT is a {2n — ])-(limrnsi(mal set (or // a 2n‘(limcnsioml 
conc)y the set belongs to the houmlanj oJl\ 

Instead, we shall prove that, if c were an interior element of T, 
a process P* € Y could be found having a rate of growth greater than J/, 
which is an iinpossibilily. 

Indeed, if were interior to F, 2n processes 7^'(a'; 6') l>elonging to F 
could be found such that 

(50) />«=£«?/» [a^lX), 

2---1 1 

and such that 

'2n 

(«()) Z ^.7“ = 0 

J -1 

does not admit a solution [X] 7 ^ 0. 

The system of ineciualities 

2n 

((51) z >0 (fc = I, 2, . • . , n), 

where 

(02) M, = hVal 

admits a nontrivial solution [a*]. Tlu* n('C(*ssary and sutricient condi- 
tion for the existence of this solution Is that the convex hull defined by 
Iho points 

(63) 


>Hfc(5l - ih^li 5ft ~ Mkdkf * • ' » 5f - il/ftfli") 
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should not contain the origin [Dines, 1936, Theorem 2]. This is easily 
seen to bo so since, according to (GO), the system 

n 

((>4) 2 ^kib'k - Mtfik) = 0 (i = 1, 2, • • • , 2ft) 

does not admit a nontrivial solution. 

On the other hand, wo can always assume that [a*] > 0. Indeed, 
if [a] is replaced by [a”] in (61), the system will be satisfied with the sign 
> replaced by =. Therefore, if [a*] is a nontrivial solution of (61) 
and if x* and .r° are positive scalars, x*[a*] + x®[a”] will be another 
solution of (61). If x* and x^ arc appropriately chosen, it is always 
possible to have x*[a*] + x^\a^^] > 0. 

If [a*] > 0, = If process 

2n 

(05) P* = 

I 

belongs to F. But, according to (61), P* has a rate of growth greater 
than Af. This proves the theorem. 

Simple examples may be constructtMl in order to prove that, if V is 
not a (2a — 1 )-dimensional set, P® may be an interior point of V if the 
latter is considered in its proper dimensional space. 


7. Summary and Concluding Remarks 

The results of the preceding section may lx? summarized as follows: 

(a) Given any linear technological horizon, there exists at least one 
eciuilibrium process (by Corollary to Theorem 2). 

(b) All eciuilibrium processes have the same rate of growth, wliich is 
the greatest possible one (by Theorem 3). 

(c) There is a group of commodities, fV], ^^' 2 , " • i which have the 
same productivity ratio, (22), in all eciuilibrium processes. Therefore! 
the latter are of the form 

((T) ■ ■ * ) \ 

Cl2Af J ’ ' ‘ y 0>(jA'I J (lg^.\Al '" 1 “ ^i>a-\-\y ' ’ ‘ y dnAI "f” dfif 

with Uk ^ 0, and form a convex set (Theorem 3 and (Corollary). 

(d) If the tcMihnological horizon is a 2/i-dimcnsional cx)ne, the tecli- 
nological information must contain at Ic'ast one* eciuilibrium jirocess. 
(This follows from Theorem 6 and the fact that F® is, by Corollary to 
Theorcjn 3, a convex set.) Therefore Al and a can be derived by examin- 
ing only the processes contained in the technological information. If, 
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however, the technological horizon has fewer dimensions than 2/i, all 
proci'sscs should be taken into consideration in order to detm’inine the 
equilibrium solutions. 

(e) There exists at least one eriuilibrium price constellation (Theorem 
5). It must be of the form 

(67) ••• ••• ,0). 

(f) All commodities Gk which have a productivity ratio greater than 
the maximum rate of growth in at least one ciiuilibrium process are 
necessarily free goods. These correspond to fc > tr. But other com- 
modities may also be free because some {k ^ a) may be zero in the 
eipiilibrium price constellation. 

(g) The return to the dollar for the ecjuilibrium solutions cannot be 
greater than that for any other price consti^llation or lower than that 
for any other process, because of (12) and (51). Tliis is the saddle 
point property, 

(68) g (/)(/^, K), F‘^) ^ </>(/^ y^). 

(h) Considering only the commodities which arc not necessarily free 
goods, it is seen that the eijuilibrium process is unicjui^ but that the same 
may not be true for the eipiilibrium price constellation.*^ The latter 
conclusion leads to rather uncomfortable economic results. Thus some 
goods may be free according to one eiiuilibrium price constellation and 
have a positive price according to another. 

In order to illustrate the unsatisfactory type of iirice e(|uilibrium which 
may be obtained in many cases, we shall refer to the technological hori- 
zon delincd by the following two processes: 

P\a\=\, n.U 1, h\ = l, h\ = l\ 

= ;i, a] = 2, 2, = 3). 

The only eciuilibrium process is P\ which leads to a stationaiy 
economy. However, the equilibrium ])rii‘es are subjc'ct only to the 
condition 7/2 ^ y\. This could hardly be regarded as a determinate 
economic eiiuilibrium |see C'hampernowne, 10 15, pj). 14-15]. 

(i) Despite the fact that some goiwls may be ail libitum cither free 
or not, lh(* eiiuilibrium rate of interest (the return to the dollar for null 
profits) is uniiiue and will not be affect ed by the shifting of some goods 
from one category to another. 

^*Thc apparent symmetry of prices and <iuanlities ends here. 
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RELAXATION PHIONOMIONA IN LINEAR 
DYNAMIC MODELS ' 

By Nicholas Geokgescu-Roegen 

In a short artiolo published in the first volume of Ecommcirica^ Ph. 
I.e Corbcillcr [1933] pointed out the possibility of usinj? relaxation phe- 
nomena as a model for business cycles. However, Le (/orboiller^s sufj;- 
gestion has found little echo among economists, and the literature shows 
only sporadic references to his paper. Paul A. Samiudson [1947, p. 339], 
speaking of this possible approach, admits that practically nothing has 
been done along this line. The only economic problem which could be 
regaided as having something to do with ndaxation is the famous cobweb 
problem, but this has been develoix'd independently of any relation to 
the concept of relaxation. 

Le Corbeiller’s article was inspired by the work of B. van der Pol 
[1926]. Relaxation i)h(»nom('na occupy an important place in nuKhun 
physics. The difficulty in dealing with such phenomena is that, al- 
though most of them are of a periodic nature, this p(»riodicity cannot be 
described by a sine curve. An example of a relaxation j)h(‘nomenon is 
found in a hammer which strikes in a periodic way.- Obviously, de- 
s(!ribing such a movement involves additional difficulties in comparison 
with the case of the movement of a pendulum. The latUu* has a .s/////- 
jnrtric periodicity, the former, an (wjmmdric one. This is due to the 
fact that the movement of the hammer can be decomposed into two 
ilistinct phases, one before and one after the energy is released through 
the shock. The two courses of the hamiiKW, toward and away from the 

* The results c^ontairieiJ in this (;hapl<T may he n'proiluccd in whole or in part for 
any purpose of the Unit(;cl States Government, under whose eontraet they were 
completed. 

The njsults w(;re presented for the first time during two in(M*tings of the staff of the 
Harvard Economic licfsearch Project in April, 1049. The .'uithor wishes to acknowl- 
edge the many inspiring discussions with Professor W. W. Leontujf regarding the 
topics develop(;d here. It is hardly lu.'wssfiry to ad«l that, for any faults th(i chap(.(T 
may contain, the autlnjr is .solely responsible. The fa(;iHti(;s of the Institute of Ue- 
s«;arch and Tmining in the Social S(at?iice.s at Vand(;rhilt bniv(;rsity cjxtended to the 
author in pa*paring the fimd version are gratefully acknowli'dged. 

* For other examples from the field of physics, w;e Le Corbeiller [10311. 
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object being hit, take place under two dijjfercnt regimes which lead to 
.two different phases of its movement. 

However, not all movements that have an asymmetric periodicity arc 
relaxation phenomena. A ball moving without friction over the surface 
of a washboard with asymmetric waves docs not involve any relaxation 
in the sense used by the writers meiitiomHi. In the latter sense, a 
relaxation phenomenon takes place only when the difT(?rence between the 
“up” and “down” swings is created by a certain discontinuity in the 
regime. Such a discontinuity will introduce a discontinuity in the speed 
of the movement (at least in size or in direction). Therefore the move- 
ments related to each phase will be described by a different function.^ 

The aim of van der Pol’s contribution was to approximate these two 
difT(‘ront functions by a single analytic function. This was achieved by 
considering the periodic solutions of the dilTercntial exjuation 


( 1 ) 


dFy „ dy 
dt dt 


for large values of €. By this procedure the analytical difficulty was 
solved from the practical point of view. But this v(nled the real mean- 
ing of relaxati(m, which is the discontinuity of the regime. Indeed, as 
has already been pointed out, periodicity in the classical sense is a 
secondary aspect of the oscillations of relaxation. In economics, where 
most of the so-calhul periodic phenomena, such as business cycles, for 
instance, are treated as perii^lic phenomena in the classical sense only 
in order to simplify the problem, the discontinuity aspect retains its 
full signilicance. This point of view iinds an admiral^lc illustration in a 
dynamic model pres(*nted by Leontief in a paper lead iluring February, 
1949, before the stalT of the Harvard Economic Research Project. The 
contribution contained in tlie pres('nt chapter has its origin in the 
author’s attempt to answer one problem raised by Leontief in his paper. 

The dynamic model presented by Leontief is an extension of his earlier 
static model [l^eontief, 1941). It is detined by the system 

a'l = ^21*^2 “b A "f" 

2*2 = d" ei2*ri "b 

where Ji, .r 2 are output flows, i*i, 2*2 are derivatives with respect to time, 
and the o’s and t’s are constants. 

® From the point of view of I he Dirichlet (ieliiiili«>n of a function, this distinction 
is not f)ossibIe. However, I lie laws of the movement, Ix'iiig derived from certain 
dilTerential equations of an alKcbraic, or at least analytical, stru(‘ture, are, in general, 
analytic functions. As any analytic function has an iiulividuality of its own, it is a 
perfectly jiLstiiied altitude to reganl two such functii)ns as distinct. 



118 


N. CEORGKSrU-ROIOfJKN 


[part I 


The system (Fi) takes aeeonnt of the fact that production re(j[uires 
l)oth input flows and stocks (or inverdories). In this particular formula- 
tion, inputs and stocks are supposed to be proportionate to outputs. The 
ratios betwec'ii input Hows and output flows are referred to as in'pui 
coefficients (or a’s), and the ratios between stocks and outputs are the 
capital coefficients (or 6 \s). 

The system (F\) leads to the classical solution 

(*Si) 

X2 = + C2U2i^'^, 

where Ci and C2 are intep:ration constants determined by the initial values 
of xi and j*2. Leonlief assumes further that at a turning pointy defined 
in terms of Xi (the chanj^e of the demand for jO, a discontinuity is 
introduced in the Ixdiavior of the entreprenenrs such as to make 6 n = f) 
in (Fi). The next phase of the system will, therefore, be defined by the 
equations 

Xi = ^21^2 “f“ 0 + ^ 21 X 2 , 

(F2) 

. r2 = ^ 12^1 "b “b 1^22^21 

and will last until the demand for Xi has reached a certain level deter- 
mined by the one which existed when the second phase began. 

The solution of (F2) is 

X, = 

(*^2) ; f 

X2 = CiPiC"" + 


where the integration constants, c[ and 4 , are determined by the splicing 
conditions, namely, that (<^2) must start from where (NO left olT. ( 'ons(*- 
quently, ci, C2 arc indirectly determined by the initial values of .ci, .r^. 

A\nien the second phase (FO begins, if it ever does, the new values of 
the constants ci and C2 will have to be dotermirKid by the new splicing 
conditions between (N2) and (NO, and so forth. It is clear that \hi) 
problem when handled in this way raises almost insuperal)lc technical 
difficulties, and one may even ask, as Leontief did, whether it would be 
possible to predict in a finite number of steps the final outcome of tluj 
system.* 


* An analogy, uwd by tho author claewhon*, may aid in grasping tho essence of 
such a question. It is known, for instance, that the decimal digits of the* trans- 
cendental number ir cannot Im* determinwl unless this is doiwi sU*p by step. For 
numbers such as 7/23, any decimal digit can b(i determined in a finite numb(;r of 
steps. T1 1 ; (jucjstion raised in the text is wluither the systesn has tho structure* of tt, 
i.e., so that the prediction of any phase mquims the actual sphering (and knowledge) 
of the preceiding oner, or tho stnicture of a rational number, i.e., so that any phasti 
can be co’nputed without ncarssarily knowing the precc*ding ones. 
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It is the purpose of tlio present chapter to ofT(^r a way of answering 
such a (luestion and to develop a method which ciin be applied to the 
study of almost all economic problems where a relaxation phenomenon 
is present. A more g«>neral concept of periodicity, of undoubted im- 
portance for economic thcojy, will also be introduced.® 

1 . Let us think of a system, ( 5 ^), which is subject to two different 
regimes, R\ and /i*2. .\ssiime that two rules, ri and ^2, are also given 
which govern th(^ switching of the system from regime to R2 and 
vice versa. If from a given initial position, ( 2 ]o), the system develops 
under regime the mov(*ment the syst(*m is completely determined 
up to t = C0.7 

I'lie evolution of tluj systc'in may be described by tla^ sei|uencc 

(/o F2. Fu F., 

where and Fi repn^sent the phase's corresponding to Ri and 7 ^ 2 - The 
s(Mpien(*e (F) may be finite or infinite. 

Such a scheme constitutes a special type of periodicity, which we shall 
refer to as phase-prriod icily, "riiis is a gen(*ralized concept of the classical 
poiut-pvrmlivily. The economic cycles seem to be better d(rscril)ed by 
phase-periodicity than by point-periodicity, since the n‘levant aspect, 
of the Inisiness cycle is the n'currence of the phases and not the repijtition, 
after a constant tirne-lag, of the same values. 

Phase-periodicity, as defined above, implies a relaxation phenomenon 
every time the ])hase changers. Moreover, it is more gen(*ral than tlui 
relaxation oscillations considered in physics, the latter usually being 
only point-periodic. 

The first problem which arises in connection with a phase-periodic 
scluMiie is that of finding out whether or not the s(*(iueiicc {F) is finite, 
arid further, in case' {F) is infinite, to determine whether or not the s 3 ^s- 
t(ni has an asymptotic movement. If it has, economists would say 
that the dynamic model tends toward a uniciue equilibrium. 

®Thc iuithor \vi.sh<'s to cinpluisizc that the object of this chapter is not, to :ippr:n«? 
the merits, from the point of view of ecommiic. theory, of the models used here to 
ilhistrale tlie .‘imilytic:!) method devised to deal with relaxalhui phniomena in 
economics. Moreover, in i he casi* of U'ontief’s model t his would have l.)(*t*n impossible 
because Ixeontii*f’s contribution is not yet available in print. 

®'rhis assumption is absolutely necessary. The choice between H\ and /fa a-s tlu* 
initial regime is therefon* .suppo.si*d to bi‘ m:ide accordiiiK to some outside criteria 
if tin* whole evolution is t») U' considered :is having a lH*ji;innintj;. This would no 
longer be in?cessary if the system wiTe ctuisidered as alreaily in movement, in which 
case the sequenci* (/*’) 1h‘1ow has no iK'giiiniiig. Jn some crises, however, a given 
initial condition may be compatible with only one of the two regimes l{\. Hi. 

’ Provided, however, that situations tlo nut exist wlieri* the rule ri (or I'li becomes 
self-contriwlictory. 
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DifTeront typos of schemes may be conceived. We shall deal with 
those which arc more likely to be met in economic dynamic models. 

2. A simple model to illustrate the relaxation phenomena would be 
one where capital accumulation during the up-swing i)eriod of the busi- 
ness cycle would obey a dynamic law different from that governing capital 
decumulation during the down-swing. Such an approach would, indeed, 
be more realistic than that of most dynamic models constructed so far. 
I'hese assume that both phases arc goverru'd by a rev(u-sible law.^ 

Let us assume that the aggregate dynamic laws governing the accumu- 
lation (or deciimulalion) of capital during the two phases of the cycle 
arc represented, respectively, by the ecpiations 

dC dC 

(2) -:;=/2(C), 

dl dt 

thus making the change in capital stock a function of the existing stock. 

The problem of describing the evolution of the system has a simple 
and immediate solution if the system of partial differential equations, 

ilC dC 

(3) 

al OT 

is integrablc. Let 

(4) C = «(/, r) 

be the integral of CL, and k and ta, the lengths of th(^ A'th first phas<^ 
and of the kth second phase, respectively. These l(*ngths are deter- 
mined by the rules and r^. The movement of the system is described 
in terms of the single function (t): 


(5) 



(0 ^ T ^ Tn). 


"This point was cloarly cinphasizcd by Li'oritirf in his paprr. Lcontirf pointiMl 
out the (l('(‘p sij^niHciinee of I hi* turning point in a l)ii.sin(‘ss eycle, whi(‘)i g(M‘s far 
beyond tlu? mere formal jisimtI of changing s1o|k\ Us«^ j>f Ijconlief’s iirgumt'iit is 
mmle here solely to illustrate tin; usidulness of the relaxation cone4*pl in (‘coriomic 
t lieory. 
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In thrcc-dimonsional space function (t) will represent a surface and 
rules ri and r2 will correspoml generally to two curves {rO and (ro) 
(Fij^ure 1 ). 'Hie movement of the system will he descrilxvl hy a path, 
C{)f Ciy C2 j ••• , on the surface <l>. 'nierefon* the whole prol)l(»m of 
phase-perio<licity can he followed hy considering the path Oj, ci, C2, ■ • • , 
on the tih plane. 


C 



Kioi'kk I 


It is s('en that tlie value of C at any moment d(»peinls only on the 
l(*nji;tlis of time ohtaiiKMl hy summinj*; time separately for each phase. 
Therefore the complete* evolution of the system can he predicted in a 
finite nuinlier of steps. 

It is easily .seen that the* system will teiul toward an cquilihrium if 
either one or the other of the hillowinji; two conditions is fiiltilled: 

(a) the curve's (/’i ) and (r.j) meet at a point K, at a finite distance or at 
infinity (i.e., they are asym|)totic); 

(I)) the two curves (/’i) and (r^) do not meet, hut, for t = +00, 

( 0 ) lim <tf = lim 0 . 

If is at a finite distance, the eeiuililiriiim will he n'ached over a finite 
period of tinu*; in all other cast's tlie .system will only approach etiuilib- 
riurn.® 

Kconomic models can he found which fullill the inte'f^rahility condition, 

Such a coiu'lusi(»n implies evidently that rules r\ and never lead to a contradic- 
tion. Such would he tin* casi* if, in order to go from {r\) to (I'i) along i\u cu <*2, • • * , it- 
Wen; necessary to move in the negative direetion *»l time. 
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but tJloy have an exceptional structure and their applicability will there- 
fore be very limited.'” 


3. A two-variable liii(*ar model subject to relaxation oscillations can 
be described in general by the two systems 

i’l = MiiXi + M 12^:21 

(M) 




i*2 — M2\Xi + M22^2i 


X 2 — 4* A^22-^2i 


each representing one of the regiiiavs /i*i and Ro- 
From the first system we obtain 


(7) (4/2i*^i + 4/22.r2) ^/.ri = (J/n/i + 4/i2-^2) ^/•r2, 

which represents a one-paramet(‘r family of curves, (.17), in the plane 
Ji0.r2. Through each point of th(‘ plane -except the oi igin of (he coordi- 
nate system which is a singular point -passes one and only one curve. 



(iiven the initial position of the system, (he latter will follow 

the curve (M) passing througli /^, (Figure 2). If the system starts 

As SamiK'lson, who r(‘.'i(l thi* manuscript, further puiiiti'd out, in such modc'ls 
Uuj rales of capital accuniulat ion and decuniulat ion at IIm; siirne levi'l C are in a 
constant lutio (which obviously must 1 m* negative). This follows imiiK'diati'ly from 
the intcKnihility condition of (3): fdO/MC) - UO/MC). Hence fi{C) - kMC). 
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from any point belonging to the same curve (M), it will have the same 
evolution. This is why the curves will be called isodromes. 

It is worth stressing that the evolution of the system described by 
an isodromc is tinui-less but not seqticnccdess. This does not disturb 
completely the utility of such a description for economic; theory, for the 
latter deals vciy often with dynamic formulations of this kind. Indeed, 
many economic statements tell wliat will happen next but do not con- 
sider the more delicate (lucstion of pnjdicjting also exactly when. 

Equation (7) is not, however, eciuivalent to 01/ ), for (7) determines 
only a family of curves and the isodromes must have a direction. There- 
fore (7) must be supplemented by information regarding the direction of 
movement. This can be derived from {M) and formulated in terms of 
the sign of dx\ (or c/.r 2 ).*^ 

The shape of the isodrom(»s (M) depends, as is known, on the nature 
of the roots, Xi, X^, of the characteristic e(|uation 


( 8 ) 


^1/ 1 1 — X M 12 I _ 

il /21 *1122 — X 


In drawing the shape's of the isodromes it is a great help to kec]) in 
mind the properties of the straight linos 

(9) -*1^1 1-^*1 “1“ * 1 / 1 2*^2 == 9, *l/2i*^’i d" ^^ 22^2 = 9, 

repres«*nting tlie loci of the points for which dx\ = 0, d /2 = 0, as welt 
as thosc^ of the lines 


(10) (d/ll ““ + d/l2r2 — 9, (d/ll “ h2)xi + d/i2.r2 — 0, 

representing the loci of the points for which the chang(;s in out.i)uts 
{dxij dx 2 ) arc proportionate to the outputs (.iq, .ro). [The lines (10) 
arc not necessarily real] 

A second family of isodromes is determined by (A ). If the curves 
(ri) and (r 2 ) arc; addcnl to the picture, then, from any initial position, 
the evolution of the system (.ri, xo) is perfectly determincMl. this is 
described in general by a cobweb-like path (Figure 2) with tinite or 
infinite turning pcants, depending on the particular shapes of the curves 
here involved and on the initial position. 

A simple illustraticjn of the above scheme is the famous cobweb prob- 
lem of supply and demand. In this ease the isodromes (d/) and (A) 
arc given, respectively, by the differential eejuations 

(11) (/j = 9, dl/-9, 

" The; isiMiremes will not Ik* jillcrcd if Ihc riKht-liami sidos of the system (3/) are 
inultipliiMl by the sjiino (arbitrary) function of (j*i, ^ 2 ) constant sign. 
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where x is price and y is (piantity. The rules ri and arc represented by 
the demand and supply curves, 

( 12 ) X = Dili), y = S(x). 

The direction of movement on the isoilromcs (M) is toward (ri), and 
on (N) toward (r2). 


4 . The Leontief model is a particular (*as(i of the model considered in 
the preceding section. 

From (Fx) and (F2) >ve obtain 

b |i*i = + Pv>‘^ 2 } 

( 13 ) 

I 6 |i‘2 = 1“ 

where 

^11 = + ^^12^^215 ^12 = "”(^>21 + ^^21^>22)» 

( 14 ) 

P21 - '~Qh2 + ^i2^hi)) P22 — + «2d^i2- 

An alternative formulation of the same system can be made i?i terms 
of stocks. The proper stock of the commodity (ri in the industry produc- 
ing (jk is hfeiXk. Therefore, .Yi and A''2 being the total stocks. 


( 15 ) 


"1 = 

+ 1 > 2 \J^ 2 ) 

A'2 = 

6 ,2.ri 

+ h-ix-i. 


Furthermore, 







( 16 ) 



= ^1 ■“ «2lJ*2, 

A'2 = 

Jr 2 - 

fflS-Cl. 


Klimiiiatiiig xi 

and 

X2, wc obtain a 

system i 

similar 

■ to (i:i), 

namely 

1 

A’l 

611 

hi 

Ai 

hn 



( 17 ) 

X, 

612 

&22 = 9 , 

1 A2 

bi 2 

^>22 1 “ 

= 0. 


A'. 

1 

-O2I 

A., 

— Oio 

1 



It is further seen that 

(18) i3| = 1^1 IM- 

AVc shall not deal with the case \l>\ = 0 , where the system ( 13 ) is 
either im])ossiblc or indeterminate. But let us consider the special case 
where | a | =0. This leads to 

( 19 ) (611 + fci2<^2i)®i2 dxi + (^22 + ^21^12) ^^-*'2 = 0 » 

provided xi — 0212*2 ^ 0. Therc^foi-e the (M) isodromes are i)arall(‘l 
straight lines. It is seen that the direction of movement depends on 
the sign of | b |, except in the case where thcj initial i)ositi()n of the eco- 
nomic model lies on the straight line - a2i-r2 = 0(or.r2 - 012^1 = 0). 
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In this case we have dx\ = 0, dx 2 = 0. This means that the straight 
line x\ — a 2 \X 2 = 0 is the locus of static equilibria. If the system is not 
in static eciuilibriiim from the beginning, the system will tend toward 
such an equilibrium along an isiKlrome (19) if | & | <0, or away from 
static eciuilibrium if | 6 | > 0. (Figiire 3 represents the case | 6 | < 0.) 
If I 6 1 >0, we have a typical cas(3 of unstable static equilibrium. 



Fku’ks t3 


Furthermore, if the initial position is not one of static eiiuilibrium, 
the economic system will not be static, nor will it expand at a constant 
rate of growth. Nevertlieless 1 he rate of interest will be zero. This con- 
stitutes a peculiar (waniple of the rate of interest being zero, though the 
stocks are not constant. Only their total value remains constant. 

If i is th(i instantaneous rate of interest and pi, p-j the prices of the 
two (rommodities, the ecpiality between prices and average cost leads to 

{^iiP\ + bi2P2)f + (^i2P2 — Pu 

( 20 ) 

(J^2\P\ “b ^h2P2)f b ^h\Pi ~~ P2- 
As prices must be positive, we have 


( 21 ) 

and 


e(0 = 


bi\i — I f>i2? “b ^12 

^21^ "b ^21 ^22^ 1 


(22) (byii — l)(f)i2/ -b (t\2^ < 0, (b'lxi + — 1) < 0; 
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the last two relations being equivalent if taken togetlier with (21). Let 


(23) 

As 


2*0 = the greatest 





= the smallest 



(24) c(io) > 0, €{ii) < 0, 


(21) has a root between i\) and ii. It is easily seen that this root is th(^ 
only one which satisfies (22). This, therefore, is the equilibrium rate of 
interest. 


Rut 

— 1 (ll2 

(25) e(0) = a I = 

021 “ I 

lienee the rate of interest will be positive or nt'gative according to 
whether \a \ > or < 0. When \a \ =0, the rate of inter(»st is zero. 

From (20) it follows that the rate of growth of the value of total stoirks 
is ecjual to the rate of interest, 

(26) (/hA^i + P2A'2)f = V\X\ + P2^2> 

If i = 0, the value of the stocks, piX\ + ^2*^2, remains constant. 

Let us now consider the case in which \a \ 5^ 0. Hie characteristic 
equation of (13), 

(27) ^(X) = I 6 1X2 - (|3„ + + I « I = 0, 

has the real roots Xi and X2, since 

(28) (/3„ + fe)2 . - 4l a 1 1 6 I = {fin - fe)' + > 0. 

There are several alternatives, which shall be examined in turn. 

(a) I 6 I > 0, I a I > 0, This leads to X2 > Xi > 0. From (28) it 
follows that 

(29) fin - Xil 6 1 > 0, fin - X^j b j > 0, 
and consequently the straight line (5 a), 

(30) (011 - Xa-I b |).ri + 0i2.r2 = 0 

or , , 

^21^1 + (fe •“ 6 1)^2 = 0, 

lies in the positive quadrant only for A; = 1 ; it also lies between 

(Ai)| h |i:i = finXi + finX'z = 0, 

(Aa)! h li-2 = fi2ixi + fexa = 0. 


( 31 ) 
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All the is(Klromes are tangent to (5i) in 0. The direction of movement 
is away from the origin (Figure 4a). 

If the initial position belongs to (5i), 

(32) ±1 = \iXiy ±2 = XiJ2i 

and the system will expand at a constant rate of growth. In all other 
cases, sooner or later, one of the outputs, xi or ^ 2 , 'vill expand at the 
cxi)ense of the other until this becomes zero. The dynamic eiiuilibrium 
is, in Samuelson^s sense, unstable [Samuclson, 1947, pp. 206 ff.]. 
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(b) I 6 I < 0, <7 1 < 0. This leads to X 2 < Xi < 0. It is seen, in a 
similar way, that the shape of the iscMironies is the same as those of 
(a), with (he excerption that the direction of movement is toward the 
origin. The economy will end in all cases by contracting toward zero 
production. The dynamic ecjuilibrium is stable. 

(c) I 6 I < 0, 1 a I > 0. "lliis leads to X 2 < 0 < Xi. The shape of the 
isodromes is that shown in Figure 4b. In all cases the system ends by 
expanding and (('iids toward the same eciuilibrium position represented 
by a point at infinity on (5i). The dynamic eiiuilibrium is stable. 

(d) I h I > 0, 1 a I < 0. This leads to Xi < 0 < Xj. The shape of 
the isixlromes is similar to that of Figure 4b, but the sense of the move- 
ment is reversed. The d 3 mamic equilibrium is unstable. 

Summing up tlu^ preceiling results shows that (i) the sign of 
decides the dynamic stability of the svstem, and (ii) the sign of j a 
determines the sign of tlu* rate of interest (i.e., whether the system is 
contracting or expanding). 

It is also seen that the existence of a static solution in von Neumamrs 
sense [von Neumann, 1945] (i.e., where the economy will expand (or 
contract) proportionately in all sectoi-s) is possible only if the initial 
position lies on (5i). 
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If the system (^' 2 ) is now considered, it is seen that ] 6 j becomes 

V = — &i2l>21 < 0, 

and consequently the system will be dynamically stable [cases (b) and 
(c)]. Furthermore, (13) becomes 


(34) 


Vxi — PnXi + ^ i 2 ^ 2 > 


h^X2 — — H" 0>2l^l2^2‘ 

Consequently Aj in (Fo) is i<lcntical with Ai in (Fi). 

Loontief^s rules of chanj^e from (Fi) to (F 2 ) and vice versa are for- 
mulated, respectively, in terms of ±1 and of the value of Xi at the bej>;in- 
ning of (F 2 ). It is easy to sec, by using the results of (a) (d) above, 
(hat these rules permit one change at most from (FO to (F 2 ). This is 
due to the fact that the difference between (Fi) and (Fo) does not aiTect 
the rate of growth since | a | has the same sign in both phases. 

5. A better illustration of the phase-periodicity is provided by the 
ITansen-Samuelson model [Samuelson, 1939]. For a cont inuous formula- 
tion of this model let y be the flow of national income at the time t] c, 
consumption; /, private investment; and governmental expenditun*. 
The Hansen eciuutions can be written 


(35) 


c ay - ay, 

I = P'c. 

y = I + c + g, 


with 0 < a ^ 1, and a', fi' positive 
We obtain, furtlier, 

oi'ii = ay - c, 

(3(5) 

fi'c = y - c - g, 

which, through the simple transformations 

a'T afi' g 

(37) / = — , ^ = --, y=Y + -^—, 

a a I — a 


aq 

c = C + --i~, 

1 — a 


where T is a new time unit, becomes 

aY = aY - C, 
fiC = Y - C. 


(38) 


** Samufilson’s fDrmulfitioii is ilisronlinuous ISsiinucisori, 1030, p. 70). It must bo 
nunarkod that Sainuclsoirs formulation, and thcrofoiv (35), <I(h?s not rovoal the 
sourco if [Samuolson, I03!t, Tal)I«» I|. A rniMlol in wliioh g is Iroalod in a inoro 
explicit way would constiLuto a botlor analytioal tool. The inoidonco of tax shifts 
aro (ym.sidiTod in th(! concluding part of this cluiplor. 
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This is a linear dynamic model of type (il/), the characteristic ecpia- 
tion being 

(39) + (« — «i8)X -f- I - « = 0. 


Linder the assumption that a ^ I, the seliifion of (38) depends on 
the position of (a, /3) with n^spect to the curve (Figure 5) 


( 10 ) 


ig 

(i +ti/ 



The shapes of the isodromes are represented in Figure 6 according 
to I lie region where (a, 0) lies. The result can be summarized as 
follows: 


Hegion 

.Stability * 

A 

Perfect 

A n Bi 

Perfect. 

Hi 

l^•rfl*ct 

Hi n Hi 

Fiistabh* tcyelic) 

Hz 

rn.st.*ible 

Hz n C 

Partially stable 

C 

Partially stable 


* Stability i« oonsi»lcriMl hrn* in Samuclsnn's si'iist* (i.c., sljibility is iHTfort whoa 
any (lisplaccincnt, although .shifting the sy.stoni to anoiln'r isodroinc, will not chango 
llu‘ limit toward whirh the systian triuls). This limit may bt* rogardi’d as a possibh* 
static solution. The term ‘•partially stable" n*fers to the ease wh(*re the .system will 
tend toward the same limit only h)r .some tnot all) Unite displacements [hamuelsi-n, 
1947, p. 2()21. 

Cf. Samuelson 11939, ]). 7S|. The regions eonsidereil here differ somewhat from 
those useil by Samiielson. 
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(A) (AOBJ 



If we now assume that, soon aft(»r income reaches its maximum (i.e., 
y = 0), the propensity to consume, «, in(;r(»ases [Duesenberry, 1918; 
Modigliani, 1949], or /3, “the relation,” decreases, or both these things 
happen simultaneously, there will be a turning point at which a relaxa- 
tion phenomenon will take place. As an illustration, let us assume that 
only I3 decreases from /3 = 1 to a point in /i|. I'lie system will b<‘come 
a contracting one instead of a cyclic om*. If we assume still further 
that, as the consumption-income ratio reaches a cculain Icwel, tlu^ value 
of P will recover its former value, the sysUun will follow a cobweb path 
which will lead, generally but not necessarily, to a contraction toward 
the origin. 

Finally , another illustration of the usefulness of the analysis based on 
isodromes is given by the (piestion whether a fiscal policy aimed at 
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Fuipkb 7 

(lofirpftsing oonsiimpfion and inpivasing invostnicnt pould definitively enre 
a system liaving a tendency to consume all its income, 'i'he answer is 
easily obtained by inspecting the shape of the isiKlromos in Figure 7. 
11 the assumiitions underlying the mwlcl and also those regarding the 
invanability of « and p under changing fiscal iiolicies are accepted it 
IS seen that in the case of and li, D C on,« shift through taxation m’av 
be sutfieient definitively to cure the tendency of the system towan’j 
dismvesting. In all other cases the tax must be applied periodically. 
I'ui-thermoiv, in order to insure the shifting of the system to a “higher” 
isekhome by means of only a small fax, the tax must 1 h' apjilied imme- 
diately before the income reaches its maximum (i.e., lieforc the isodromes 
reach the straight line «]’ - C = 0). 


Chapter VI 


USES OF LEON'rii:E^S OPEN INPUT-OUTPUT MODELS' 
Py Haht/AN M. Smith 

It is the purpose of this ehaptcr to explain Iieonli('f^s open input- 
output niotlels, to discuss some of their uses iind limitations, and to suj;- 
j^est an alternative model. 

1. Thk Kask^ Notion of an Ixput-Output Model 

The economy of a country may l)c divided into any d(‘sired number of 
s(*ctors, call(Ml industries, c*a(*h eonsistinj; of firms producing; a similar 
but not necessarily homojiieneous product. Each industry reijuires cer- 
tain inputs in order to produ(*e a unit of its own jiroduct, and sells its 
prodiKft to other industries to meet their inj^redient reijiiirements. One 
“industry^^ is households, which furnishes its product (services) to oth(*r 
industries in return for consumer goods (household inputs). CJovern- 
m(*nt may be treate<l as an industry which inak(»s payments to other 
sectors of the economy in l eturii for goods or services and which provides 
services (its product) the laists of which an* met principally l)y tax l(*vies 
on the (jth(*r sectors of the economy. Foreign trade is treated as an 
industry whose inputs are exports and whose product is imports. In- 
vestment is treated, not as a separaU> industry, but as a portion of the 
inputs of the several industries. 

The transfers of products among the various S(*ctore of the economy 
can be shown in a table which can be read I)oth vertically and hori- 
zontally. Read horizontally, each row shows the disposal of an indus- 
try’s total product for the given year among other sectors of the eco- 
nomy. Read vertically, each column shows the total inputs used by 
an industry in th(* given year in production and inv(*stment. lApia- 
tions (1) represent in generalized form the distributiim of each industry’s 
product: 

‘ I am to Professors Tjiilling C. Koopmuns and Paul A. Samuelson for 

helpful sUKKeslioiis in tin* pnjparation of this ehapter. 
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Xi — X21 — 2:31 Xi\ Xn\ = 0 


— 0:12 + X 2 

— Xi\2 

-- Xi2 -• 

i 

II 

0 

^li X2i 

- X'Ai - • 

■■+Xi -■ 

^ni = 0 

^In X2n 

- J3n “ * 

* • Xin ■ 

=0 


The large AT’s stand for the total physical outputs of the industries, in 
units of a dollar\s worth of each product in .some base year. Each 
small X indicatc.s the (piantity of a product, denoted by the second sub- 
script, used by the industry, denoted by the first sul)sciipt. 

The relationships between the amounts of various products consumed 
by each industry and the total output of the industry may be represented 
by a set of input coeflicients. 

If we assume the input coeflicients to l)e technologically fixed, the eco- 
nomic* system may be represented by the following set of linear homo- 
geneous eciuations: 


A'l 

- n-iiXi 

1 

1 

- anXi-- 

OmiA n = 0 

— Oi2A'i 

4- 

- ihiX:i ~ ■ 

- a,2.Yi-- 

i 

ii 

0 

(2) ■ ■ ■„ 
“flit A 1 

— 02i^2 

- (laXi - ■ 

* * + A — • 

a„iX„ = 0 

1 

— Uo/iAo 

■ 

(ii„Xi - • 

••+ .Y„ = 0, 


'rhis system of n eciuations in n unknowns will have a nontrivial solu- 
tion only if its determinant, D, vanishes. In that case we can solve 
for the relative values of the variables uniiiuely if not all the minors of 
D vanish. Specification of the absolute level of any element of the 
ecpiations then determines the ahsnlate level of all the variables. A more 
complicated closed system has been developed by Wassily Leonlicf 
[1911] to represent the American economy. 

2. Open AroDEL-s and the Ooxc’Err ok Final Demand 

In the above wc* dealt with a closed system which had no exogenous 
variables. We now examine what may be called open tmulela in which 
certain of the variables are treated as determined outside the models 
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(i.e., certain variables arc determined independently of the relationships 
which define the models and are taken as given so far as the models are 
concerned). 

In two articles [1944, 1946a], Leontief asks what quantity of output 
and employment in each industry is associated with (and necessary for) 
the production of a given bill of goods, called final detnaml. Final 
demand is, in one case, a given quantity of household purchases of 
various products. If households are represented in equations (1) by the 
subscript n, the last term on the left side of each of these eciuations is 
transferred to the right side and treated as a constant or fixed bill of 
goods for the production of which certain outputs of other industries 
are required. In system (2), the last cciuatiou is deleted, and the last 
term on the left side of c»ach remaining ecpiation is replaced by a constant 
on the right side; thus an open motlel is obtained. The eijuation 
system so obtained is 


X\ — 021X2 — 

^31X3 



<*12X1 + X"’2 — 

^32X3 

1 

1 

• a,„2\tn ~ •rn2 

— aiiA'i — «2iX"2 ■“ 



••+ Xi-- 

’ ~ Xfii 

CtliuXl (l2m^2 ““ 

^3^X3 • 

• * o,i„iXi • • 

* A" X,,i — Xfinif 


where m is short for — 1. 

If we do not restrict the choice of the bill of goods (xai, * * * , ^nm)^ 
this system can be solved only if the new determinant, of its 
coefficients in the left-hand member does not vanish. The solution for 
A'l, • • • , Xm is then as follows: 

Xi = +^13-r«3 H f“ h-^llwOiw 

X2 = A2lXnl + -^l22^n2 + H f" H h ^2mXnni 

X2 = + A:j2J’rt2 + H h H h A’s„iXnm 

( 3 ) 

Xi = + Ai2:rn2 +Ai3Jh 3 H h A,-,a'ni H hAiM.rrt,H 


A|/ji.r,ij ^m2'^n2 ”1“ ^miXni “I” * * ' “1“ ^mmXnm* 

The dependence of output and employment on the final demand in 
each industry is now apparent, llie term Ai 2 X „2 represents that part 
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of industry Ts output which is due to the final demand for Xni units of 
commodity 2. This magnitude is based on the technical input coeffi- 
cients of all the industries except households. 

Also, cmjiloyment by industries can be obtained by applying the ap- 
propriate (labor) input coefficients to the expressions for total outputs 
given in (3). Thus employment in industry 1 depends on the items in 
the bill of goods as follows: 


3^1 n — — fll/iAiiJni H- a\n^\i 2 X „2 + * * * + dUiAim^nm* 

Employment in industry 2 is related to items in the bill of goods similarly : 

X2n = fl2n^2 = 0,2n^^2l^nl + «2rt-l22-^«2 + * * * + 

Total employment is the sum of such expressions for every industry; 
summing these exfiressions and collecting terms yields a coefficient for 
each elemcmt of final demand. For example, the total labor coefficient 
of is (ainA\i + ( 12 , 1^21 H h a,„nAm\)- This indicates the con- 

tribution to total employment per unit of commodity i entered in the 
final bill of goods, and hence Leontief calls this a total employment 
coefiicient; the direct employment lux^fficient for is in this case the 
first t(Tm in the parentheses. (For the ith consumption good the direct 
employment coefficient would be UmAu-) if the final demand for com- 
modity 1 is changed, the change in employment in industry 1 is given 
by application of the direct employment coefficient and the change in 
total employment by application of the total employment coefficient. 
Leontief has computed such coefficients on the basis of 1939 data, the 
economy being divided into ten industries, plus households (consump- 
tion data being the bill of goods), and labor input coefficients being 
bas(Ml on actual number of pei-sons employed rather than on value (i.e., 
wage) figures. 

Similarly Leontief investigates the output and employment in each 
industry dependent on foreign trade. In one model the bill of goods 
is (U)nstituted l)y total I ' . S. exports plus domestic investment plus house- 
hold consumption; in another model, household consumption is excluded 
from the given bill of goods and treated as a dependent variable along 
with the inputs and outputs of other industries; in a third model, the 
bill of goods consists of IL S. domestic and foreign investment (the latter 
being an export surplus of various prtKlucts). These mod(‘ls difTer from 
that dealing with final household demand alone in that different sets of 
ecjuations and hence different sets of input coefficients are discarded in 
making the computations after the selected inputs have been transferred 
to the right side of the eipiations and treaU'd as constants. 
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3. lilMITATTONS OF LeONTIKF’s MeTHOD 

Although thoro arc no limits to the number of models which might be 
constructed on the above lines, there are certain limitations to any such 
models. In any open models constnicted like those of Tjcontief, a reduc- 
tion of the bill of goods to zero reduces the outputs and employment of all 
industries to zero. This does not make very good sense. If, for exam- 
ple, domestic and foreign investment constituted the bill of goods, we 
would not expect their disappearance to reduce output and employment 
in all industries to zero. Leontief recognizes this shortcoming of his 
models and suggests that the use of a linear employment-consumption 
relationship results in a probable overstatement of the volume of em- 
ployment dependent on any given bill of goods [Leont i(*f, 194t)al. Tieon- 
tief could have corrected this defect by introducing a set of constant 
terms into the household input equations as follows: Xni = + A*,,,-. 

The statistical determination of these constants would be necessary, 
along with the determination of the input coetlicients; this would be a 
difficult task. 

The concept of fintd demand itself implies a certain limitation of the 
uses to which the al)ove type of open model may l)e put. Such a mocU'l 
cannot answer the question, “What is the total effect on output and 
employment in each and vvory industiy if some one industry makers a 
new investment for which it uses such-and-such (juantities of various 
products?^^ Suppose, for example, that industry I makes a certain in- 
vestment the effects of which we wish to investigate. This investment 
is in the form of an outlay for certain (piantities of products of other 
industries and comes in addition to th(^ outlays for ingredients recpiired 
for the production of current output of industry I with a giv(*n produc- 
tive process. Any manipulations of the input-output. modc4 which leave 
the input of industry 1 in the matrix will treat those inputs as entirely 
dependent on the output of industry 1 and thus prevent the introduction 
of an indepemhaitly determined amount of investment. In order to 
treat the outlay of that industry as an indepcaident variable, we may 
transfer the inputs of the industry to the bill of goods and drop the 
appropriate e(iuation from the system. When this is done, tlie chosen 
investment may be made by increases in various items in the bill of 
goods, and the efiects on the outputs of other industries may be com- 
puted. However, if the other industries use the product of industry I 
in their productive* processes, an increase in their outputs will entail 
greater current production by industry 1 in order to meet tlieir factor 
requirements. Ihit, by placing the inputs of industry 1 in the bill of 
goods, th(*ir magnitude was fixed; industry 1 is “not allowed'^ to increase 
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its inputs further in order to increase its output. If we repeat the proc- 
ess and insert the newly reejuired inputs as anotlier “independent” in- 
crease in the bill of goods, this raisers the same problem again when its 
effects are computed. 

The results on other industries of the new investment by industry 1, 
as given by an open model with the inputs of industry 1 in the bill of 
goods, may be interpreted in eitluT of two ways. We may say that 
the model excludes the “fccd-l)ack” effects (i.o., the repercussions wliich 
flow from the fact that the expansion of the systc^m requires an increase 
in the output of industry I and hence a further increase in its inputs). 
The full effect could Ix^ obtained from th(> model only if the correct 
final in|)ut totals of industry 1 wem placed in the bill of goods, but these 
totals are not known in advance merely from the size of the investment 
to be made. 

An alternative interf)retation may be given the results of the model. 
It may be assumc'd that the increased use of the product of industry 1 
by other industries is made possible either by drawing upon inventories 
of the product or by the usc^ of some inputs by industry I for current 
production instea<l of for the intended investment purposes. In such 
cases, however, the computed employment coefficients do not measure 
the effect of an invest imuit of a prescribe<l magnitude since the initial 
(or intended) investment is olfset by disinvestment (or failure to invest) 
to an ext(ait unknown and depeiakmt on the magnitude of the feed- 
back efff'cts. Th(‘ model gives the total effect of a net investnuait 
smaller than that which we wished to introduce, and relates that effect 
to the bill of goods magnitudes, which magnitu(i(*s must be taken to 
include the feed-back effects on industry 1 of a lesser initial investment 
by the industry. 

In the open modc'l which places the in])uts of an investing industry 
in the bill of goods in order to compute the effects of investment by 
that industry, tluMi, we must interpret thc» coefficients which relate 
items in the bill of goods to output or employment in the several indus- 
tries as (Mth(»r ruling out the circular effect on the investing industry or 
as relating part of the linal effect to all of it. Owing to the element of 
circularity, the mod(*l cannot tcdl us the relationship between stane initial 
stimulus and its linal ('fleet, for a further addition to the inputs ol the 
iiUTsting industry, con.s('(|uent upon the ivsponse of oth(*r industries to 
the invi^stnu'iit purchase's, must its('lf have turther ('iUvts on the supply- 
ing industries. This fact limits the useluliK'ss ot the open models we 
have discussed; they show only the outputs of various industries asso 
ciatt'd with a given total (luantity of inputs (or total increase? in inputs) 
in the bill of goods. 
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The concept of final demand is appropriate, however, to a different 
type of imiuiry. We may ask, for example, “What will he the pattern 
of production and employment associated with any given volume of 
exports or of household consumption of each product?” Leontief\s open 
models arc designed to answer this type of (piestion. 

The different open models discussed by Leontief, and the alternative 
models of the same type which could be constructed, do not, however, 
yield identii^al scits of coefficients showing the rclati()nshi[)s between out- 
put or employment in the various industries and the final demand for 
each product. The different construction of the several open models 
(i.c., the transference to the bill of goods of the inputs of different indus- 
tries and the elimination of dilTeixuit equations and sets of input coi'ffi- 
cients) necessarily results in different relationships between a unit of 
final demand and the output of any industry. Thus, when Leontief 
investigated the employment associatinl with a given housc'hold demand, 
household inputs were placed in the bill of goods and the housc'hold 
equation was droj)ped from the sysU'm; when the effects of exports weri^ 
being investigated, exports were placed in the bill of goods and the 
foreign trade eijuation was dropped. Rut there is no reason why an 
increase of a unit in final demand for some product should reejuire 
different amounts of employment in various industries depending on 
whether that unit of some pnxluct was exported or was obtained by 
households, by investors in one indu.stry or in anoth(*r, or by g()vernm('nt. 

The techni(|ue of producing the product is the same in any case, so 
the problem could be reganled as one of investigating the effects of an 
increase in output of some product without regard to the industry 
classification of the purchasers of that additional output. Which open 
model of Leontief’s, or of the .same type, gives the answiT, then, to tlu* 
(luestion, “IIow much employment in each industry is associated with 
a specified increase in the total output of some product?”? Strictly 
speaking, none of the models aaswers the (luestion in just tliis form. 
lOatrh model tells only how much added employment in each industry is 
associated with a given final increase in consumption of a product by 
the sectors of the economy whose inputs constitute the bill of goods of 
that particular model. Kach sucli result is based on tlu? assumi)tions 
which determine uniciuely the structure of each model. These are as- 
sumptions concerning which industries produce under conditions of fixed 
input coefficients and concerning the absolute input (piantities of the 
remainder of the economy, the bill of goods containing in each case th(? 
inputs of the industry for which the effects of increased outlays arci being 
investigated. Structural steel for a bridge might be used, for example, 
by the railroads for a railway bridge, by the goviTnment for a highway 
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bridge, or might be ex[)()rtod for construction of a bridge in a foreign 
country. The employment nHpiirod in the various industries to produce 
the steel d(x^s not really (h'pend on which of these three dispositions is 
made of the steel. Hut the input-output m()rl(‘ls will give three dillerent 
answers as to the employment effect, for, in the one case, the bill of 
goods would contain all railroad imlustry inputs; in another, the govern- 
ment inputs; and in the third, exports; and different e(iuations would 
be dropped from the system in making the computations in these* three 
(!as(\s. This makes the relationship betweem tlw* inen^ase in the total 
output of a commodity and the associalcMl increases in employments in 
the various industries d(*pend on tlie industry classification of the coii- 
sum(‘r of the additional output of the commodity in (luestion. Thus, 
even for the type of (piestion whi(‘h the oj)(*n mod(‘ls discussed have l)(*en 
designed to answer, they give answ(*rs wliose interpi(*tation is severely 
r(*sti*ictive. 

The prol)l(;ms of circularity and of the interpretation of the results 
given by different input-output mcnlels are esscaitially problems that 
were noted in discussions of the theoiy of the multiplier. Each of the* 
models discussed above makes different assumptions about induc(*(l 
eff(*cts,“ and consecjiuaitly a different result follows, for a different 
formula is involved in tlu* computations. Just as each change in the 
detinition of the multiplicand re(juires the use of a dilTerent multiplier, 
so a chang(‘ in the delinition of the bill of goods reijuires a different set 
of employment coefficients to relate items in the bill of goods to total 
employment in the various industries. However, if what we want to 
know is the total effect of a given autonomous change in outlays for a 
(•(‘rtain product by any seetta* of the economy, then a formula or coefti- 
ci(*nt which rules out certain induced eff*e(‘ts is not us(‘ful for the purpose, 
(‘ven if accurately computed cm the* basis of its own assumptions. It is 
ill the cat(*gory of what Samuelson has called a “pj^eudo-multiplier^^ 
[Samuelson, 10 IS]. 

4. A\ AuToxoMors-ExPENDiTriiE Model 

The following open input-output model can lie used to escape the 
limitations of the mod(»ls discussi'd thus far. It is characterizcnl chiefly 
l)y a bill of goods in which all autonomous exponditiires are placed. 
In order to admit the circular effect explaiiu'd above and to get. coetfi- 
cients, not varying with the industry classilication ot the spending unit, 

® Changes in Ihe inputs of aii iiuhistry clue to elianges in the imlustry s output :in‘ 
imliieeil c*h!ingc‘s; i*xi-lucling ilitTerent eciiwtions from the matrix in ditYrnait models 
is a C'lnuigc* of assumptions ri‘g:irding iiuliieed eltects. 
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which relate a given additional input to the total consequent increase 
in employment in every industry, it is necessiiry to includes every indus- 
try and its input co(»ffici('nts in the matrix used for the (^omi)utations. 
However, if the input coefficients of the closed model arc used, no indus- 
try can increase? its inv(*stment inpufs relative l.o its output, ami an 
attempt on its part to do so must lead to an infinite rise in all variables 
of the model. A bill of goods including all autonomous ex|)endi lures 
cannot be added to the closed model except by an a|)pro|)riate adjustment 
of the input coefficients.^ 

If the bill of goods is to represent autonomous expenditures (inputs) 
by any and all industries, adjusted input coefficients may be obtaiiKMl 
by classifying the inputs of the has(^ period by whether tht‘y were or 
were not dependent on and required for the production of the (Mir?(*nt 
outputs of the industries using them (i.e., by wlu'ther inputs represented 
necessiiry or autonomous expenditures). The latter may be pliicc'd in 
the bill of goods and the former used to compute input cocdlicienis. 
However, it is very difficult to make this distinction between autonomous 
and induced inputs in stiitistical data. If one is interi'sted in preilicting 
the effe(!ts of future changes in certain inputs, th(‘ clata of sona* b.*is(* 
period are at best a guide to the choice of appropriiite input co(‘IIici<*nls 
for the model. It may be possible, th(‘r(»for(‘, to use supph'UK'nlary 
information, such as technological data on input rcHiuinMnents, in 
estimating the input coefficients applicable to the situation being 
studied. 

There are two industries, in addition to housc'liolds, which were dis- 
cussed al)ovc, that are not restricted to the same degr(‘e as other indus- 
tries by technological factors in the relationshi|)s betw(*(*n their tj)ljd 
receipts and their specific outlays. These* induslri(*s are gove'rnrnenl 
and foreign trade; their inputs may be treated as autononn)us if so 
desired. (Jovernment expenditun?s per dollar of total receipts may be 
rather freely varied by l(*gislative bexlies. This provieles an argumi*nt 
for excluding government input-output ratios from the? model and for 
placing government inputs in the bill of goods as autonoimais. Howeve*r, 
some government expenditur(*s may be “automatically’' incn*as(‘d under 
a given set of laws as governm(»nt. receipts rise* or fall. For (*xani|)h*, 
unemployment insuram^e payments may incn*as(' as tax receipts fall. 
Expenditures which vary with government r(*c(*i|)ts may be treat(*d as 
induced by dividing the government inputs into aubmomous and in- 
duced parts and inserting into the matrix the input co(dlicients applicable? 
to the latter part. 


“The iniitlii'iiiaticjil rejison for this stiitenw‘nt lirs in the vanishing of I) in (2). 
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Increased imports may not call for immediate increases in exports 
and in any casii may he paid for ])y equivalent exports of products in 
any proportions. The justification, if any, for using a particular set 
of input coellicients for foreign trade, instead of placing exports in the 
hill of goods, must he that the cf)effieients indii*ato tlic likely incTeases 
in ex])orts induced l)y an increase in imports. 

Since some investment may bo induced rather than autonomous, in- 
vestment inputs, by all industries, should divided bctwi^en induced 
and autonomous investment, with the former coveued by the input 
co(‘fiicients and the latter in the bill of gotxls. The liill of goods of this 
model should th(;n consist of all autonomous expenditures and the 
minimum household consumption of the various products. The model 
so obtained would again be described by (‘quations (2a), but the inter- 
pretation of the ((uantiti('S o(;curring in the right-hand members (bill of 
goods) is changed as indicated. 

A model constructed in this fa.shion may be said to provide a means of 
breaking down an aggregate multiplier into specific multipliers, each of 
wliich indicates the total effect on output or employment in a specific 
industry of a given autonomous expenditun^ on (i.e., increased input of) 
a specific product. The breakdown is made on the assumptions of 
fixed input coef[ici(*nls and uneinploynient, but the results are invariant 
with respect to tlu* industry classifications of the spending unit. 
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ABSTRACT OF A THI^OUKM CONCERNING 
SUBSTITUTABILITY IN 0P1‘:N LIOONTHa^' MODELS 

By Paul A. Samuelson 

Lcontirf [1911, lO lOa] assumes that total produel ion of each of n out- 
puts, Ji, • • • , Xn^ is <livided up into final outpuls, Ci, • • • , and into 
inputs usc'd to help produce (with labor) all the inputs. Hence, for all /, 

n 

Xi = Ci Xji “ Ij 2, ■ • • j u). 

j -i 

Labor, the (a — l)tli ^ood, can be thouKht of as tlu' soh* “primary 
factor” or “non[)r()duced j<oo<l,” and its f^iven total is allocat(*d amoiif^ 
all the different industries as follows: 

n 

Xn \ 1 “ 0 “h « f !• 

J-i 

Note that joint products arc ruled «)ut, so the .ry/s are functionally 
independent. 

Since Lconticf works with so-called “lixed” coellicieiits of production, 
it is usually thought that he must try to ui)proximate ix'ality by a produc- 



I’KaJKK l;i— lUjUMl oul- 
put curves for j* wilti fixed 
coefficients. 


FuarjdO Ih -CJeneral 
equal out put. curves 
h)r Xk. 


tion binction of tlio form sliown in Figure la, rather than of the more 
gtmeral form admitting of sub.stitution as shown in Figun? Ib. Actually, 
all his tlieory in its pres(mt form is (;omf)atible with the mor(; gtmcral 

M3 
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case of substitutability. With labor the only primary factor, all (irnir- 
able substilutionfi have alrcn^ly hvni math by the comptiiiivc worhi, and no 
variation in th(? composition of final output or in the total (|uantity of 
labor will j;ivo rise to prir‘e chaiif^e or substitution. Only the circled 
points in Figure lb will ever be obs(‘rve<l. 'FIk* following discussion 
shows that this is a property of the eflicioiKy frontier always reached 
under competition. 

1. Let each good be subject to a production function, homogeneous 
of the first order, 

/i\ fW \ r 

(1) Xi r t(.rii> Xf2j * ■ * ) Xi,n i-i) ,• 

m m 

Our equilibrium re(|uires that any (", such as Tj, be at a maximum subject 
to fixed valiK's of total labor, Xn \ iy ami all other C’s; that is, 

r; 

= FlO'll, • • • , l-l) ‘0l 

j~\ 

is to be a maximum subject to 

n 

(2) b ill * * * 1 n |-l) X) ~ ~ ’ ’ ’ > ^0» 

n 

0 Xj. n f- 1 

} -.1 

where F„.|i, the amount of labor produced, can be set equal to zero. 
\V(' have the n{n + 0 \ ariables of the form j*,; to d(*termine. We as- 
sume that with a finite amount of labor some finite (iiiantity of each 
gt)od is producible. 

2. Recausc^ of homogeneity or constant returns to scale, the coefficients 
of ])roduction, (Uj = Xij.’xi, are not constants but are connected by a 
relation of the form F,(u/i, <//•>, * * * » = L Lxcept for scale, this 
is shown in Figure lb. X(*vertlM*l('ss, the lollowing remarkable theoiem 
holds; 

"riiKOHKM*. Krqordlcss of ihv ns,V(itinl rnhics of (. i 

the oplimtil corfirirntH of pmludion will always assume the same mistaut 
values^ and the resulting priHluction-possd)dity schedule for society wdl be. 
of the simple linear form 

/v,C| + K^Ci H i- == 

where the K\'S are constants independent of the C s and x,, m- It 
true that relative priees of the form Pi'Pj will be similar constants. 
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Proof: Form the Lafyningian expression 

(3) X,c, + X2(f 2 - i Tj., - Ca) + UF^ - E XJ, -C,)+---, 

J-I j=\ 

and (lilTer(»ntialo it Avith respect to each xjk, treating the X’s as undeter- 
mined inullipliers with Xi = 1. This gives us 

(4) X, - Xj = 0 (i = 1, 2, • • • , n; i = 1, 2, • • • , n + 1). 

dXij 

We can eliminate the X’s to get the ecpiations 

dF\ dF\ dFi dFi {i = 2, • • • , n; 

(5) - - 1, ----- =0 

dxuOXij dxij j = I, 2, • • • , + I). 

There arc, by (5), 1 + ('i — l)(w + 1) equations to determine our 
n{n + 1) variables Xij. Their economic significance in terms of prices 
or eciuivalcnt marginal rates of substitution is easily expressed. TIhj 
missing n equations are sup])lied by the specified (Vs and It may 

be added that, if we admitted the cas(‘ of joint production, this simpler 
elimination of the X’s would not be possible. 

Since eadi of the F-functions is homogeneous of order one, each of our 
partial derivatives must be homogeneous of order z(‘ro (i.e., tla^ (eco- 
nomic assumption of constant returns to scale implies that all marginal 
productiviti('S depend (jn the proportions of the inputs alone). Hence 
the set of equations in (5) may be written so that inst('ad of their involv- 
ing (?i^ 4- n) Xi/n they involve only the nr proportions of inputs of the 
form hij = Xjj/xi, n+i, where i and j now range only from 1 to n. 

E(pialion (5) (Ivtcroiinrs all the proportions, hjj, imlvpvmU nthj oj the C's 
and Xfi f-i. With proportions always being invariant, it follows that w(^ 
observe only one invariant set of “coefficients of production,’^ (i{j, and 
the remaining asstu-tions of the theorem are clearly implied.- 

3. All the above is valid on the assumption that the partial derivatives 
of equations (5) exist everywhere and define a unicpie int('rior solution to 

* Because of (hi* necessary norivi'xity of (hi* F\ each of wlio.se IT(\s.sian is n*(|uireil 
to be negative semidi'finite, these* ne(?es.sary first order equations for a maxiinuni 
are also sutliei(*nt. If .stinie jt,/ d(X*.s not ap|x*ar at all in Fi, then wi* drop the; corn;- 
sponding equation in (4), replacing it by Xij — 0 . \Vi; also make obvious modifica- 
tions in f.5). If a good us(*.s no labor, we must modify our u.se of h'n in a .simple and 
ine.ssen(ial fH.shinn. 

* I have a.ssumed that the pric(; ratios an.* (he .same thing as (marginal) (;o.st ratio.s, 
as ind(‘ed th(*y will be if somi'thing of both goiwts in (pie.stion is being produced. 
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(5). In the usual problems of lim^ar programming, where only a finite 
number of activities are considered, the functions have corners at which 
the partial derivatives arc undefined, and the optimum solution is de- 
fined by boundary ine(|ualities rather than interior eciualities of the 
partial derivatives. Also, we must consider the possibility that more 
than one set of values satisfy ccpiations (5). 

Nonetheless, the theorem r(*mains true; a change in the bill of goods, 
C\, ••• , C„, cannot make substitution profitable, and the frontier of 
efficiency points remains linear. A skcbJi of a brief but rigorous proof 
is as follows: ® 

First, wo accept the easily proved fact that the efficiency frontier de- 
fined by our maximum problem must be a convex set in conseepamee of 
our strong homog(‘n(*it.y assumptions. \Vc then show that through any 
efficient point there passc‘s a linear hyperplane of feasibk* points. It 
must follow that the fiontier locus is itst'lf a lin(»ar hyiierplane, for, 
if it anywh(M’(» had a corner or a curved surface*, it would be impossible 
for us to find a hyp(*rplane of feasible points going on all sides of the 
efficient point in (luestion. 

The only probk'in is to show that through any efficient [loint, (Ci\ 
('!!, • • • ) ^ hyperplane of feasible points, 

n 

23 - C!) = 

1 

for some? constant «’s. Suppose that then* really were absolute con- 
stant u/)’s. Then it is a well-kiu)wn property of Leonti(*f systems 
ILcontief, 1941, 194(5a] that the bill of goods is constrained to follow a 
lim*ar hyperplaiu* by the equations 

n 

Ci = J’l 23 ; (^ ” 1> ' ' * > 

I ;« + 1 ^3 

Consiller now an actual etficient point (('?* C?* *** > f'll* being 
produced in the g(*neral case of Figure lb by (.r”). Ihese (iuantiti(*s 
implicitly ileline a set Although it may not be obvious that it is 

efficient to stick to these* fixed ciK'flicients, tin* result will certainly be 
fcuHiblv. Hence there does exist a set ot teasii)le points along a hyper- 
plane through (C‘\ /llfi), and the theorem follows. 

® I Ix'lu'vi* this afguiui'iit is c'lesi'ly rohitiul to the luori* chiboiato argunK’nt ol 
Koopmans IVlll). 
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Less heiiristically, we (?aii easily show that 

n 

0 i — * * ') ^ki^ky 

n 

"^k, u f l^ky 
I 

define, because of the homogeneity property of th(^ F,-, linear parametric 
equations in terms of the for all the i's equal to one we get (C‘/, • • • , 
C'ny •t*n+i)» ^11(1 for all iioarby l*s we get feasible points on a linear hyper- 
plane. 
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ALTERNATIVE PROOF OF THE SUBSTITUTION THEOREM 
FOR LEONTIEF MODELS IN THE CASE OF 
THRIVE INDUSTRIES 

By Tjallixg C. Koopmaxs ^ 

In tho promling chapter [VIl] Samiiclson arrives at an important 
th(H)rcm which shows that Leontiof’s model of interindustry relation- 
ships has a greater generality than a literal reading of its assumptions 
suggests. In this theorem it is assumed that 

(a) each industry produces only one commodity, and 

(b) each industry consumes, l^esides the commodities produced by 
other industi ies, only one scarce primary factor (labor), and that factor 
is the same for all industries. 

Assuming, further, constant returns to scale in each industiy, Samuel- 
son finds that, even it each industry has a choice of many alternative 
])rocesses for the production of its commodity, it is compatible with 
efficiency of production as a whole that each industiy uses only one of 
the processes available to it, and this same process can be used regard- 
less of the commodity composition of the net output of all industries 
taken together and regardless of the amount of labor available. 

In this chapter a proof of this theorem is given which does not require 
that the alternative proc(‘sses available to each industry can be sub- 
sumed in a production function poss(»ssing derivatives. We shall merely 
assume that the (finite or infinite number of) jirocesses between which 
choice can be made by each industiy have the properties associated in 
another chapter [III] with the notion of an activity: 

(c) all inputs and outputs of a process can be multiplied by a non- 
negative scale factor (divisibility) j and 

(d) net outputs of dilTereiit processi's available to an industry can be 
added together to make a new available process (additivity). 

Assumptions (c) anil (d) are also maile by Leontief for the (unique) 
processes characterizing the several industries. Assumption (c) is im- 

* I am indobtod to K. J. Arrow aiul I.. Ilunvicz for valiiablr comments rogardiriK 
Ibis rhapter. 
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plied in Samuelson\s assumption of homogeneous production functions 
(constant returns to scale), but his counterpart of (d) is the more restric- 
tive assumption of dilTerentiablc production functions. 

We shall explicitly use two further assumptions: 

(c) it is possible for each industiy to seh^^t a process from among those 
available to it, and a scalar level of its operation, such that the total 
net output of all industries is positive for each commodity (except, of 
course, labor), and 

(f) the net output vectors of the alternative processes available to any 
one industry with a given labor input form a closed and bounded set in 
the commodity spa(;e. 

Assumptions (a), (b), (c), and (d) have no economic meaning as a 
model of production unless Assumption (e) is satisfied, and Assumption 
(e) is implied in Lcontief^s model and in Samuelson^s discussion of it. 
An explicit criterion for its validity has been given by Hawkins and 
Simon [1919] for the present model. In Chapter 111, yeclion 3.0, the 
same criterion, Postulate C|, is ex[)lore(l for a more' g('n('i-al mod('I. 
Arrow has proved [IX, Section 3] that a slightly weaker assumption. 
Postulate C2 of Chapter 1 1 1, S(‘ction 3.6, t«)gother with a further assump- 
tion excluding certain degenerate types of technology matri(?es, implies 
Assumption (e). 

Assumption (f) is sufficnent but not necessary for the validity of the 
theorem. A refinement of this assumption is also given by Arrow [IXj. 

In the pre.sent chapter only the case of three industries will be con- 
sidered. The proof gi\'(»n here is generalized by Arrow in tlu' n(‘xt 
chapter to n industries. It appears in that generalization that, the 
“visual” elements, intentionally employed in the i)resent proof because 
they aid intuitive understanding, are not essential to the mathemalical 
argument. We now formulate in mathematical terms the t!uM)r(*m to be 
proved. 

Theorem : Ld there be three dosed and bounded convex sc/.s, Nj, 
of pomlSy y = (7/1, 7/2, 2/3), three-dimensional spare with the followiny 
properties: 

if 0(1) = (oii, 02x1 03i)€aSi, then an > 0 , 021 ^ 0 , a;u ^ 0 , 

(I) if <^{ 2 ) — (tti2> 022, O32) ^*^2, then a 2 \ ^ 0, 022 > 9, 032 ^ 9, 

if ®(3) = {(^x’.ij tt2:h ^33) f^sx ^ 9, 032 ^ 9, O33 > 9. 

2 1 an; indebted to Saunders MaeLane for valuables discussions concerning tins 
theorem. 
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Let there ertst three points^ a^i) t S\, a^ 2 ) e S 2 , a^) c S 3 , and tiiree scalar 
weights, zi, X 2 , X 3 , such that 


( 2 ) 

and 


y'l = a'na:'j + ( 1 ^ 2 X 3 + a'lsTa > 0, 

Vi = fh\Xl + a- 22 T '2 + ( 1 . 23 X 3 > 0, 

[J/3 = <*31^1 + a32-*'2 + <*33^3 > 0, 


(3) I = a-'i + + X 3 , a-'i ^0, 4 S 0, X 3 ^ 0. 


Denote by T the set of tiiose points y of the convex hull S (as defined below) 
of (S'), S 2 , and which (u) belong to the. closed positive octant P defined by 

0 ) Vl ^ 0 , 7J2^ 0 , 2/3 ^ 0 , 


and (b) are such that no different point, y* ^ (y*, y*, y*), exists in ^ 
which satisfies 


( 5 ) 


y* ^ 2 / 1 , y* ^ y2, v* ^ vs- 


Then T is a plane triangle with one vertex on each of the positive coordinate 
axes, and such that (dl its points y can be obtained through linear combina- 
tion 


(6) 


2/1 = al'iJ-) + ar2j-2 + 0I3/3, 

2/2 = 02i^'i + + “2^3, 

2/3 = ns'l-T) + a;«J2 4- 033^3, 


of the same three points 

/'-\ " LI " Cf 

\0 ^(1) 0(3) 

iritli scalar weights, .v\, Xoy -^3, satisfying 

(8) 1 = j'a, + -Tat •J'l = 0, X 2 = ^3 = 0. 

The interpretation of this theorem is as follows. The three sets, 
S\, S^y *83, incorporate tlie alternative modes of production available 
to each industiy at a labor input ((ptal to unity. The coordinates ttn, 
«2i, 031 of a “point” 0(n specify the positive output (an) of com- 
modity “I” and the nonnesative inputs (-aoi, -a^i) of commodities 
“2” and “3” arising from the choice of the process a(i). The sign 
restrictions in (1) are imi)osed to satisfy Assumptions (a) and (b). Ihe 
sets /S’l, No, *83 are made convex to satisfy Assumptions (c) and (d), 
bounded to satisfy Assumption (f), and closed because productive pror - 

® Since no transposition sij;ns an* nmlcd in this cliaplor, the symbols ' and are 
usi'd to denote difTenmt points. 
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esses cannot be measured with the absolute accuracy needed to give 
meaning to the distinction between closed and not closed sets, whereas 
without the assumption of closedness the theorem would not be valid. 
The existence of a solution of (2) expresses Assumption (e). 

The convex hull S of <Si, iS2, is the s(^t of all points (z/i, 7/2» Vn) such 
that r , , 

iji = aiiOTi + ai 2 :r 2 + 013X3, 

( 9 ) 2/2 = ^ 21^1 + (^22^2 + 0233:31 

2/3 = 031X1 + 032X2 + O33X3, 

for some choice of processes, one for eacli industry,^ 


(10) 0(1) € Si, 0(2)€*S2, 0(3) 6 <^3, 

and some set of levels of operation xi, X2. 3*3 satisfying (8) so as to absorb 
all available labor. Since we assume no net inflow of any commodity 
except labor, the attainable ^ point set is the intersecition S of S and P. 
The theorem concentrates on the set T of efficient * points ?/ of N, i.(\, 
those points that cannot be improved upon, in the sense of (5), by any 
other attainable point y*. The theorem says that this sf»t T is a 
plane triangle, and that all its points can be obtained as combinations 
of the same three processes, a[J), 0(2), aJJ), one for each industiy. 

We proceed to the proof of the theorem. The point y' defined by (2) 
is a point of 5. Now consider the point y" = X"y', where X" is the 
algebraically largest value of X for which 

(11) Xy' = (Xy'i, Xyi, \y\) 


is contained in S. (X" is finite liecause *9, as the convex hull of bounded 
sets, is itself bounded.) Then y" is on the boundary of S and can be 
made to satisfy 

\yi = + a, >2' + 013-^3' > 0, 


( 12 ) 

where 

(13) 


// H n , ft M . ff ft ^ n. 

Vl = «213-1 + a223’2 + > 0, 

Vli — + 0.32^2 + > 0, 

// « C? ^ ^ Cf 

0(1) C , 0(2) 6 02, «(3) € «3, 


for some x" satisfying (8) if x" is substituted for x. 


* There is no need to seleet more than one process from each Si iM^causc the Si are 
themselves aasumed to be convex, and thendore the output of any lim*ar combination 
of processes taken from some Si is the output of one single pro(;ess contained in that Si. 

* See Chapter III, Definition 5.1. If we allowini some labor to go unusiid, it would 
be nec(\‘ iry to replace S by the convex hull So of S and the origin 0. Since this would 
not add any cfficumt points, w(j need not consider this possibility. 

® Sec Chapter III, Definition 5.2. 
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Consider the triangle f spanned by a,;,, ojj), a^,, i.e., the set of all 
points (6) for which x satisfies (8). These points belong to S. The 
following table indicates that what can bo said about the sign configura- 
tions of the coordinates of various points or point sets in T. Here + 
stands for > 0, — for ^ 0. Since y'* has positive coordinates and is 



Vertices 


Edges 

Inticrnal 

Point 

// 

fl(l) 

n 

«(2) 

// 

fl<3) 

l«0)» «(2)1 


!«'(' . «ml 

y" 

+ 





+ 

_ 

+ 

+ 

- 

+ 

- 

+ 

+ 

- 

+ 



+ 

~ 

+ 

+ 

+ 


contained in the triangle f, the plane L of T does not coincide with a 
coordinate i)lanc. It follows from the table that the intersections of 
this triangle with the coordinate side planes must run as indicated by 
Figure 1 (see dotted lines, with — meaning ^ 0); Within L the inter- 
section of L with 

yi = 0 separates y" from {a( 2 )> 

(14) 2/2 = 0 separates ?/" from 

2/3 = 0 separates /y" from (d, a^2)l, 

s('paration meaning strictly that y" is not on the line y\ = 0 and that no 
point of fl( 3 ) I is on the wunc side of yi = 0 as y" is, etc. 

Denote by 

ylv) = O/mi 0, 0\ 2/(i) - (0, ijiOy 0), 2/(3) = (0, 0, 7/', 3) 

t he three points at which the lines of separation intei*sect. Now suppose 
(see Figure 2) that. S contains any point y”' of P (hence also of S) 
separated from the origin by L, Then, since is convex, the entire 
tetrahedron constructed on the vertices y[[), 2 /( l >), 2 /( 3 )» v'” belongs to S, 
has 2 /" on its boundary facing the origin, and hence contains a point 
(3) with X > X", in contradiction to the delinition of X". It follows 
that the triangle T = \y[[^, y'.). yk\ is boundary of S. 

We also read from Figure I that in (15) 


(16) 


yii > 0, ^22 > 6 , 2/33 > 6 . 
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A"" 


— + 



Finure 2 suggests that all points y of T are officiont points. An 
algebraic argument runs as follows. TiCt 

(17) ViVi + P 2 I /2 + P.il/3 = V\y\ + V-iUi + Pil/s = Ph, 

say, be the equation of the plane L of f (and of T), where />|, p,, p.-j do 
not all vanish. Since each of the vertices (15) of T must satisfy this 
eciuation if substituted for y, we have 

(18) piy'n = P 2 y'n = P-.PM = Pe- 
lt follows from (16) that we can choose the sign of pi such that 

(19) Pn >0, pi> 0, p 2 >0, Pa > 0. 

Then .S' contains no point y* satisfying 

(20) PiV* + PiU* + PsU* > Po 

because such a point would be siqjaratcsl from the origin by L 
Now let y be a point of T and therefore of P. Any point y* in .9 
satisfying (5) would also have! to be in P and tlmmfore in .S'. Hut (5) 
would imply, in view of (19), 

(21) PiV* + P2J/2 + Pay* > pij/i + P27/2 + pai/a = po 

[unless all three <*(iuulity signs hohl in (5), in which ca.se y* is not tlilTer- 



CHAP. VIIl] SUBSTITUTION TIIEOUKM: THREE INDUSTRIES 


153 



cut from ?/], and wc have already seen that S contains no such point y*. 
Hence all pi>inls y of T satisfy the reiiuirenients of the theorem. 

(\)nv(*rsely let if he in S hut not in and tluM’eforc on the same side of 
L as the orijj;in. The construction (11) already indicated will then lead 
to a point //" in S such that (5) is satisfied if y” and i/ are suhstituted hjr 
y* and jy, res|)ectively. Hence only points y of 7' satisfy the recpiire- 
ments of the theorem. This completes the proof of the theorem. 

It. can he shown that the theorem proved ceases to he true when either 
(i) more than oiu* .‘Scarce primary input is recinired, or (ii) one of the 
three industric's has joint production (e.j?., an > > 1^)* Any 

proof shonlil therefore make use of the restrictions (1) on the sijrns of 
the co(*Hicients 

It mi|i;ht he thouji:ht that, whenever each of the sets Sx, S^, Ss is tlie 
convex hull of a smaller set of points representing; more “elementary” 
t^jchnologieal proces.ses, the' three points a'I„ a^oj, a^^) from which tlu* 
eflicicnt set T is combined mi^rlit have to be combinations of elementary 
processes. This, however, need not he the cas(\ Fo be precise, let an 
extreme point of a convex s('t Sk be delined as a point which cannot 
he ropresiaited as a linear combination of other points of with positive 
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weights whose sum is unity. Then it will l)e possible to choose as basis 
points a[I), ajo)* of ^ three extreme points of <Si, #S 2 , < 83 , respecitively. 
A proof of this statement can l)e based on the first paragraph of Chapter 
3, Section 10, of Bonnosen and Fenchel [1931]. 

It is further easily seen that, while three processes suffice as a basis 
from which to combine all efficient points, the sets Su ^ 2 , may be 
such that one or more of these processes can be chosen in more than 
one way. 



Chapter IX 


ALTERNATIVE PROOF OF THE SUBSTITUTION THEOREM 
FOR LEONTIEF MODEIi? IN THIO GENERAL CASE 

By Kenneth J. Arrow 

It is of some interest to state and prove, in a manner wliich dws not 
involve the use of the calculus, the theorem concerning substitutability 
in Leontief models stated elsewhere in this volume by Professor Samuel- 
son [VII]. The chief virtue of such restatement is not the generalization 
to nondilTerenthible production functions but the greater clarity given 
to the importance of the special conditions of the problem. This ap- 
proach has been developed by Professor Koopmans [VUl] for the case 
of three outputs; the present chapter seeks to generalize his results. 


1. The Assumptions of the Samuelson-Leontief Model 

Samuelson’s assumptions will te restated here in the terminology of 
linear programming (see, e.g., Chapter HI). AVe shall let n + 1 be 
the total number of commodities involved; the first n will be termed 
“products” and the (a + l)th “labor.” 

AssuMin'iON I: There is a collection of basic octiritifs, each represented 
by a vector with n + 1 cofnponentSj such that every possible state of produc- 
tion is represented by a linear eombi notion of a finite number of the, basic 
aetivities with nonneqative eoefficients,^ The colleetion of basic activities 
from which such combinations are formed need not itself be finite. 

AssuMrriON II; No basic activity has more than one output. 

Assumption III: In every basic activity labor is a nonzero input. 

Assumpiton IV: There is a given supply of labor from outside the sys-- 
teniy but none of any product. 

'The resirietion t(i linear combinations of a finite number of basic activities is 
unnecessary. The Kenenilization of a si*t of iionneKative weiKhts is a measure over 
the spac(^ of basic activities. (Ki)r the iletinition of a measure, sih* iSak.s [Ht37, pp. 
7 17].) If b stands for a variable basic activity and m is a measure over the space of 
basic activities, then any state of prtKluction is of the formjferfju. .\11 subsecpient 
results apply eiiually well to this more Ki*n(*ral case, with completely analoRous proofs. 

155 
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Assumption I is that of constant returns to scale; II states the absence 
of joint production in the basic activities; III states that labor appears 
solely as a primary input; and IV states that no product is a primary 
input. 

In the vector representation of activities, let the (?i + l)t.h component 
be labor. As usual, inputs will be represented by negative numbers, 
outputs by positive ones. By an activity of the zth industry we shall 
understand an activity in which no component other than the zth is 
positive, (.-learly, any linear combination of the basic activities of the 
zth industry with nonnegativc coeflicients is itself an activity of th(^ zth 
industry. Further, let y be any activity. Then, by Assumption I, 

( 1 ) = 

k 

where Xk ^ 0 and ?/* is a vector representing a basic activity.- Number 
the ac'tivities 6^' in such a way that those with A* = 1, ■ • • , n\ are basic, 
activities of the first industry, and, in general, those with A- = tii^x + 

• • ■ , Hi are basic activities of the zth industry, where zzo == 0. Then, 
from (1), 

( 2 ) y = t t 

1= I k- N| -i-j-l 

As noted, 

ni 

is an activity of the zth industry. Hence, every activity is expressible 
as a sum of n activities, one from each industry. 

Further, h't a normalized ac^tivity be one in which th(' labor input is I. 
From Assumption I it follows that every activity of the z’lh industry is 
the nonnegativc multiple of a normalized activity of that industry, and 
conversely. Hence every activity is a linear combination of n normal- 
ized activities, one from each industry, with nonnegative coeflicients. 
The amount of labor used in any activity is therefore the sum of these? 
coefficients. If, finally, we choose the units of labor so that the total 
supply of labor available, as guaranteed by Assumption IV^, is 1, we 
may say that any activity y is expressible in the form 

n 

(3) 2/ = Z 

i-i 

*In th rhaptor all vectors an? roliirnn vocUirs. Kc>r futun; n'fcn?n«', raiU? that 
the prime s3^mijol will not d(?no((? tran.'^fMi.sition but will .s<?rvc? to (li.stingui.sh (.liffi'n'iil 
eolunm vectors. 
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where 

(4) Xj ^0, Z = 1 

j=l 

and is a normalized activity of the jth industry. As now defined, 
all vectors y, have -1 as their (n + l)th component; l(?t us redefine 
them to have only their first 7i components. 

Note that the set of all normalized activities of the jth industry is a 
convex set; call it #Sj. From Assumpti*)n II, 

(5) if a € Sjf then Ok ^ 0 for all k ^ j. 

(Here the symbol e moans “belongs to”; ua- denotes the Arth component 
of a.) Finally, it follows from Assumption IV that 

(G) y ^0. 

("1 he name's and symbols for various partial ordering relations among 
v(‘ctors will be those introduced by Koopmans [111, Section 2.5].) 

The set *S of feasi])le points in the product space is that satisfying (3), 
(1), and (G), The prol)lem is to characterize the set of efficient points ® 
of S if the assumption contained in (5) is made. 

The set of all points satisfying (3) and (4) will be referred to as the 
cnnvt'X hull of the union of aSi, • • • , S,^. S is then the intersection of the 
nonnegative orthant (of lOuclidean w-space) with the convex hull of the 
union of aS’i, • • • , .S'„. 

The following notation and terminology will bo used: A will denote 
a sejuare matrix of order a, a] will be the element in the /th row and jth 
column of A, and a*' will be the vector which is the jth column of A. 
A will be said to be admiasihlv if id tSj for every j. A weight vector^ j, 
has the properties .r ^ 0, =1. A pair (A, x) is saul to be a 

representation if A is admissible, .r is a weight vector, and Ax ^ 0. A 
vecitor y for which there exists a representation (A, x) such that y = A.r 
is termed feasible; this definition agrees with that given in the first 
sentence of the pn'ceding paragraph. 

In tlu' light of (3^ (G), the economic significance of these definitions 
is obvious. In particular, the set of feasible points, or vectors, is pre- 
cisely *S; a n'pn'si'iitation is a mode of industrial organizati(Hi which will 
achieve a given feasible point. Note that, in view of (5), a{ ^ 0 for all 
i 7^ j. 

Two forms of Samuelsoirs theorem will be established, corresponding 
to Koopmans^ “strong” and “weak” assumptions, respectively [111, 

® llu* n'lfvant (h'finition of an I'fliciont point s(*o Chaplrr 111, Section 5.2, eon- 
sidoring labor as the only primary commodity. 
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Section 3.6]. In the first case we assume that it is possible to produce a 
positive net output of all prcxlucts; in the second we assume only that 
some net production is possible. 

2. The Substitution Theorem under Strong Assumpitons 

Theorem 1 : For each j = 1, • • • yti, let Sj be a convex set in Euclidean 
n-space such that, if a € Sj, then ai ^ 0 for i ^ j. Let S he the intersection 
of the convex hxdl of the union of Si, • • • , <S„ with the nonnegaiive orthant. 
If S is a compact set ^ with at least one positive element, then the set of efficient 
points of S is the intersection loith the nomwgative orthant of an (n — 1)- 
dimensional hyperplane the direction coefficients of whose outward normal 
are all positive. 

Lemma 1 : // 2/' belongs to the compact set S, there is an efficient point y" 
of S such that y" ^ y'.® 

Proof; Let U be the set of points y such that yeS, y ^ y^. U is a 
compact set, so that the continuous function iVi attains a maximum 
in U, say at i/". Since U, ?/' ^ y'. If i/" were not edicient, there 
would be a point y oi S such that y > y"; but then y tU, YJUxVi > 
iVi f contrary to the construction of y".* 

Lemma 2: If A is a (square) matrix such that a{ ^ 0 for i ^ j, and x 
and y are vectors such that Ax = y, x 0, y 0, yi > 0, then Xi > 0. 

Proof; By hypothesis, ^ 0 for i 7 ^ j, so that = 0- 

Hence 0 <yi = a\xi + Since Xi S 0, we must have 

Xi > 0 . 

Lemma Z: Let A be a matrix such that ai ^ 0 for i 9 ^ j and for which 
there exists a vector x such that Ax > 0. Then (a) Ax' ^ 0 implies 
x' ^ 0; (b) Ax' > 0 implies x' > OJ 

Proof: By Lemma 2, the hypothesis Ax > 0 implies x > 0. Th(^ 
ratios xj/xy are therefore defined; let 

(7) m = min (xy/xy), 

3 

where j varies from I to n, and choose i so that 

(8) x[/xi = m. 

* That is, closed and bounded. 

^ This lemma has been proved by von Neumann and Morgenstern [1947, p. 593] 
for the c 1 m where S has a finite nuinlMT of elements. 

® See Chajiter IIJ, Section 2.5, for definitions of and 
^ Kecall that in this chapter the prime is not used as a trans{>osition sign. 
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From (7) and the hypotheses, 

(9) = airjirJ/jrj) g aixjtn (j ^ i). 

Suppose Ax' ^ 0. ITien, from (8) and (9), 

w n 

0^2^ aixj g ttiXitn + ^ aiXjm = m aiXj. 
i=l ;-l 

By hypothesis, > 0, so that m ^ 0. From (7), i- ^ 0, since 

Xj > 0 for all j, establishing (a). 

If Ax' > 0, then, clearly, x' ^ 0 by (a), x' 9 ^ 0, so that x' > 0. 

Lemma 4: // A is a rmlrix such that Ax ^ 0 otUy if x ^ 0, then A is 
nnnsingiilar. 

Proof: If x is such that Ax = 0, then A(— x) = 0. By hypothesis, 
X S 0, — X ^ 0, so that X = 0. Hence Ax = 0 implies x = 0, so that 
A must be nonsingular. 

Lemma 5: If (A, x) is a representation e/ y > 0, let Q he the set of points 
y' ^ 0 for which there exists a vector x' siwh that Ax' = y', Ey-iX;^ = 1. 
Then every point of Q is feasible. 

Proof; By hypothesis, 

(10) g 0 for 

(11) Ax = y>0. 

From (10), (11), and Lemma 3, Ax' ^ 0 implies x' ^ 0. Since E>=iXj- 
= 1, x' is a weight vector. Therefore (A, x') is a reprcsentation, and 
y' is a feasible point. 

Lemma 0: If Q is defined as in Ijemvm 5, there do not exist two points 

y^ y^^ Q ■'JwW' y' ^ • 

Proof: Supposes the contrary. I^et y' = Ax', y" = Ax", where 

(12) Zo' = l = S-r"> 

A(x' — i") > 0. Hy the proof of Ixmima 5, A satisfies the hypotheses 
of I^emma 3 , so that x' - x” > 0; but then, > 0. con- 

traiy to (12). 

Lemma 7; If, for rath k= I, p, has represenbUion (A‘*\ 
and k > 0, and if Ei-dk = I, thru y = T.Lthy^''^ is feasible, 
and has a rrprcst'nlation (.l,x), where x = and a’ = 

(m~dicxj%^‘‘^^)/xj, for all j for irhich xj > 0 . 
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Proof: Dcfino .r and as in the hypothesis; for all j such that xj = 0, 
choose to be any element of Sj. Since the sets Sj are convex, it fol- 
lows that € Sj for each j, so that A is admissible. It is also easy to sec 
that X is a weight vector, that y = Ax, and that 2/ ^ 0, so that {A, x) 
is a representation of y. 

la^MMA S\ I jcty > 0 he an efficient point with repremntaiion (A, a:), and 
let T be defined in terms of y in the same way that Q is defined in Lemma 5. 
Then, (a) A is nonsingular; (b) every efficient point of S belongs to T. 

Proof: By the proof of Lemma 5, A satisfies the hypotheses of Lemma 
3 and hence is nonsingular by Ijcmmas 3 and 4. 

Let be any effici(*nt point. Since there is a positive efficicait point, 
we cannot have if = 0. Since A is nonsingular, there is a vector x' such 
that Aj' = !/' > 0. By Lemma 3, / > 0, and therefore > d- 

Let to = l/Zj-i-o'. Then, A {to/) = tof > 0, = 1, that 

(13) yf € T. 

By (13) and Lemma 5, yf is f(‘asi})le. If to > I, them yf ^ if, which 
is impossible for an efficient point if. Hence 

(14) 0 < to < 1. 

The variable point ttoy' + (1 — t)y > 0 for t = 0. Hence we can 
choose ii so that 

(15) h < 0, 

(16) ?/ = uyf + (1 - t\)y > 0. 

Let x" = titox' + (I - t\)x] then, by tln^ definition of to and the fact 
that X is a weight vector, = 1; also, if' = Ax". From (16) 

and the definition of 7\ y" e T. By Lemma 5, 

(17) y" is a feasible point. 

Let ^2 = (^iW/(^i^o - 1), k = (1 - b)/(l - t\to). From (14) and (lo), 

(18) 0 < <2 < I, 

( 19 ) h ^ 1 . 

From (16), 

( 20 ) < 3 ^ = t2y' + (1 *“ ^ 2 )//^ 

From (18), (20), (17), and Lemma 7, ky is a feasible point. If ^3 > 1, 
then ky "> ?/, so that y would not be efficient, contrary to hypothesis. 
H(;nce, from (19), = 1, which implies that = L From (13), tlien, 

y'er. 
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Proof of Theorem 1 : By hypothesis, tlierc is at least one positive 
feasible point. By Lemma 1, there is an efficient point y > 0. Let T 
be defined as in Lemma 8. Then every efficient point of S belongs to T. 
Conversely, let y' be any point of T. If i/ is not efficient, there is, by 
liornma 1, an efficient point y” > y\ Since ?/" is effici(*iit, it belongs to 
T by Lemma 8; but this contradicts Lemma 6. Hence y' is efficient, so 
that T is precisely the set of efficient points. 

T is the intersection with the nonnegative orthant of the hyperplane 
defined parametrically by the equations Ax' = y, 'Z^jLix'- = 1. By 
licmma 8, *1 is nonsingular, so that / = A~~^y. Let A] be the element 
in the jth row and /th column of ^4“^ and A^ be the /th column. Then 
the equation of tlui hyperplane is 

1-1 v-i ^ 

Hence the numbers Jire the direction numbers of the outward 

normal to 7\ For each /, .LH is a vector all of whose components are 
zero exc(‘i)t for fhe dh, which is 1. Therefore .1.1* > 0; by Lemma 3, 
A* > 0, so that oAj > 0 for all i. 

3. The Substitution Theorem under Weak Assumptions 

A generalization of 'riieorern 1 in which it is assumed only that there 
is a fi'asible point // > 0 (instead of y > 0) will be developed in this 
.section. Some new terminology and notation will be needed. 

A reiiresentation (A, .r) will be .sai«l to be tririnl if there is a nonnull 
set of integ(M’s, /, such that X{ > 0 for some i in /, and = 0 for 

all i in /. The mode of industrial organization displayed by a trivial 
repr(*sentation has the profierty that there is a collection of industries 
in which there is .some net input of labor and pvKSsibly of other com- 
modities and such that the output of any one industry in the group is 
comphdi'ly absorbed by the other indu.stries in the group. This group, 
then, is only a drain on the net re.sources of the nation. Th(» main result 
of this section is that any industry which can be used in any system of 
industrial organization not of the degenerate type just described can 
yield a positive nc't output; therefore Samuelson’s theorem applies. 

Lemma t): Let A be a matrix sueh that a{ g 0 irla ii t ^ j: x and y /'cc- 
tors sneh that J* ^ 0, y ^ 0, // = Ax; I a set of integers {beturen 1 and n): 
and i an element of I. Then, (a) = Ui ^ 

= 0, then yi = 0, and a\ = O/or alt j e -I sueh that xj > 0. (By -/is 
meant the si't of integ(*rs between I and n not in lA 
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Proof: From the hypothesis, 

(21) aixj^O for i ^ j, 
so that 

( 22 ) ^ aixj ^ 0 . 

it -I 

Fn)m (22) and the hypotheses, 

0 ^ y.- = 22 + 22 ^ 22 

i t I j i —I j t I 

est^iblishing (a). If = 0, thon clearly ?y* = 0, and 

= 0, so that, from (21), a{xj = 0 for j € — from which (b) follows. 
Lemma 9 is a generalization of I^emma 2. 

Lemma 10: If y >i) has a trivial representation (A, j), then y is not 
efficient. 

Puoof: By hypothesis, there is a set of integers, /, such that 

(23) Xi > 0 for some i € /, 

(24) 52 a\xj = 0 for all itl. 
j^i 

From (21) and Lemma 9b, yi = 0 for all i in I; since ijk > 0 for some A', 
we must have A; in — /. By Lemma 2, then, Xk > 0 for some k not in /. 
Together with (1), this shows that 0 < < L t = \/{\ — 

and define Xj = 0 for j e /, xj = txj for j c — Then 

(25) t>l, 

(26) x' is a weight vector. 

Let i/ = Ax\ For i in /, it follows from (24) and Lemma 9b that 
OiXj = 0 for j in — Hence 


(27) 

y'i = 22 “W + 22 oUi = 0 = tyi, 

j.i j. 

for i in I. 

For it — /, a^iXj ^ 0 forj in /. 'Jlierefore 

so that 

0 ^ Vi = 22 + 22 “i-fj ^ Z 

j 1 1 j t -I J « -/ 


Vi = Z + Z ^ Z ^ ^y» 

j 1 1 3 f —I if -/ 

for i in - 

I, or, with (27), 

(28) 

All 
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A is an admissible matrix by hypothesis; a-' is a weight vector, by (26); 
and from (28), (25), and the hypothesis, y' ^ 0, so that t/' is a feasible 
point. Furthermore, from (28), (25), and the hypothesis that y > 0, it 
follows that 2 /' > y, so that y is not efficient. 

The proof of Lemma 10 amounts to saying that the industrial organiza- 
tion represented by a trivial representation can always be improved by 
shutting down the group of industries which yields no net aggregate 
output and distributing the released labor to the other industries in 
proportion to the numbers already employed. 

We shall also need the following generalization of Lemma 3: 

Lemma 11 : Let A be a matrix such that g 0 for i ^ j and for which 
thei'e exists a rector x > i) such that (A, x) is a nontrivial representation. 
Then (a) Ax' ^ 0 implies x' ^ 0; and (b) Ax' > 0 implies x' > 0. 

Proof: Since x > 0, the ratios xj/xj arc defined. Let 

(29) m = min (xj/xj)^ 

i 

and let I be the set of integc'rs such that x]/xj = m\l is nonnull. From 
the hypothesis, a\xj < 0 for i in /, j in — Z, if a\ ^ 0. We then have 

(30) XjVj'y = w for f € 7, 

( 31 ) aixj = a^xjix'/xj) < ma{xj, 

if i is in /, j in — 7, and a{ 0. Su])pose that for all i in 7, YLi « = Oj 
since xj > 0 for all j, it would follow that (A, x) is trivial, contrary to 
hypothesis. Hence, by Lemma 9a, there is some i in 7 such that 

(32) E «i-‘V > 0- 

J « / 

From (31), 

(33) E “i-O < 

j t-i j* -I 

if 0 for somej in Suppose .1/ g 0. Then, using (30), 

(34) 0 ^ E “i-O’ + H + 2 “i-f;-- 

j f I j f -I j t I j t -I 

If ai = 0 for all j in -I, then, from (32) and (34), it follows that m ^ 0. 
If fl; 0 for some j in —I, then, from (33) and (34), 

n 

0 < m E 
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Since ^ 0 by the hypothesis that (A, x) is a representation, 

we must liave m > 0. TTence, in either (!ase, it follows from (29) that 
.r' ^ 0. Part (b) follows from (a) as in Lemma 3. 

An integer, /, between 1 and n will be said to denote a useful industry 
if there is some nontrivial representation {A , .r) in which Xi > 0. Lemma 
10 guarantees us that, in the searcli for cfTieient points, industries which 
are not useful can be regarded as nonexistent, so there is no loss of 
generality in assuming that all numbers denote useful industries. 

It is possible that the set of feasible points is empty, in which ease? 
Samuelson^s theorem naturally has no particular content. Hence we 
shall assume that there is at h'ast one useful industry. 

Tiikorkm 2: For each j = 1, • • • , a, hi Sj be a convex set in Euclidean 
n-space such that if a c then ai ^ Ofor i 7 ^ j. Let S be the intersection 
of the nonnegative orthant with the convex hull of the union of Ni, • • • , S^. 
If S is a compact sety and if every number from 1 to n denotes a useful 
industrijy then the set of efficient points of S is the intersection with the non- 
negative orthant of a hypcrplane the direction coelficients of whose outward 
normal are all positive. 

Proof: For each A", let 1 /^'^ be a feasible point with a nontrivial 
representation {A^^\ such that x[^'^ > 0 for each A; lh(» existence 
of these points follows from the hypolh(‘sis that ev(My numb{*r from 
1 to n denotes a useful industry. Let y = by Lemma 7, 

y is a feasible point with represen t at i(»n {A, .r), where x - (X]It - i-r^^ ’ )///, 
so that J* > 0, and Suppose (.1, x) is 

trivial; then, for some set of integers /, = 0 for all i in /. 

From this, it follows that 

Z ( Z = 0, 

for all i in I. From Lemma 9a, Umui, = 0 for each k and 

all im I; in particular, the eciuation Iiolds for any k in /. Since > 0, 
and therefore x'J^^ > 0 for at least one i in /, we wcMild have 
a trivial representation, contrary to hypothesis. Hence (d, x) is a 
nontrivial representation with j > 0. All the conditions of Lemma 11 
are satisfied, so that, by Lemmas 1 1 and 4, A is nonsingular. 

Let ?/' be any positive vector. Tlum there* is a vendor sueih that 
Ax' = 2 /' > 0. By Lemma 11, / > 0; let t = l/(E>- uj) > 0. Them 
tx' is a 'veight veictor, and ly' = A{tx') is a positive fe'asible* point with 
represemtation (d, t/). All the hypeithe^ses of Theoremi 1 are the?n ful- 
filled, and the cemclusion fedlows. 
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SOMK PROPKRTIKS OF A GENERALIZI]!) 
LliONTlEF iMODl^:L ‘ 

By Nicholas Georgescc-Roixiex 

1. The model proscMitcd l)y Lcoiitiof [193(), 1937, 1941] is based on, 
anionK other thinj^s, the assumption that each commodity can be pro- 
duced by one method of jiroduction only. This is eiiuivalent to assum- 
ing? that all factors of production are limitalional. Because of this, the 
model will be rchured to as the Leontief limiUitioml model 

Samuelson and the author have independently considered the possi- 
bility of a Leontief model from which the limitationality restriction 
(;ould bo remov(?d. Such a model will be referred to as a Leontief 
gcnmilized model. 

'riiis abstract presents the results obtained by the author regarding 
some properties of th(' g(‘nerali 2 ed as well as of the limilational model 
and omits th(‘ proofs.- 

2. In this abstract, a Leontief generalized model is defined by the 
following assumptions: 

Assumption 1 : There arc n + 1 perfectly defined and homogeneous com- 
nmUiies, (n, , (h n- rommmlity (in 1 1 ls l<jbor. 

* 'rhe rrsiills coiitaiiuHl in tins clmplrr may bo ri‘|)n)diiooil in whole or in part for 
any purpose t)f the I’niled Stales Clovernment, under wliosi* eonlraet they have lufu 
completed. 

Thc'se results were presented for the first time on .March 22, at a meeting 
of the stall of llarvani Kconomic Hesi‘arch Project. The criiicisni of Professor W. 
W. Leontief and of other memlH’rs t»f the Harvard Lconomic Hesi'arch Project 
showial to the author the path for an ameliorated formulation of the argument related 
to the consolidation problem. It is hardly necessiiry to add that, lor any faults 
the; chapter imiy contain, the author alone is responsible. I he facilities of the Insti- 
tute of Hes(*an'h and 'fraining in Social Sciences at \and»*rbilt I niversity extended 
to the author in preparing the final version are gratelully aeknowledgial. 

2 The result presi*nteil by Samuei-son [Vlll is identical with C’orollary 10.3 bidiy''. 
The proof of 10.3 ehies not re«piire, however, the existi‘nce of derivatives. .\lteriiati\ e 
proofs which do not require tlu‘ e.xislence (»f derivatiws have been given by Koopmans 
IVllI] and Arrow 1L\|. 

I Go 
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This assumption contains a relevant economic restriction. A heter- 
ogeneous commodity other than labor may be replaced by a number of 
homogeneous commodities so that the above assumption be fulfilled. 
This is no longer possible for labor, since the model allows for only one 
quality of labor. 

Assumption II: Each commodity^ Gfc (fc = 1, 2, • • • , n, n + 1), can 
he produced by at kast one process with no joint products. Such proc- 
esses will be referred to as elementary processes. 

Assumption III: All processes mth joint outputs are derived processes 
(i,e,, they are obtained by integrating^ two or more elementary processes 
into which they can again be decomposed). 

This assumption makes legitimate the concept of the industiy produc- 
ing the commodity Gk, 

Assumption IV: Any elemcjUary processes for Gk (A* 5^ n + 1) require 
^^Uibor” Gn+u input. Labor is, therefore, an indispensable factor 
of production or, in other words, no economic perpetuum mobile free 
of labor exists. 

Assumption V: AH processes producing must have at least one in- 
put different from zero. 

Assumption VI: The elemerdary processes are linear in terms of input 
and output flows. They are, in other words, particular cases of Koop- 
mans^ concept of an activity [III]. 

Assumi^tion VII : There is an industry prodming only Gk, for any k. 
Assumption VIII : Each industry is in competitive long-run equilibrium. 
In a Ijeontief limitational model. Assumption II is replaced by 

Assumption Ila: According to the technological information, each com- 
modity Gk can be produced by only one elementary process, 

3. We shall use the notation 

(1) -a^«, • • • , -ai« „ K, • • • , -a'*!,) 

for an elementary process of the industry Gk. The a\ are input flows, 
and the 6^s are output flows. According to Assumption IV, 

(2) 6* > 0, > 0, o-*' ^ 0 

for k ^ n, and 

(3) bn+i > 0, at least one > 0 

for A: = /I + 1. 

* For the definition of integration of proeesstjs, sec? Cliapter IV^, J^omma 1. 
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For such a model a technological horizon may be constructed from a 
given technological information in the manner described elsewhere in 
this volume [III, IV]. 

4. The model including the processes producing all 0,(k=\,2, , 

n + 1) is a closed model. If the proces.s(»s producing (labor) are 
excluded from the model, this is an open mcnlel with respect to labor. 
Let H and H' be, respectively, the technological horizons of the closed 
and of the open model. 

The process 

(4) T<*>(0,0, ... ,1,0, ... ,0, -it) (fc = 1,2, ... ,«) 
will be called a completely integrated process of commodity If 

(5) Lk = greatest lower bound of 

for all completely integrated processes belonging to //', the process 

( 6 ) 11 <*'( 0 , 0 , ... , 1 , 0 , ... , 0 , -Lt) 

will be referred to as the most efficient completely integrated process of 
commodity 0^. 

Fividcntly Lk S 0. The process 11^*^ does not necessarily belong to 
//' if //' is an open cone.^ 

5. The following general theorems are valid for an open model: 

Theouem 1 : A necessary and sufficient condition that any bill of goods 
be produced by labor alone («.<?., with labor as only net input) is that H' 
should cjmtain at least otic completely integrated process for eaeh commodity 
Gk {k ^ n -f- 1). 

Theorem 2: If the conditions of Theorem 1 are fulfdledy and {xi, Xoy 
• • • , is the space of all commodities^ then the linear space 

71 

(7) L{x) = 'ZLkXu + Xn+i = 0 

I 

is a supporting plane of //'.• 

^ The {)ositiun of 1 is determined by the suix'rscript k (i.e., a» = 0 for i A*, n 4* 1). 
*The term open has hen* the meaning us^i’d in point si*t theory and should not be 
confused with that of the expn*ssion “ope/i moilel." 

« Tlie linear space A(i*) =» 0 will be said to be a supporting plane of W if 

(a) there are vectors of 11' which form with L{jc) = 0 as snuill an angle as we vrant; 

(b) one of the oiK*n halfspaccs L(x) > 0, L{x) < 0 contains no vector of II . 

If IV is a closc'd cone, the condition (a) is e<iuivalent to; Ux) = 0 should contain at 
least one element of //'. 
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6. The following theorems have been established for a limitational 
open model: 

Theorem 3: If the square matrix [a, a] satisfws the conditions 

(8) an > 0, Oik ^0 (iV A;), 

and if 

(9) [a*] = [Ea.ib] >0. 

then the sy^em 

n 

(10) E a.fcXi = Ai (t = 1, 2 , • • • , n), 

k=i 

where ^ 

(11) [A] > 0, 

admits a solution fX] > 0. 

CouoLLAUY 3.1: If condition (11) of Theorem 3 is suppleiyiented by 
Ai > 0 for i ^ (Tj it follows that X* > i) for i ^ a. 

Theorem 4: If the square fuatrix [a, a] is 7ionsingulary and if 


(12) 

an > 0, a,fc g 0 

(j ^ k), 

and 

(13) 

II 

a 

>0, 


then the system 

(14) 

Li=l J 

Ai 

«= 1,2, ••• ,nl. 

where 

(15) 

k=l 

[A] > 0, 




OAlmits a solution [X] > 0. 

Corollary 4.1 : //, in Theorem 4, (15) is supplemented by Ai > 0 for 
i ^ (7, it follows that X* > 0, for i g a. 

Theorem 5: If one complete hill of yoods^ > 0, can be produced 
by labor alone, atiy other bill of goods, whether complete or not, can also be 
produced by labor alone. 

’The signs > and ^ are used in the meanings delinod in Chapter 111, Section 2.5. 



CHAP. X] 


A GENERALIZED LEONTIEF MODEL 


169 


This theorem can be stated also in the following form : The system 

( 16 ) x< - i: = Bi 

fc=i 

ad 7 mts a solution [X] > 0 for any [B] >0 if it admits one [X®] > 0 for 
one [B^\ > 0. 

Let r' be the orthogonal projection of //' upon the linear space 
.Cn i 1 = 0. In this space, of coordinates Ji, .r 2 , ■ * • , j„, T' is a convex 
cone. Let also 12^ be the closed positive orthant of the space (jj, X 2 j 

* ' * > ^n)* 

With these notations and under the assumptions of Theorem 5, we 
have two corollaries. 


C'OUOLLAUY 5.1: 

(17) o^cr'. 

In particular, the technological horizon amtaitis a most efficient completely 
integrated process, \\^^'\for each industry {Gk). 


Corollary 5.2: r' is iMlimensional, or, in other words, 
1 -a?^ .. 


(18) 


A = 


1 




~a\!^ -aT ••• I 


^0. 


Theore.m 6: If a complete hill of goods can be produced by labor alone, 
then 


(19) 


\;i. ja. 


■ ■ '.>« 


> 0 A/1.J2 • > 0 


where 0 ^ s ^ n 2 , k 9 ^ i. Tho As with sub- and superscripts arc 
th(‘ classical notations for the minors of A in (IS). 


Tiieoiikm 7: Necessary and sufficient conditions that the system (10) ad- 
mil a solution [X^^] > 0 for one \B] > 0 are given by the /i — 1 inequalities * 


(20) A > 0, a1 > 0, a1;H > 0, 


A 


1.2. 

1.2. 


n-2 

n-2 


> 0 . 


« Conditions that the .svstfin (U)) admit a solution [X®] > 0 have been formulated 
by Hawkins and Simon Theorem 7 differs from the conilitions given in that 

pafHT by (a) the order of the determinants used (p. 248, Corollary), and (b) the 
conditions iinposiMl upon (p. 24.")). 
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7. The theorems of Section 6 can be easily extended to the generalized 
open model. 

Theorem 5A: If one complete hill of goods j [B°] > 0, can be produced 
by labor alonCy any other hill of goods can also be produced by labor al&ne. 

Under the assumption of Theorem 5A, we have two corollaries. 

Corollary 5A.1: 

(21) Q+ c r'. 

In particular, H* contains at least one completely integrated process, 
for each G*. 

Corollary 5A.2: r' is an n-dimensional cone (i.e., elementary proc- 
esses, • • • , P^^\ can he found, belonging to IV, such that the 

corresponding A ^ 0). 

Theorem 7A: A yiecessary and sufficient condition that 07ie complete bill 
of goods, [B] > 0, can he produced by labor alone is that a group of primary 
processes, P^^\ P^^\ • • • , P^”’\ belonging to IV, can be found such that 
(20) is fulfilled. 

Theorem 5B (generalization of Theorem 5A): If one bill of goods, 
(Bi, B 2 j • • • j 0; 0, ‘ , 0), E>i > 0/or t = 1, 2, • • • , (t, can 6c produced 

by labor alone, then any other bill of goods, {Bi, B 2 , • • • , B„, 0, • • • ,0), 
Bi ^ 0/or i = 1, 2, • • • , <r, can also be produced by labor alone. 

Under the assumptions of Theorem 5B we have three corollaries. 

Corollary 5B.1 : //' contains at least one completely integrated process 
for each commodity Gk. 

If i ^ n is the maximum number of commodities contained in a bill 
of goods which can be produced by labor alone, t will l)e called the rank 
of the model. 

("OROLLARY 5B.2: IV contains at least one completely integrated process 
for t commodities, G„„ G^^, • • • , G„^. IV contains a completely integrated 
process only for these commodities. 

By a change of notations the commodities mentioned in Corollary 
5B.2 may be written G\, G2, • • • , Gr. They will be called eletnentary 
commodities. 


Corollary 5B.3: No bill of goods containing nonelemenlary commodi- 
ties can be produced by labor alone. 
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Theorem 8: The ravkj tj of the model cannot be equal to n — i (i.e., 
either t = n or t ^ n — 2). 

Theorem 0: If r' is not n^dimensioml (i.e., if A = 0 for all groups of 
elementary processes^ ••• , the rank of the model t ^ 

n-2. 

Theorem 10: The greatest lower bound, L, of the amount of labor neces- 
sary to produce a bill of elementary goods, (Bi, B 2 , • • • , 0, • • • ,0); 

is given by 

t 

(22) L = E BtLt. 

Corollary 10.1: 7/ < = n, and if IP is a closed cone, the minimum 
amount of labor necessary to produce a bill of goods, [B] > 0, is given by 

(23) /. = i: 

k-^l 

i,e., the process P{Bi, B^, • • , Bny -L), which belongs to IP, belongs also 
to the linear space (7). 

Corollary 10.2: If t = n, and IP is a closed cone, the process 

(24) P{Bu B 2 . • • • , B„, -L) = i: ([X] > 0). 

where P^^^ is an elementary process belonging to (7) and IP, 

Corollary 10.3: If t = n, and IP is a closed cone, the processes P^^'^ 
used for producing with the minimum labor a hill of goods, [B], are inde- 
pendent of the bill of goods (i.e., of consumers' demand). 

8. The results presented in the preceding sections are purely tech- 
nological in nature. They are independent of .\ssumption VUI, which 
is not re(|uired for the proofs. If we retain the assumptions that t = n 
and that IP is a closed coiu\ the classical conditions for long-run competi- 
tive etiuilibrium for eacli imlustry (Ik lead to 

Theorem 11: Any long-run competilire equilibrium process used by the 
imlustry (Sk is a From Corollary 10.3 and Tlieorem 11, we have 

imni(*diately 

Theorem 12: 7/ / = n and IP is closed, then in a generalized open modd 
the long-run competitive equilibrium brings about the optimum allocation of 
resources {labor). 
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Tiikojikm 13: If t = n and //' in closed, then 
(25) Pk = Upn\\, 

where p^ is the long-run competitive equilibrium price of f/jt. 

If we iidopt for eaeli (h- nnil^ of measurement the (juanlity produeed 
by one unit of labor in the proeess II^^’\ it follows that Aa- — I. If labor 
is taken as numeraire j (25) beeonn*s = 1, which means that the new 
unit of Gic is the dollar's worth. Relation (2)i) yields 

n 

(2(i) L=Z «/• 

i-l 

'This relation shows that the natural unit of measurement to be adopted 
whenov(‘r consolidation of imlustries is contcanplated is the dollar’s 
worth of product. 'Fliis otTers a justification for tlu^ procedure' adopted 
by Leontief 11911, Chapter 3, pp. 141Y.J. 

9. Some of the economic aspects of the* above rc'sults des(*rve at this 
point to be emj)hasized and accompanied by a f(‘W commcaits. Some- 
thing will also be added regarding the eeiuilibrium of tlu' closed model. 

(a) The mod(*l described by th(' assumptions of Seedion 2 do(‘s not 
iK'cessarily allow for the j)roduction of any bill of goods by labor alone 
(Corollary 5H,3). 

(b) If one bill of goods, (fl?, /«, • • • , it 0, ().••*, 0), H'l > 0, can 
be produced by labor alone, any other bill of th(‘ same type, (H\, Hy, 
• • • ,ltOj ■ ' * 1 9), can also be produced by labor aloiu' (1'heorem 5Pi). 

(c) The rank of the model (i.e., the maximum number of commodities 
contained in a bill of goods which can be produced by labor aloiu*) may 
have an\" value from 0 to a with the exce|)tion of n — I (Theorian S). 

(d) If the rank of the jiiodel is /, tliere are / ('l(*m(*ntary comnioditir‘s, 

Giy Goy •*• > f<>*' which flH*re is achievable* a compl(*lely integratc'd 

process, i.e., a |)rocess producing Y//.- (k ^ /) and re(|uiring only lalxn* as 
input (Corollary 5B.2). It is open, theri’fore, tf) the* economy to choose 
to produce only the elementary commoditic's. 

(c) The* conditions that the rank of the* model be n. are those expressc'd 
by Tlieorem 7A. 

(f) Tliere is a greatest lower bound to flit' amount of labor wliich can 
produce* a given bill of elementary goods ("rheorem lO). If the rank 
of the mod(*l is //, and if the technological horizon is cIoscmI, this bound is 
actually reached (Corollary lO.I). 

If, how(!V(;r, 7/' is not. closed, all Aa- may be zero. In such a ease any 
bill of goods would reejuire only an inlinitesimal amount of labor but 
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could not 1)0 Mfhiovod witlu)ut it. Labor would thou have tho rolo of a 
catalyst in tlio roundabout process of production. 

(f^) If II' is c1os(h1, and if tho rank of tlio model is a, tho set of clo- 
montary processes used by (‘ach industry for the optimum allocation of 
labor is independent of tho bill of j^oods (i.e., indop(*ndeiit of demand). 
Only th(*ir scale of production will bo infliK'nced by demand (Corollary 
10.3). 

(h) 'rhe long-run competitive cfiuilibrium brings about the optimum 
allocation of reso\irces ('riuMa-em 12). 

(i) If //' is closed, and if the. rank of tin* mod(‘l is n, tho long-run com- 
petitive eciuilibrium prices are proportionate to the amount of labor input 
in tho most (‘llicient compl(?tely integratcMl pn)C(*ss(*s, i.e., proportionate 
to La (Th(M)r(*m 13). If IT is not clos(‘d ami all Lk = 0, all goods are 
(|uasi-free with rc’spcvt to lh(» wage rate. Their relative* prices will be, 
how(*v(‘r, indeterminate. 

(j ) The long-run stati(* eciuilibriurn of the closed model will bo possible 
only if //^"*“, the t(*chnological information of tho household— the 
labor-producing industry will contain a jirocess, 

(27) y*'" ' ”, b»+r), 

such that (ui" ^ • • • » uj," ‘ —h,, t \) will be a proc(*ss contained 

in //'. Ind(*(*(l, in this case, there would be eciuality betwe(*n the demand 

and the su])])ly of goods and between the demand and supply of labor. 

If t ~ 0 , there is no static efiuilibrium of tlie ch)sed model. If i = n 
and //' is closed, (27) must be contain(*d in the linear space (7). If (7) 
contains no process of static equilii)rium is impossible. As 

enough labor is not forthcoming to produce the demanded bill ot goods, 
the (*conomy will contract down to nil. 

If (7) cuts through //'" i.(*., if ])rocesses of //'" exist on both 

sicles of (7), the sup|)ly of labor is greater than that required by the most 
efiicient way of |)ro(lucing some bills oi goods. I In* ecoiu)my may 
e.xpand to inlinity, <m', alternatively, unemployment may appear. 
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ON TIIK CITOICIO OF A CROP ROTATION PLAN 

By Clikkoki) TIildhktii and Stanlioy Rkitkk 

'I'his clmplor is ooiiooiiumI with Iho iippliciiiion of n linoiir production 
motlol to the |)robl(*ni of tlic selection of ii crop roliition phin l)y an indi- 
vidual farmer. The analysis pr(‘S(‘nt(‘d here is static and is relevant to 
tlie lonj;-run decision as to wliich basic rotation and cultivation plan to 
adopt as a fair!}’ perinaiKMit practice. It does not l)(*ar on |)rol)Iems of 
possible year-to-year deviations in plans du(» to wc'ather or economic 
conditions (*xp(*rienced in a particular season. For purposes of exposi- 
tion a numi)er (»f simplifyinji; assumptions are made. After a simple 
mod(d has l)een d('V('lop('d, the (effects of relaxing; some of th(‘ assumptions 
can be easily indicated. 

Th(» farmer is visualized as dealing exclusively in competitive markets. 
'I’his means that the j)ric(‘s he pays for inputs and r(‘ceives for outputs arc 
market determiiK'd and an* indepeialent of his production decisions. 

crops us(‘(l for illustrations in this chapter are several that are 
common on Corn Belt farms. \ rotation plan is a specili(‘ation of a 
siHiuence of emps to lx* grown in successive years on a selected parcel of 
land. A rotation consi.'^ting of corn, oats, hay, abbreviated COII, for 
example, would mean that th<' parcel was to be planted in corn the lirst 
year, oats in tin* second, hay in the thinl, corn in the fourth, oats in 
the tifth, and so forth. This would l)e called a three-year rotation. .V 
farnuM- who ado|)ted this rotation w<)uld probably divide his cropland 
into subparcels and start some of his land at each stage ot the rotation. 
This wtuild s|)read his work more evenly through tlu' year and provide 
to some d(*gr(H* a hedge against lailure ot a ])articular crop in one year. 
Thus, in considering long-run ('fleets, we n'gard COII and OIIC as th(» 
same rotation, but (MIO would have to be consideivd a dittcaviit rotation 
(i.e., hay after corn instead i)( after oats might have a dill(‘rent effect on 
th(* soil and might result in different average yic'lds ol the three cro])s). 

For simplicity it will be assumed throughout most ot this chapter that 
with each rotation is associatinl a particular cultivation plan (i.e., a 
particular secpience of soil treatments). "I'he (‘llect. ol recognizing that 
a particular rotation can be carried out with various cultural practices 
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will be briefly considered in Section 3. It will also be assumed initially 
that the available land is homogeneous, and effects of relaxing this 
assumption will also be considered in Section 3. Our example will be 
developed in somewhat more detail than would be necessary just to 
present the practical problem considered. This will be done in order to 
illustrate some of the elementary properties of linear prodiuition models. 
These have already been developed by Koopmans [III] and are included 
here because the crop rotation application seems to be a convenient 
expository device. 

1. The significant consequences of using a particular rotation are the 
crop yields the rotation will furiii.'^h anti the input rcquirc'inents (acres 
of land, hours of labor, gallons of fuel, etc.) necessary to carry out the 
rotation. \ rotation may be identified with a vector specifying these 
quantities. For convenience we shall think of the (luant.ities that reprtj- 
sent a particular rotation as the average annual yic^lds of crops and 
average annual inputs used for each acre devoted to this rotation (i.e., 
the rotation vector is normalized on land input). 

Each rotation that is considered re[)resents an activity in a linear 
model. Each crop produced and each input used is treated as a commod- 
ity. If we first consider only two rotations, say corn every year (CXXy) 
and hay every year (IlIIH), and assume that land is the only input re- 
quired, then the model api)(?ars as in Table I.* 


Tabi.k I 



Activities 

Coinmoeiitie's 

UotalieHi 1 

li Ola lion 2 


C(JC 

IIHII 


JTl 

/2 

7/1 == corn output 

«Il 

0 

7/2 - hay output 

0 

7/22 

7/3 = land input 

-1 

-1 


^ As in ChapUT III, a negative ctK'fTieii'nt in an activity vector imlicati's that tin? 
associated coinniodity is usi*d up ifi the activity. In this chapter the term “input” 
is api)lic;d to a commodity that is typically u.sed up in the kind of activities Ixdng con- 
siderexi and refers to the lu'gative numixT whose* absolute* value nie*asure's tho extent 
of this using up. This eliiTe*rs seanewliat from Chapte*r III, where} tho term “input” 
refers to that .absolute value* rath(*r than to its iH*gative\ 
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We assume first that the input of land is fixed, say 1/3 = —A; and, 
therefore, x\ + X2 = fc. Figure I then shows the alternative combina- 
tions of corn output and hay output that can be obtained by vaiying 
the levels Xi and X2 of the activities. 

If all the land available is devoted to rotation 1 , we get the point 
Qi (coordinates fcau and 0 ); if all the land is devoted to rotation 2 , we 
get the point Q2 ( 0 , ka22)- All other points on the line Q1Q2 a-re obtained 
by apportioning the land between the 
two rotations in amounts ak and 
(I — a)kj where 0 ^ a ^ 1. 

If th(^ products cannot be destroyed 
or thrown away, the line Q1Q2 is the 
set of all possible coinbinalions of corn 
and hay from a given land input, ft 
is also the set of efficient points for the 
given land input since, for every point, 
one (coordinate? can be increased only 
by decreasing the other. 

If products can be disposed of, the set of possible points is the triangle 
(^16^2 since all points on or inside this triangle can be reached, for 
instance, by producing some combination (m the line Qiih and throwing 
away appropriate (|unntities of product. However, the efficient point 
set remains the line ^1^2- 

I.et us now permit land input to vary. Then the triangle of Figure 1 
is replaced by the cone OO'Qif^ in tli<^ three-dimensional commodity 
spacce shown in Figure 2 . Figure 1 may then be regarded as the inter- 
section of this cone with the plane 7/3 = —fc. Alternatively, the cone 
may be? regarded as obtaiiH'd by multiplicaticm out of the origin of the 
triangle in Figure 1 by a variabk? nonnegative factor. 

If disposal of commo(liti(\s is ruled out, the efficient point set and the 
possible point set coincuie and coiLsist of the “front” facet of the cone 
(i.e., the two halflines from 0 through Qi and from 0 through Qo and 
the points of the plane angle spanned by these halflines). 

If disposal of products is permitted, any combination of corn and hay 
rcpresentcHl by a point of the (Cone is possible. However, all such points 
cannot be cffici(?iit for, starting from an interior point, one can obtain 
more hay (corn) with the same amount of land and without giving up 
any corn (hay). .Mternatively, for any interior point, it is possible to 
produce that combination of corn and hay with k'ss land. Only those 
points lying on the “front” facet of the cone are efficient. 

The eciuation of the plane through 0, (?i, (^2 d(?termines the rates of 
substitution or transformation Iwtween commodities in efficient produc- 
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lion. In the nutation uf Table I, the equation of this plane is 

1 1 

( 1 ) ?/ 3 = !/i !/2- 

ail «i2 

1 'hus the marginal rate of substitution of hay for corn is a22/an, and 
the marginal rates of transformation are an between corn and land and 
022 between hay and land. 



It is clear in this simple case that a farmer with a fixed amount of 
land and these two prodiurlion allernalives, seeking to maximize? fh(? 
return to his land and entrepreneurship, would choose? betw('en corn 
and hay on the? basis of their relative prices. If the ratio of the price - of 
corn (pj) to the price of ha}" (P2) exceeds the e(|uivalence ratio for hay 
in terms of corn {p\/p2 > a22/«ii), then corn will be chosen, and con- 
vers(?ly for hay. The case where p\/p2 = (h'zhhx uiu? of indifferen(?e 
in which corn, hay, and any combination of ak acres of com and (I “ a)k 
acres of hay (()<«< 1 ) would ))o ecjually jjrofitabk?. 

'the market price ratio p\/p2 d(?termines a fjirnily of j)arallel lin(\s in 
the (2/1, y2)-ii\ydcx) such that all points on a given line r(?present combina- 
tions of 7/1 and 7/2 that have ecpial market value. Combinations of 
e(pial market value are indi(?atcd by dott(?d lines in Figure Ih Th(? 
interior angle formed by the int(?rscction of such a line with the positive 
7/1-axis is di = arctan (p\/p2)- The line througli the origin perpendic- 

* For a cumparisoii of tho notation for priit'.s in this chapter with that of Chapt«*r 
II r, «!(? footnote 3 of the Inlrrxluctiori (p. 9). 
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ular to the constant-value lines, OT in Figure 3, has the property that 
the market value of any point (?/i, t/2) f^an be measured by the projection 
of the point on this line. Thus it may be called the value axis,* and it 
interse(!ts the positive 2/2-axis at an angle equal to 6 i. 

So long as yi and 1/2 have positive prices the value axis will lie in the 
positive quadrant of the (i/t, 2/2)-plane. OT', perpendicular to Pi/^2> 
has the interesting property that all price combinations whose value 



axes lie between O'V"' and the ?/i-axis mak(‘ y\ the more profitable crop. 
This is just another way of phrasing the statement above that corn is 
more profitable if j)i/p2 > «22/«n- 

2. The ideas d(*v(»loped so far carry over into somewhat more complex 
cases quit(» readily. Consider the four rotations d(*scribed in liable II. 

Tawi.k 11 




Activities 

Commoditie 

Rotation 1 

Rotation 2 Rotation 3 Rotation 


CCC 

HHU CCH ClIH 


JTl 

J2 -Ta a'4 


?/i = corn output 

(n\ 

0 

rtl3 

Oil 

//2 = hay output 

0 

no- 

023 

024 

= land input 

-1 

-1 

-1 

-1 


®If Pi and p 2 arc measured in dolhirs, any point (//i, //•:) that proj»'<Ms to the point 
\Pi/(pi 4- pii), V2'(pi 4- Pii)! *be vahio axis will have a market v.aliie of oiu* dollar. 
This may he reganle(’ as the unit point on llio value axis. 
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Again, assume land input fixed at k acres (ji + 3-2 + 0*3 + ^4 = fc)- 
The results of raising corn only or hay only are again indicated by points 
Qi and Q2 in Figure 4 . The results of growing two corn crops followed 
by a hay crop are indicated by (coordinates ka\2y Had Q3 

been an interior point of the old set of possible points, say at Q3, this 
would have indicated that land reacted unfavorably to alternation of 
crops. Q3 would not add to the set of possible points and would not 
be an efficient point since there arc combinations of rotations 1 and 2 
that produce more of both crops. Q3 docs add possible points and is 

itself an efficient point. Q4 repre- 
0' sents the results of growing one (!orn 

croj) and two hay crops on each par- 
\ \ V f*ol of land in each three-year period. 

\ \ The new set of possible points is the 

\ \ y/ interior and boundary of the polygon 

\ formed by the axes and Q\Q',\Q\Q2- 

\ The brokiai line the 

corresponding set of ( 4 ficient points 
and is comparable to a product sub- 
\ stitution curve of the usual economic 

theory. There are now three mar- 
FrcaiRK 4 ginal rates of substitution of hay for 

corn, one corresponding to each seg- 
ment of the efficient point set. Along the segment Q\(h Uw) rate is 
“ «i3), along it is (034 - «u.'i)/(ai3 ^ «i4), and along 
QaQ2 ili is (a22 - «24)/ai4- before, any pair of positive prices for 
corn and hay give rise to a value axis passing through thi^ origin. OT13 
is the value axis corresponding to pairs of pric(\s su(;h that 'pi/p2 ~ 
023/(^11 — aia). At these prices rotations 1 and 3 and all combinations 
of them arc eciually profitable.^ For price combinations su(;h that 
Pi/p2 > a23/(au — flis), rotation I would be most prolitable and the 
value axis would lie between O'Fia and the ?/i-axis. Similarly, if 
•R23 /(«ii “ ^13) < V\IV2< («24 a23)/(«i3 - Oil), tlic valuc axis lies 

l)ctween O'Fis and 6T34 and rotation 3 is the most profitable. Corre- 
sponding statements can be made about price ratios in the other two 
ranges. Thus the three lines perpendicular to siigments of the efficient 
point set classify possible combinations of market prices into four groups, 
each group containing those price combinations at which a particular 
rotation plan is most profitable. 


Fksurk 4 


ment of the efficient point set. 


* Profital)ilil.y in thin nontext is Tn(;R.surcNl by the total value of tlu^ two nrops rai.s(Mi. 
This would include both economic profit and nmt. 



CHAP. Xl] 


CHOICE OF A CROP ROTATION PLAN 


183 


As in Section 1, if wc consider land a variable, the set of possible points 
becomes a cone and the set of efficient points becomes part of its bound- 
ary. This is shown in Figure 5. The efficient point set now has three 
facets corresponding to the three efficient line segments of Figure 4. 

'Hie set of eflieient points is conceptually the same as the transforma- 
tion surface usually employed in the theory of the firm. Marginal rates 
of substitution and transformation are usually visualized as varying con- 
tinuously on the transformation surface, whereas, under the assumptions 



employed hc»re, th(^ marginal rates change discontinuoiisly at the edges 
of facets of the (*fticieiit point set and an* constant at all points in the 
interior of a facet. Each of the three “front’^ facets of the cone in 
Figure 5 determines a set of marginal rates of substitution and trans- 
formation. For example, the eciuation of the plane through 0, Qi, is 

1 / 1 «13 \ 

(2) ,/3 = Jf/a. 

(Ill ^^23 

This determines th(* marginal rare of substitution of hay for corn as 
« 23 /(flii “• flcj) irnd the marginal rate of transformation between hay 
and land as n 11 ( 12 : 1 / (a n — (ici). 

3. It may now be useful to consider the following practical situation. 
A farmer has the use of a ct'rtain parcel of land, say k acres, assumed to 
be homogeneous, and wishes to choosi' among sev(*ral rotations. Sup- 
pose that data are available from techni('al (wperiments to show the 
average yield of various crops to be exp(M*ted und(?r each of the alter- 
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native rotations.® Suppose further that the farmer can estimate the 
various resources that would ho reciuircd to cany out each rotation. 
This information could bo summarized in a form such as Table III, 


TABIiB III 



Activit ies 

Coininodities 

Rotation 1 

Rotation 2 

Rotation 3 

Rotation 4 


(XX^ 

mm 

CCIf 

CIIII 


J-i 

Xn 

■TS 


7/1 = corn output 

nil 

0 

ni3 

nil 

f /2 = bay output 

0 

f722 

023 

n24 

//3 = land input 

-1 

-1 

-1 

-I 

//4 = labor input 

a, 11 

a42 

ni.i 

fl44 

lih = e(|uipiuciil 





input 

nf.i 

»h2 

^53 

nsi 

7/f, = fuel input 

flei 

«62 

063 

1 

nr, 4 


whicli diflers from Table II in that it contains rows for inputs other than 
land. The coefficients in the last four rows r(‘present inputs used per 
acre of land cultivatcMl and are Ihercfoni negative. 

The farmer’s profit, tt, can be written 

(3) TT = 'Z, ViUi, 


where p, is the price of the ith commodity. Ilis profit if he chooses the 
ji\\ rotation will be 


(4) 


Vj k 


1-1 


The (lifTerence between profit under the jth rotation and under the /th 
rotation is 


(5) 


■Kj - HI = kZ («»J ~ 


For given values of the a's, the c({uation 


(6) Hj - JTJ = 0 

(lata ani available for somi! rotations on certain tyfies of land; si‘e e.R., 
Browninj', el al. [11)481. 



ifAP. Xl] 


CHOICE OF A CROP ROTATION PLAN 


JSf) 


is a hypcrplane in the 6-(limonsional space of all possible commodity 
prices and divides the space into two sectors, one including those price 
combinations for which the jth rotation is more profitable {wj — tt/ > 0) 
and the other including those prices for which the /th rotation is more 
profitable (wj — tti < 0). Sucli a plane exists for each pair of rotations, 
and together they would divide the price space into four subsets which 
we shall refer to as sectors, ('ach sc'ct-or (ionsisting of those price combina- 
tions for which a given rotation is most profitable. On the boundaries of 
these sectors two or more rotations are ccjually profitable. 

Since, in our example, all planes are parallel to the land-price axis, 
no information would be lost by considering only a 5-dimensional price 
space, omitting The sectors corresponding to the alternative rota- 
tions are convex since Try — ttz > 0 for p, and Try — tti > 0 for p* implies 
Try — TTi > 0 for ap + (I — «)/)*, (0 ^ a ^ 1). With some approxima- 
tions, the information in these* sectors could be represented in a 2-dimen- 
sional figure. (le'iuMally speaking, prices paid by farmers for factors of 
production are more stable than prices of crops raised. An approximate 
r(*[)r(*sentation might be obtained by in.s(*rting average prices for a recent 
period for p.\, p.-,, pr, and regarding these as constants, thus reducing equa- 
tions lik(‘ (0) to lines in the (pi, p 2 )-space. 

'file (‘([nation wj — tt^ = 0 could then be written 

(7) {(hj - f {(hj - «2/)P2 + 0; - o) = 0, 

where cy == 0 = K . D niid is regarded as a constant. 

The six e(|Uations lik(‘ (7) determine boundaries of rotation sectors in 
the (pi, pj)-space as illiLst rated in Figure 0. The six lines of e(|ual 



profits are shown with the numbers appearing along the coordinate axes 
showing which two rotations are compannl by a ])articular line, llu* 
rotation numbers also show on which side of a line a particular rotati(.>n 
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is more profitable. The four sectors bounded by the heavy lines inside 
the axes are numbered to show which rotation is most profitable for 
price combinations in each sector. The existence of four points at which 
three lines of ecpial profits interse(?t may be regarded as typical. When- 
ever we have a point such that ttj — ttj = 0 and tj — = 0, then it is 

also true that tt/ — Tr,^ = 0 at that point.® 

The situation represented by Table III is a highly simplified example, 
but the way in which a number of complexities could be incorporated is 
cU'ur. Additional rotations would add columns to the table, additional 
crops or resources used would add rows. If the farmer wished to con- 
si(l('r alternative cultivation practice's for some rotations, each combina- 
tion of a specific rotation and a specific cultivation practi(;e would repre- 
sent a distinct activity and would add a column to the table. However, 
the procedure for translating the relevant te(‘hnical information into 
sets of prices for whicli particular activities arc more profitable Avould 
remain unchanged. 

If the farmer had more than one type of land, there would be a set of 
activities for each type of land. If the quantities of each typo of land 
were regarded as fixed, a separate table could be used for each type and 
the problems of the best rotation and cultivation plan for each type of 
land could be considered separately. 

4. To shorten the discussion of a few points related to the previous 
sections, let the model be expressed in matrix form 

(8) y = Ax, 

where y is the commodity vector whose elements an* products produced 
and resources used as in the previous example. A is a matrix of cw'ffi- 
cients of the sort contained in Table III, and x is a vector of levels of 
activities stating the extent to wliich each is used. Let p be the price* 
vector whos(^ elements are the prices of the commodil ies, ?/. Then profit, 
TT, is given by 

(9) TT = p'ly. 

It is plain that, if the entrepreneur is unrestricted in his selection of x, 
if prices are independent of his decision, and if one of the activities yiidds 
a positive profit, then the entrepreneur can make any desired profit by 
choosing the appropriate value for j,-, the clement of x corresponding to 
the activity which yields a positive profit. This situation, of course, is 

•The four points could be idcintiojil, or it could happc‘n that one or more of the 
rotations are worse* than (ithers for all pri(i*s, in which case fewer lines and sectors 
would apix.*ar in Figure 4. 
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not realized in practice. Any entrepreneur who expanded one or more 
activities far cnouf;h would encounter some violation of these conditions 
for indefinitely large profit. He would find himself bidding up prices of 
resources used, forcing down prices of products sold, exhausting available 
resources at least in their mon^ efficient forms, or exhausting his financial 
resources. In any given case it is probable that several of these exist as 
potential limits to the expansion of an a(*tivity or group of activities. 
However, some of the restrictions may be ineffective in that the most 
profitable s(;le(!tion of activity hwels is the same in a model which includes 
them and in a model which excludes them. 

In Section 3 it was assumed that the only eflec^tivc restriction was that 
the amount of land available to the farmer was fixed. In models where 
a limitation on one resource is the only effective restriction, the problem 
of selecting the optimal collection of activities reduces to the problem of 
s(d(T*ting one aidivity that yields highest returns per unit of the lixed 
resource. Thus the discussion has been limited to a highly special situa- 
tion, though it is a situation of some practical interest. 

In classical competitive etiuilibrium theory, profit is eliminated by the 
bidding of entrojin'iieurs for land. This (*an be expressed in a linear 
model by letting the V(*ctor /y and the matrix A include only commodities 
other than land, tt = p'y then represents the sum of profits and rent. 
If other resources are plentiful and land is scarce, profits will be pushed 
to zero and the wholes (luantity tt will be rent. Inirthermore, competi- 
tion will force each entrepreiunir to use the best activity to avoid losses. 
The problem of sel(*ction of a best activity under these conditions has 
been analyzed in Section 3. Let a* be the column of .1 corresponding 
to a best activity (i.e., itj = A’/Za* ^ wi for all I). The rent per acre 
is then eijual to p'n*. Similarly, if several types of land exist in an 
economy, we could write 

(10) /y = [A BC ].r, 

where [A B C • • •] is a matrix of activitii's arranged so that activities 
using land of, say, type A appear at the left, activities using laiul of 
type B appear next, etc. Rents for the respc'ctive types of land would 
tin'll be p'a*, p'e* , etc., when* b* and c* are columns corresponding 
to best activities on land of types B and C, resjM'ctively. The difference 
in rent Ix'twei'ii, say, type A and ty|)c B would be eipial to p'(a* — b*). 
This is the difference in nc't value productivity and corresponds to the 
classical notion of dilTereni*es in rents being deti'rmined by dilTereiices in 
productivity. 

Another interi'sting (piestion can be explored by considering the hyper- 
planes in the price space of t he form p'a* = 0. l‘]ach of these represents 
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a set of prioo combinations at which the /th activity would yield zero 
rent on land of type A. ft divides the price space into two sectors, one 
containing; prices at which the activity will yield a positive rent, the 
other containing; prices at which the activity will yield negative rent. 
If this is done for all activities, the set of prices at which no activity 
yields a positive rent will either he empty or be a convex set. If it is 
a nonempty convex set, its boundaries could be considered the price 
margins of cultivation. 
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DEVELOPMENT OF DYNAMIC MODELS FOR 
PROGRAM PLANNING 

By Marshall K. Wood and Murray A. Gp:isler 

The development of dynamic models for program planning? will b(‘ 
discussed in the context of military planning problems, as that is the' 
area in which our experience lies. We believe that the tcchnif|ues dis- 
cussed in this chapt(‘r are applicable to oth(M' typ('s of program planning 
j)roblems, parlicularly in planning for organizations or economic systems 
where r(‘laiionships are largely technological and decision making is 
highly centralized, as contrasted with those in which decision making is 
mainly decentralized and relationships ilepend primarily on individual 
human reactions. The mat ('rial pivsented lu're is the work of the entire 
staff of the Planning Ib'sc'arch Division, Comptroller, U. S. Air Force. 

1, Gkneral Puoble.ms of Pan(jRAM Planning 

It was once possible for a Supreme Commander to plan operations 
personally. As the planning problem expanded in space, time, and 
general complexity, however, the inherent limitations in the capacity 
of any one man were encountered. Military histories are filled with 
instaiKTS of commanders who failed because they bogged down in details, 
not because th('y caadd not eventually have mastered the details, but 
because th(\v could not master all the relevant details in the time avail- 
able for decision. 

Gradually, as planning iirobk'ms became more complex, the Supreme 
Commander came to be surrounded with a GeiK'ial Staff ot specialists, 
which supplemented the Chi('f in making decisions. The existence 
of a General Staff permitt('d the subdivision of the planning proct'ss 
and the assignment of (?xperts to handle each part. The function ot the 
Chief then became one of selecting objectives, coordinating, planning, 
and resolving conflicts betwevn sfatT sections. 

In judging the acceptability of a planning procedure it is necessary to 
establish criteria. 'IV) be acceptable a plan must embody desired and 
attainable objectives. It must be consistent in the sense that all parts 

m 
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of the plan must be mutually solf-supporting. Furthermore, it must 
be timely, both with respect to the objectives and assumptions incor- 
porated in it and with respect to the starting date from which its projec- 
tions are made. 

Wo can pi(?ture the staff response to this problem of consistent pro- 
gramming in four stages. In the first stage each agency pn^pares its 
own program more or less autonomously for the guidance of its own 
operations. Staff action is coordinated mainly at the top level. Changes 
in directives are frequent and programs are built on such information 
about objectives and related parts of the program as happens to be 
available. When such a program is put togt^ther as of a given cut-off 
date, it is foun<l to have parts which vary widely in basic objectives. 
Those parts of tlie program which are closc'ly related to the basic tactical 
plan arc found to be comparatively up to date, while those parts whii^h 
arc logically several steps removed may represent objectives which arc 
already obsolete. 

The second stage marks a recognition by the staff of the necnl for con- 
sistency. It is directed that a single and consistent program shall be 
developed with objectives and assumptions as of a given date*. Rut fre- 
quent directives modifying or totally changing these premises continue 
to be issued. Since no operator can afford not. to reflect the latest 
changes in his operations, such a heroic effort to attain consistency will 
have ceased to have operational significance long b(»foro complet ion of 
the program and its dissemination to the staff and operating commands. 

In stage three program consi.stency is recognized, not as something 
that can be imposed, but as something that must bo built into staff 
procedures. The program is seen as a logical unfolding of the im])lica- 
tions of the stated objectives as determined by the planning factors or 
operational structure. This procedural approacdi to the problem of 
program consistency involves an analysis of the parts of (he program 
in relation to each other. The responsibility of each staff agency to 
furnish program information to the olh(»r staff agencies is specifi(*ally 
defined and a sequence of work established so that prcreciuisite material 
is made available as needed in advance of the program step dependent 
on it. In short, a schedule for programming is s(*t up with deadlines 
for staff action by all participating agencies. The procedure works best 
when programming is set up on a rf?curring basis so that program cliang(\s 
can be withheld and consolidated for dissemination at stated intervals 
known in advance. 

Figure 1 illustrates schematically the application of this procedure to 
Air Force wartime program scheduling. The entire program was started 
off with a war plan in which were contained the wartime objectives. 
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From this plan, by successive stages, as shown by the flow lines, the 
wartime program specifying unit deployment to the combat theaters, 
training requirements of flying personnel and technical personnel, supply 
and maintenance program, etc., was computed. In order to obtain con- 
sistent programming the ordering of the steps in the schedule was so 



-Approximately 7 months - 

* Personnel Distribution Commend * Mihta^ Occupational Specialty 

* 'Technical Training ** Air Materiel Command 


Figukb 1 — Sohoinatic il agram of major straps in Air Forre wnrdmc program 
scheduling. 

arranged that the flow of information from echelon to echelon was only 
in one direction, and also the time phasing of information availability 
was such that the portion of the program prepared at each stop did not 
dopt'iid on any following step. The major tlifliculty with this procedure 
was that it took too long. Even with the most careful scheduling, it 
took about seven monihs to complete the process. 

Stage four repri'seiits an attempt, to cut the time rcipiired by a partial 
sacrifice of consisU'ncy for the sake of increased timeliness. This is 
accomplished by establishing the entire programming procedure on a 
recurring cyclical basis, with a partial overlap Ixd woon successive' cycles, 
so that some material pertaining to a program already computed can 
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feed the eiiri'ent sequence as a first approximation for program informa- 
tion which otherwise could only be made available much later. Data 
extracted from a previous program must be carefully selected, in order 
to insure that the data used are either for activities whii^h remain fairly 
stable through successive programs or for activities which exert a com- 
paratively small influence on the portion of the current program to which 
they contribute, liy this device it is possible to shorten considerably 
the total I ime refiuired to complete a program, at the expense of some- 
what decreased accuracy in certain parts. 'I'hc increase in accuracy 
resulting from the development of more timely programs more than 
offsets the loss in accuracy resulting from this approximation procedure. 

Stage four was virtually achieved in the Air Forc(? during the last 
3Tar of World War TI. TIk* general uncertainly as to objective's which 
followed the war, however, resulted in n'lalively large changes in olqec- 
t ives between programs. This made the stage four pn)cedure impract ical 
and, owing to the' long lime pe'riod reeiuired to complete th(^ full program, 
program scheduling was dropiied as not currently practical. I'he conse^- 
(pient attempt at a parallel development of all ])arts of the program 
simultaneously has inevitably led to considerable inconsist(‘ncy among 
the parts of recent programs. We are now gradually reinstituling modi- 
fied program scheduling procedures of the sanu? gi'ueral lypi* used during 
the last years of the war. 

The chief obstacle to the achievement of consistent i)r()grams appc'ars 
to be th(j extreme length of time rec|uire<l for tlu* (U)mpulalion of pro- 
grams where the numl)(*r of activitu's involvi'd is very large. TIkmc* are 
three components to this time probh'in: a communication element, an 
aritlunetical eleiiKait, and a decision element. 

IjQt us examine each of these; in turn. The time nMjuinHl for com- 
immiration betwevn 'duff afjciKics can be matcM-ially r('(luce<l by carc'ful 
scheduling of the work of each agency and of the flow of ])i ogram docu- 
ments between agencies. Where dozens of (lilTt'renl slalT agencies ai(' 
involved, however, there is of necessity a consid(*ral)le lag involvi'd in 
communication. An agency can seldom lx; (;xp('(;ted to writ(*, type', 
sign, and transmit a document to another agemey in l(‘ss than a day or 
two. Even if no time were consumed in actual work, tlu' tiiru' lag result- 
ing would be unacceptable. The only v\.m) for this would seem to be 
(;(*ntralization of the work; but we have alrc*ady s('(*n that the complexity 
and diversity of the information reejuired is such as to jinx'lude successful 
completion of a program by any one man or small group of men. A pro- 
cedure is need(;d whereby the information aviiilabk; in the many stalT 
sections can be brought together in om; place in advance of the program 
problem and then assembled mechani(;ally. 
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The arithmetic element is the simplest to cope with. Once th(j under- 
lying strueture of the operations involved is analyzed and rc<luce<l to a 
systematic and explicit form, most of (he relationships involved are found 
to be of a simpler character which can readily be mechanized. This re- 
cpiires a (luantitative analysis of the relations among the various items 
to be iM’ograrnmed. If we an; programming gasolini', for example, we 
need to establish relations between gasoline consumption ami flying time 
based on the statistical records of (‘ach. From such systcanatic studies 
a set of planning factors can be d(;v(dopod. 'Fhe complete set of planning 
factors for om; activity, a c.omplex operation, or the Air Force as a whole, 
expresses the structure of that activity, operation, or the Air Force. 
The structure thus defined is the planner’s basic tool. 

In general, stiiudures are not fixed onc(‘ and U)Y all but re(|uire con- 
stant scrutiny. A distinction must be made between structures which 
are determined by technological relations and those which have been 
established by statistical anah'sis. The tiThnological structure of a 
single activity may be considered fixed from the outset. If tin; activity 
should b(; red(‘signed so that the factors involved are changetl, it is best 
to consid(*r that a new activity has been sul)stituted for the old and 
j)roce(‘d with the programming accordingly. If, however, we are dealing 
with structures which are statistical in nature, wi; must jnocecd mon; 
cautiously. 'Fwo or moie activities may be lumped together and rela- 
tions established between the aggregate (piantities involved. The pro- 
portions of these activities entering into the aggregate may be subject 
to change. Only in the event of stability in the relative importance of 
the included activities is it useful to program with the aid of statistically 
determiiHMl .struct ures. 'Fliis is the basic weakness of all programming in 
terms of aggregates. 

The ilirisiun making involved in the programming proci'ss is of two 
types. 'File lirst includes decisions which are re(|uired because of initial 
failure to d(*liiu; objectives in precise terms. (\ire in the initial state- 
ment of object iv(‘S can (‘liminate this problem. 

The second ty|)(* of d(*cisions reciuired is that resulting from failure to 
decline adecpiately in advance the complete range and structure of the 
//ypc.s of operations or activities to be performed. Decisions respecting 
changes in the structure of operations should, in so far as ])ossible, be 
made in anticipation of program computation rather than held up so as 
to delay it. However, over-all limitations may fonr change's in the 
structure' e)f oj)eratu)n whie*h cannot be anticipateel. When this hap- 
pens, it is usually be\st to compleMe the pre)gram with the' structure' as 
initially delined and then to alter the structure in a later revision. 

We have be'cn eliseaissing the jireible'ins of consiste'iiey and timehnoss 
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in relation to program planning. Another major deficiency of existing 
programming procedures is the inability to consider ade(i|iiately alterna- 
tive courses of action. In general, there are many possible programs for 
accomplishing a given objective. The possible variations include not 
only different combinations of a(d ivities in the same time period but also 
different time [)hasing of activities. Thus, in addition to (ihoices be- 
tween, for example, more bombei*s and fewer fighters in the same time 
period, there are choices like that of fewer bombers now and more later. 
The direct consequence of the necessity of making choices with respect 
to time phasing is a vast increase in the complexity of the planning prob- 
lem. For now, instead of activities and items which have constant 
definitions through all time periods, each activity and each item must 
be particularized for each such pericKl. Thus a H-29 Air Foriie bomber 
is not simply a B-20, but a B'29 available in a certain time period. A 
Pilot Training School is not a continuous activity, but a st'rics of distinct 
activities in a succession of time periods. 

These complexiti(»s have been spelled out to indi(;atc a whole range of 
planning problems which, because of the present difficulties of computing 
alternative programs, receive little or no consideration. So much time 
and effort is now devoted to working out the operational program that no 
attention can be giveji to the (ptestion whether there, may not he some better 
program that is equally compatible with the given conditions. It is peihaps 
too much to suppose that this difference between programs is as much 
as the difference between victory and defeat, but it is certainly a signifi- 
cant difference with respect to the tax dollar and the division of the total 
national product between military and civilian uses. 

Consideration of the practical advantage's to be gained by comparative 
programming, and particularly by the sidection of “best” programs, 
leads to a reciuircment for a technique for handling all firogram elements 
simultaneously and for introducing tlie maximization process directly 
into the computation of programs. Such a technique is now in prospc^ct. 

2. Formulation of the Mathematical Model 

As discussed in Chapter I, we am attempting to solve these problems 
by the construction of a mathematical model of Air Force operations 
wliich can be manipulated with a large si^ale digital electronic computer 
or, as an interim measure, with the punched card electrical accounting 
eijiiipment now available. In constructing the mathematical model of 
Air Force operations we have used the special finite model discussed in 
Chapter II. An Air Force program then consists of a schedule giving 
the magnitudes or levels of each of these? activities for each of a numb(?r 
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of time periods within the larger general time interval covered by the 
program. 

Each of the activities has certain recpiirements for real estate, equip- 
ment, supplies, personnel, funds, collectively referred to hereafter as 
items. The interrelationships between activities and the equations ex- 
pressing them are perhaps best explained through the medium of an 
example. For this purpose a simplified model of the Berlin airlift has 
been chosen. 

Consider first the actual flying operation itself. It produces supplies 
in Berlin; it reciuires aircrews, aircraft, and runways for its operation; 
it consumes funds for gasoline and for pay of ain^ews and ground per- 
sonnel. It also uses up part of the aircraft inventory as a result of 
crashes and normal wear and tear. Thus there are two types of coeffi- 
cients for each item, called input coefficients and output coefficients. The 
coefficients for all items together completely define the activity. "I"he 
input coefficients define tlu^ amounts of each item reipiired at the begin- 
ning of a unit time period or consumed during the time period to permit 
unit amount operation of the activity; the output coefficients define the 
amounts of each item left over at the end of a unit time period or pro- 
duced during the time period as a result of unit amount operation of the 
activity. 

The input coefficient is obtained as the sum of the capital equip- 
ment, the attrition, and the consumption, all of which must be on hand 
at the beginning of the time perifKl. The output coefficient is the sum 
of the capital equipment (which normally equals its input value) and 
the production per unit of the activity, both of which are available at 
the end of the time period. The capital e(|uipment consists of items 
which arc utilized by the activity in carrying on operations but which 
remain essentially unchanged at the end of the operation. Real estate, 
aircraft, and operating personnel are usually in this category. 

The derivation of the input and output coefficients is illustrated in 
Table I. The coefficient for the 95,000 tons of supplies delivered in 
Berlin has been put into the consumption column and given a minus 
sign, instead of being shown in the production column, because, under the 
rule just described, the output is considered one time unit later than the 
input, whereas the delivery of supplies by air is a continuous process 
which involves a negligible time lag in terms of the size of time units being 
used. This time lag is the essential distinction between the input and 
output coefficients as they are used here, rather than an implication of 
direction of flow which might be inferred from the words. 

The unit “crew capacity” has been used and treated as a consumption 
item in place of using “crews” as a capital eciuipment item because the 
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loss of crews as a result of the operation is not a function primarily of 
the amount of flying but of the age distribution of the crews in terms 
of the length of lime they have been flying the airlift. In this example 
a policy of retiring airlift crews to other loss cxa(!ting jobs after six months 
of flying the airlift is assumed. '^Fliis is reflected in activities V and VI 
and in items 3 and 4 in Table 11. Item 4, “new crews,” represemts 

Table 1. Computation of Input and Output Coefficients 


ACTIVITY II— FLYING THE AIKLIF'P * 
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* Unit of arlivity: 10,000 flij?hLs; unit of limo: thn*c* iiiontli.s. 


crews which have just started their six-month tour of duty on the airlift; 
item 3, “(experienced crews,” represents cr(?ws which have completed 
half of their six-numth tour. One hundred one (T(?ws of either ly|)e will 
pi-oduce 100 units of crew (capacity; if experien(*ed (trews art) used 
(activity V), no crews will be left as th(»y are retired from the airlift-, 
wh(tr(tas 100 experi(ni(;(Hl crews will remain if new (triiws are listed (activity 
\^1). New crews for activity VI must be procured from “training new 
(trews” (activity VIII). In training, an av('rage of 67 new crews acting 
as instructors at the beginning of the threfvmonth pitriod will produce' 
1,000 new crews. Actually the production may be weekly during the 
period, but it is shown in this simplirK3d model as if it all ociturred at tlat 
end of the three-month period. It is further sften that 44 aintraft are 
required (jii the airlift to operate 10,000 flights in a three-month period. 
Thirtv-nine of these aircraft are rtTiuired for tin? continuous openition, 
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and 5 extra are required as replacements for aircraft which crash or arc 
worn out during the operation. 

The unit coefficient in activity I, “supplying Berlin,” merely provides 
that the amount of supplies delivered to Berlin will be expressed in 
thousands of tons. Activity 11, “flying the airlift,” will deliver during 
the period 95,000 tons of supplies for 10,000 flights. Operating and 
support costs for this will be $8,700,000, as s(*en by the coefficient of 8.7 
on the money row under activity II. 1'hc input coefficient of unity 
against the runways item of activity II means that each runway is 
capable of supporting 10,000 flights during a thrce-montli period. The 
com])anion output coefficient of unity indicat(!s that the runway is still 
available for use at the end of the time period. 

In order to increase the level of activity Ix^yond that which can be 
supported by the available runways in Biulin, additional runways will 
have to be constructed. (It is here assumed that there is an excess of 
runway capacity at the western termini of the airlift.) Activity III, 
“constructing runways in Berlin,” is constrained to take on integral 
values, as can be secui from the restrictions on the variables given under 
Talile II. A look at the coefficients of activity III shows that, in order 
to construct one runway in Berlin, 2,000 tons of supply (e.g., steel mat- 
ting, traffic control e<|uipment, bulldozers, etc.) as well as $1,230,000 
will b(' consumt'd during the three-month jieriod. At the end of the 
three-month period, one runway will b(‘ r(‘ady for use. 

purjiose of activity IV, “slough-otT of unused runway capacity,” 
is to use up any part of a runway which may not b(» used because the 
airlift activity is not compos(‘d of units of exactly 10,000 flights. As long 
as activity II provides an integral number of runways, W(* will never, by 
this device, be creating programs which ulilizi* a portion of a runway. 

Thus far the individual activities have hvvn ilescribed. It is pertinent 
now to discuss the etiualions which interrelati* tlu‘.se activities. Table 11 
may be considered a table of detached coeflickaits from which the ecpia- 
tions shown below can be derived. The basic rule is to multiply the out- 
puts of each activity per unit of activity by the level ol the activity in a 
given time period and sum for each eciuipment item. Ihis gives the 
total available as inputs for the next time period; accordingly, each sum 
of inputs for period t is eciuated to the corresponding sum of outputs 
for period ^ — 1. 

Kipiation (1) state's that the tonnage suiiplied to Berlin, in any 
period etpials the amount shipped in, 95.r.j\ less the amount used to 
construct new airfields in Berlin, 2.rJ/\ It should be noted that all 
output coeflicients for this eejuipment item are ze'io; hemcc no activity 
level for the previous period appears in this eeiuation. 



Table II. Hypothetical Model of Berlin Airlift: Flow Coefficients of Basic Activities for Three-Month Period t 
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* See footnote J. 

t The fiKures shown in this table are ill i;.-st native an»l an- not to lx* u^e^I in planninjr. 

XI represent"! total input (jH-r unit <.f activity'/ at the l^eKinniin; of jK'riod, O represents output at end of i>eriod. However, for starred items it is flow during 

a three-iuontii jx?rioJ where riitHn!. tlow e.,n<uiiied by the activity and — tnean.s flow produced by the activity. 
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Equation (2) states that the number of runways available for use in 
the lih period, (.rJ^ + is equal to the number in use in the {t — l)th 
period, plus the number constructed, 

Equation (3) states that the level of experic^ncfed crew activity during 
the /th period is equal to output of experienced crews from new crew 
operations of the previous p('riod. 

P'quation (1) states that the new crews produced in training during 
i - 1, 1,000/8 are shared between training, 67/8 \ and overseas 
operations of new crews, I0l/{i\ during the Ith period. represents 
the initial availability of new crews at tlie start of the operation. 

E(iuation (5) states that the crew capacity produced by activities V 
and VI must be e(]ual to or greater (lian the amount used in airlift 
operations. The level Xj\ being nonnegative, assures this condition. 
It will be noted that crews, even if not used, must be paid, hnl, IiouschI, 
and administered. Their nonuse costs $24,000 per crew for three months. 
This takes care of continuing exptmses that are incurred if bad weather 
sets in and curtails oi)erations; this is the reason why appears in 
ecpiation (7). 

Equation (6) states that the input recpiiiPinents of aircraft during th(* 
tth period for activities of training, airlift, or storage is eiiual to the 
output of these activities for the previous period plus any new procure- 
ment of aircraft, 

Ecpiation (7) states that the amount of money retpiired for support 
of all activities equals the amount of money, mad(J availal)le 

from outside the system. 

It will be noted that each of these? equations relates the activities of a 
time period to th(» activities of the preceding time peuiod. The acliviti(*s 
of the first time period are related to the initial inventories of items on 
hand tlirough the exogenous supply activities. If the program being 
constructed is to cover several time periods, there will b(» as many s(4s 
of these ciiuations as there are time periods. Thus, if we represcuit a 
single set of these equations by a rectangle, \\v may repri^sent the 
complete set of equations for a program of four time periods as in 
Figure 2. 

The coefficient matrix of each set of eipiations is characteristically 
rectangular, as is the complete matrix obtained by putting together th(» 
matrices for the sev(?ral time periods comprising a complete program. 
That is, there are more activities than there an? items. Remember that 
the variables in tin? eijuations are the levels or magnitudes of the various 
activities and that there is one eciuation for each item. 41ns corresponds 
to the obvious fact that, given certain quantities of various items, there 
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arc, in real situations, usually many dilTerent sets of actions \vlii(;h can 
be performed, complet(‘ly using thesis items. In the airlift model being 
considered, a decision must be made in cavh tiini? period as to whether 
any of the tonnage flown into Berlin will consist of construction mate- 
rials and, if so, how much. By choosing to laiild a runway in any par- 
ticular time ])eriod, at some loss of suppli(*s in the current time pcaiod, 
we may get increased deliveries in the next time period (provided that 
aircraft, cn^ws, or money is not in short siijiply). To prepare a program 
it is necessary to provide some staUanent of objectives which will permit 

Activity Levels over Time 

Exogenous 

«=1 
t = 2 
« = 3 
e = 4 

Fiourk 2 

US to select from among the many possible solutions satisfying the system 
of e(|uations that particular solution which best accomplishes our objec- 
tives. 

In the case of the airlift examjde, we might have a definite schedule of 
net toniiag('s available in Berlin which we d(‘sired to met*t over sev(*ral 
succ(‘ssivc time periods. We would then specify the levels of activity 1 
for each of the time periods involved and would seek that solution, con- 
sistent with th(' (h'livery of these tonnages, whi(*h would minimize the 
cost, that is, the exogenous supply of money, summed over all 

time jieriods, so that. H b = min. 

Alternatively, we may have a definit('ly limited supply of aircraft 
or money and seek to maximizes the tonnage supplied to Berlin. \\ e then 
have -f- ■{"•**“[■ •rj”^ — max. 

Thus, wlum we apply this objective concept to the above discussion 
concerning the choice of use of tonnage between runway construction 
and supplying Berlin, the solutions obtained from our formulation ol the 
probl(»m do not necessarily provide optima within each time period but 
do give the optimum over all time periods of the program. Iherelorc 
th(*s(‘ solutions would provide for some sacrilice of supplies to Berlin 
in a given time period for latter benefit through availability of added run- 
way capacity, so that, over all time perioils of the program, maximum 
tonnagi^ would be d(‘livered to Berlin. 
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3. The Triangular Model 

Computing tcchiiiciues are now available for solution of small linear 
programming problems. (See Chapters XXI, XXIV, and XXV.) 
However, for accurate over-all Air Force planning, the size of the re- 
quired model is such that conventional punched card computing equip- 
ment, or even the interim electronic computer being built for the Air 
Force by the National Bureau of Standards, is not sufficiently powerful 
to cope satisfactorily with the problem of choosing the optimum activities 
and activity levels over time. 

In order to obtain a programming procedure which would be imme- 
diately useful with presently available computing equipment, we have 


Activities 



been forced to use a det(*rininate and hence less general forinnlation of 
the programming problem that parallels closcdy the stall proeeilurii illus- 
trated in Figure 1. We have called this a triangular moflel luTause in 
it the matrix of detached coefficients, when arranged as in Tabh^ 1 1 1 and 
omitting the “initial” part, assumes a triangular form, with all (coeffi- 
cients above and to the right of the principal diagonal being zero. Thus 
the activities and items are so ordeml that the ficvels of any one activity 
over time depend only on the levels of the activities which prec('de it 
in the hierarchy. This m(?ans that in the computation of the program 
we successively work down the hierarchy, at each step solving completely 
for the levels of each activity in each of the time periods befoni proceed- 
ing to the n(^xt activity, as shown by Figure 3. 

This computation is very much like that found in the solution of a 
set of n simultaneous c(iuations in n unknowns when the set is reduced to 
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one equation in one unknown, and the values of the successive variables 
then are obtained by the process of liack solution. Obviously the 
triangular model d(x;s not permit answering some of the questions an- 
swered by the rectangular mcxlcl discusscxl above. Like the staff pro- 
cedure described earlier, this triangular mcxlel permits generation of the 
resource requirements to support a given set of <iuantitativcly stated 
objectives, but it will not permit the determination of the maximum 
amount of a qualitatively stated objective which can be attained with a 
giv(‘n resource availability. In this sense the triangular model is less 
general than the rectangular model, h.ven in the generation of resource 
rwiuirements for a given set of objectives, the triangular model will not 

TABFiE III. Triancjulahizatiox OF Hkklin Airi.ii<t Model 
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Equations 



(1) 


4?0=x'.'> 



(2) 


II 

1 

1 



(3) 4?o + ISOrjO 

- xi'-” + 0.0rxrj‘> = xi' ■ 

1) 


(4) 4?o + 5at'i'> - 40jf 

-•'-l-0.0&rr-0.0ixrr'"=-rr 

1) 

> 



W 9,000 ji'^ + + 200j 4^ = money rotiuircd in /th jxTiod; 

whore = proKnim of tonnaRt's to be delivonMl in f = 1, 2, 3, and 4 (i.o., 1.5, 1.(5, 
1 . 8 , and 2 . 0 ); a3% = inventory of crews initially availabli* ftir airlift (i.i*., 200 , 0 , 0 , 0 ); 
«4, 0 “ inventory of aircraft initially availalde for airlift (i.c., 25, 0, 0, 0). 
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necessarily yield optimum solutions if then; are real eli()i(*,es between 
alternative production processes. To illustrates the triani^ular model let 
us (umsider a somewhat modified presentation of the Berlin airlift model. 
If we assume that the airlift profijram is generated by t he supply tonnages 
to be airlifted into Berlin in successive time iuteavals, the first activity 
will be ‘^airlift flying/^ designat(‘d by /p as shown in Table III. I^^epia- 
tioii (1) expresses the relationship that the values of will be succes- 
sively efiiial to the supply tonnage values, designated by specified 
for each time period, 'lliesc^ values of are shown at the (aid of 
Table III. 'Fable IV gives the values of obtained from the program 


TaRM5 IV. TiIKOKKTICAI. BkRLIX .AiKI.IFT PitOCJItAM 


Time 

Ferieil 

Airlift 

Flying 

Hesting 

\V(‘jiry 

Crews 

Training 

New 

Cr(‘w.s 

Storing 

/Mrenift 

Procuring 

;\irer;ift 

.Money 


.(0 

•Tl 

At) 

•^2 

•r;i 


Xl 


First 

l.f) 

0 

10 

IF) 

0 

$l3.li0() 

Second 

1.() 

18S 

40 

3 

0 

I5.S30 

'Filin 1 

l.S 

200 

<i2 

1 

10 ! 

10.820 

Fourth 

2.0 

255 

37 

0 


22,005 


values established for this i)roblem, if the specifi(‘i| activiti(\s slay lcv(‘l 
at the value specific'd in tl)e last tinu» ])eriod. 

The next activit}^ whose levels can lx* detennimxl is “I’esting weary 
crews,” d(*signated by .rll\ Iwcause it deprauls soIc‘Iy on tla* \'alues of 
'Fhis is shown by e(|uation (2). 'I'he two aclivitirvs invohawl in 
efiuation (2) are s('parated by one tinn^ ixaiod, Ix'causi* in this model th(' 
cnwvs retire after oih* time jieriod of flying the airlift, and therefore thi’ 
crews resting in the current time perhxl are deriveil from those flying tla* 
airlift in the pnwious time p(?ri(xl. 'Fable IV shows the values for ./j' 
obtained by application of ecjuation (2). It is to be nole<l at this point 
that we can, and liave, solved for tlie h'vc'ls of activitii's /P over all 
time periods before we go on to the next activity. 'Fhis ordering of lh(^ 
computational steps is an advantage in program (hivelojmwMit lxx'aus(', 
when appropriate? computing e(|uipment is iisenl, it permits the study of 
th(* program levc'Is as they are being g(‘n(‘rated, so that, errors in the* 
program or impossible programs may be dedeetted before? the? whede i)re)- 
gram is g(?nerated. 

'Fhe thirel activity in this mexlel is “training ne?w' crews,” elesignateel by 
It el(?penels e)n the levels e)f the? previeais l.we) ae*liviti(?s anel alse) on 
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its own l(ivel in tho previous time period. This is so because we must 
train instructors in the previous time pt^riod in order to have sulli(ticnt 
instructors available^ in the current time f)eriod. This is a usual dynamic 
condition encountered in economic and similar plaiiiiinj? problems, and 
the simultaneous equations involvtid are solved by iteration. A furtluM* 
aspect of the thii*d (Mpiation is that tiiere has been introduced an initial 
stock of aircrews from whic^h w(‘ can draw lu'fore starting the training 
activity. The levels of this activity, based on the airlift sujiply pro- 
gram, are givcm in 'Fable IV. 

The fourth activity, ‘'procuring aircraft,” designated by comes at 
this positiim in the model because it depends on and Substitu- 
tion of the determined values of these two activities in ecpiation (4) 
readily gives the values for shown in Table IV. Tt is to hi) noted 
that the value for x[^^ is not given in this table because x[^^ depends on 
x\'\ which was not sfiecilied in the program under discussion. 

It will be noted that, in the formulation of the eciuations for th(» airlift 
model, each it(‘m was uni(|U(‘ly related to the single activity which pro- 
duces it. This m(‘ans that tlu* slough-off and storing activities were not 
included in th(‘ structural equations. 

IIow(*v(*r, in the computation of the program it is necessary to include 
the storage ami slough-off activities, as shown by the inclusion in 
Tabl(‘ IV of the activity “storing aircraft.” A need for establishing this 
activity occurs because th(» inventory of aircraft available at the start 
of the program is greater than re(iuired by tlie levels of the activities 
utilizing aircraft. Ihaice the surplus of aircraft must ))e stored, and 
an activity for accomplishing this is created. Thus, although the 
triangular model usually specifies e.xplicitly onl}" the producing activities, 
the compkde syst(*in has implicit within it additional activities which 
may store or dispose of surplus or unutilized equipment. Thus, in 
point of fact, in computing a program we may require two to three times 
as many activities as itc’ins. 

'Fhe last etiuatioii in Talde 111, (5), is used not to determine the lov(*l 
of an activity but to detc'rmine the value of an item designated as 
“money.” No activity is associated with the item money in this model 
because the activity involved, that of appropriating momy, is exogenous 
to the Air Force. Conseiimaitly the last eciuation involves only input 
coellic.ients (i.e., eciiiipini'iit. Ilowing toward each activity rctiuii’ing 
money). 

Table I\' thus gives th(' program of rcqunrtl support activities gen- 
erated by this model, which must be attained if the tonnage deliveries 
are to be satislied. 'Flu' model has Iwhmi so arranged that a determinate 
and unique stati'inent of these requiremc'iits is obtained. This is 
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definitely a more limited approach to the programming problem, 
motivated largely by the need to stay within computing capabilities. 
In some cases arbitrary decisions must be made to establish the neces- 
sary hicran^hy of activities, and this is a definite drawback of the pro- 
cedure. However, in the practical job of fitting Air Force operations 
into a mathematical model, it has not been found difficult to fit the 
triangular arrangement, nor has it been necessary to distort materially 
the true relationships in doing so. In general, we find that there is 
only one major type of productive activity for each type of item; this 
is the principal prerequisite of the triangular model. There is, of course, 
no a priori reason to assume that other economies will be ccpially adapt- 
able to formulation in a triangular model. 

Computationally, however, the triangular model yields a tremendous 
advantage? over all known alternatives. With this formulation we have 
been able to solve programming problems involving 1(X) activities and 
36 time periods in one day by using present punclu'd card eiiuipment, 
obtaining answers which are realistic and useful. In the more g(Mi(?ral 
formulation this would be represented by 3,600 equations in 3,600 un- 
knowns. 

One other significant advantage of the triangular model which should 
be noted is that it frees us completely from the necessity of using linear 
relationships between inputs and activity levels. In the illustration 
given above we have used linear relationships because the relationships 
appear to be fundamentally linear. However, in computing solutions 
with the triangular model the levels of each activity over time are com- 
pletely determined by the levels of the preceding activities in the model, 
and consecjucntly we may use any functional relationship between 
activity levels and input re(iuirements whi(?h seems appropriate to the* 
facts, provided only that the function used d(?termines uniquely tlie 
inputs from the activity levels. In the succeeding section on the iv- 
formulation of the model with flow coefficients an example is given in 
which arbitrary function tables arc used in lieu of input coefficients. 

One of the difficulties with the triangular model is that complete 
specification of the objective activities and complete specification of the 
initial status are (piite likely to set up an overdetermined set of ccpiations 
in which no solution is possible. Another difficulty is that the triangular 
system has little slack in the time dimension; every re(|uirem(;nt must 
be met exactly on time, unle.ss there is a stored surplus remaining from 
the initial status. The mcxlel makes no provision for the anticapatory 
creation of temporary surpluses in order to meet future peaks in demand. 
Thu it may recpjire rapid and erratic fluctuation in production, or it 
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may require continued rapid expansion of production at rates in excess 
of those which experience indicates can be attained. 

In order to overcome these didiculties we have tricnl to relax somewhat 
the rigidity of the triangular model and to introduce certain limited 
elements of optimization. Thus we have modified the formulation to 
specify the levels of the objei^tive activities for a time span starting with 
some future date, rather than with an actual current status. This 
eliminates the possibility of setting up an overdetermined set of equa- 
tions, provided that we place no restrictions on rates of change of activity 
levels within the period prior to the starting date of the program. Such 
overdetermination is almost certain to occur in a determinate system 
when both the initial status and the objectives are completely specified 
quantitatively. This also conforms much better to the usual formula- 
tion of the peacetime programming problem in the military establish- 
ment, in which the objectives to be attained arc removed by a sub- 
stantial time interval from the current status. The problem is then to 
dc'finc the status to be attained at some future date that will be con- 
sistent with the accomplishment of stated objectives after that date. 
In doing this wo also generate a detailed program for accomplishing 
objectives after that date. 

This relaxation of the conditions of the problem not only eliminates 
the probability of overdetermination but also creates a certainty of 
imdcrdelermination. To arrive at a solution we must now impose some 
further conditions on the rates of change in the levels of the production 
activities after the future date for which we wish to define an initial 
status. 

In most types of production activities, whether pilot training, air- 
craft production, or gasoline refining, there appear to be inherent 
limitations on the maximum rates of expansion which can be attained. 
Extensive analysis of World War 11 experience, together with industrial 
planning studies made since the war, has indicated statistically that for 
most industries or activities the highest expansion possible is for output 
to increase, as an approximation, by a constant geometric rate from the 
production level on the date the expansion is initiated, after a time lag 
of varying length. For example, the pilot-training establishment might 
approximately double its rate of output every five months, after a lag 
equal to the length of the production pipeline, or about ten months. 
Similarly the aircraft industry might double its output every eight 
months, after a lag of about one year. This type of relationship setans 
to hold ecjually well for smaller components, such as prodiurtion of land- 
ing gear struts, propellers, engines. In other words, it appcairs that in 
most production processes we may assume that the maximum percentage 
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rate of production expansion at any given time after the start of the 
program is a constant which depends on the type of activity but is rela- 
tively independent of tlie initial pr(Kluction lev(J. 

Figure 4 illustrates schematically the problem under consideration. 
The cumulative program recpiirements curve is characteristically 
8-shapcd, being lirst concave upward and later concave downward. 



FicaiRK 4 -Determination of iniiiimum proUnetioii Iev»*l at t = 0 etmsisteiit with 
cumulative program. 

The family of alternative cumulative production curves, .1, /i, ainl (.\ 
arc characteristically concave? upward, each representing a dilh’icnt initial 
production rate. It is clear that curve B is the most elficicnt produ(*tion 
curve because curve A more than me(»ts the retiuinMuents of tin? program 
whereas curve C docs not satisfy the program requirements during a 
portion of the; period. Curve B is chara(;t(?rized by being tangent to 
the cumulativti program curve, and it is obvious that beyond the point 
of tangency the production rate ne(?d only be maintained so as to just 
meet tlu* program. A further property of curve B is that it minimizes 
the amount of storage necessary befon? the cumulative production meets 
the cumulative program. This storage is nec(‘ssary because the program, 
in the initial stages, expands more rapidly than production. 

In order to fit the production curves to the program nMjuirements, 
we ^ ust know either the initial prcKluction rate or the initial inventory. 
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Since, under the new formulation of the problem, the initial point of the 
program is removed hy a time span from tin* present, we do not yet know 
either. We do, however, know both tlie initial position and the prodiKi- 
tion rate at the ])r(?s(^rit. If we are willing to make an assumption of, 
say, linear inci'i^asc or dijcrcaise in the production rate between the present 
and the initial program date, the determination of cither the inventory 
or the production rat(^ at the initial program point will determine the 
other. This is made clear by Figure 5. 



date 


*/(0 *= piirtlm limi fiiiirtinii stailiim fruin unit pMHliicliiiii rate at f = 0. 

KniruK inn nl invmtory and product inn rale at initial program 

dat( 

The ordinate on tlie chart is the (juantity of the item concerned; the 
al)scissa is the time dimension and is measured from an origin in the 
center of the chart, which is the assumed initial program date. Th(i 
It'ft side of th(‘ chart repr(*s(*nts the interval between the present date 
ainl th(» assumed initial program date. The lower two broken lines are 
production rati's; tin* upj)er twi) are inventories or cumulative avail- 
abilities; and the solid lint' is tin* cumulative program retiuirement. 
The problem, then, given tlu' cumulative production requirement curve 
(solid lint'), tlu^ prt'sent iiivt'iitory, f>, and prodiietion rate, a, and the 
basic production ('xpansion capability tunction, /(/), which is plottetl 
from a unit initial pnxluction rate at I — 0, is to lind the inventory, c, 
and production rate, A*, at the initial program date, aiul the cumulative 
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availability curve (heavy broken line) on the right side over the period 
after the initial program date. 

The cumulative availability curve (heavy broken line) on the right 
side is the sum of the initial inventory, e, at / = 0, and the cumulative 
availability from production, which is kf^ f(jt) dL Obviously, if either 

e or k is known, the other can be determined. Since neither is known 
a priori, wo must introduce another condition. We know the initial 
inventory, 6, at the present time; it is a simple matter, when we know 
the attrition or depreciation rate on the item, to calculate c, whicJi is 
the present inventory discounted to the initial program date. We have 
then only to determine d, the additional inventory at the initial program 
date which results from production over the inteiwal from the present 
to the initial program date. We know the present production rate, a; 
if we arc willing to assume some functional form, as for instance a 
straight line, for the production rate between the present and the initial 
program date, we may then determine d as a function of fc. Rut e is 
merely the sum of c, which is known, and d; and so we may get an expres- 
sion for e in terms of fc, or vice versa. Substituting this back into the 
expression for the cumulative availability curve, we may then iini(iuely 
determine e and k. These computations can bo made by conventional 
punched card equipmi*nt. 

An interosling by-product of this tcchni(iue is that the same fitting 
procedure can be repeated successively beyond the first point of tangency 
in order to obtain a smooth production curve. This is also accomplished 
through the punched card procedure. 

4. Ukfoumulatiox with Flow C'okffk iknts 

The duration of the activities of the Air Force varies over a consider- 
able range of values, from a single instant to several years. It is there- 
fore dillicult to fit these activiti(*s into a discreUj model l)ased on fixed 
time intervals, and it is also clear that some loss in accuracry must result, 
if we are constrained to retain the concept of fixed time lengths in 
developing the coefficients for the model. To obviate this difficulty 
we have reformulated the basic concepts underlying the constriKition 
of the coefficients for the mod(*Is. The items or commodities entering 
into the model arc now considered in terms of sto(!ks and flows. Stocks 
are the inventories of the various items or commodit.ies reciuired by the 
activity to be on hand as long as that activity continues. Thus the 
personnel manning a training bas(», or tin? airciraft within a group, arc 
stocks of e(iui[)ment recpiired to be on hand in order for the training and 
com>)at a(!tiviti(‘s, r(^s|)e(;ti veJy, to operate. The flow coellicients describe 
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the rates at which the commodities involved in an activity are con- 
tinuously consumed or produced by the activity per unit period of its 
operation. Thus gasoline consumed in aircraft flights, or unserviceable 
engines produced as the result of aircraft activity, are examples of flow in 
our structure. Capital equipment in this formulation is always treated 
as stock. Noncapital items may occur as cither stock or flow. Thus 
gasoline is reepured in both forms, first as stock in terms of an inventory 
to cover lead-time in distribution and second as flow to be consumed in 
flying activities. Attrition or depreciation on capital equipment may be 
considered a flow. 

Continuing this type of formulation, we find that we are released 
from the use of fixed time pericKls in the initial formulation of the coeffi- 
cients of the model. Setting up a basic time length of sufficiently small 
duration so tliat the activities can be accurately expressed in terms of 
the unit time lengths, we can intrixluce both the stocks and flows into 
the model by means of flow coefficients. All inputs of stocks are con- 
sidered ccpiivalent to flows toward the activity (indicated by a plus sign 
attached to the coefficient), taking place during one unit time period in 
advance of the time they are i*e(iuired to be on hand. All releases or 
outputs of stocks from an activity arc considered equivalent to flows 
away from the activity (indicated l)y a minus sign attached to the coeffi- 
cient), taking place during one unit time period in advance of the time 
they can be released or are produced. All flows arc shown as rates of 
item inputs (+) or outputs ( — ) per unit volume of activity per unit 
time period with two time coefficuuils identifying the times at which the 
flow is to begin or end. Thus we are adopting the concept of a con- 
tinuous model in the underlying formulation of the coeflicients. This 
liermits continuous balancing of reciuiremeiits and availabilities over 
time, establishing storage as recpiired if an overage exists, and establish- 
ing procurement or iiroduction as recpiired if a shortagti occurs. 

5. hiXAMPLE OF Dyna.mic Model with Klow Coefficients 

As an illustration of the procedure used here for presenting the data 
under this kiml of formulation, an illustrative but fictitious example of 
an Air Force model has been st^t up and is shown in Table \ . Consider 
the first activity in Table \', “operation of bomber wing.” the item 
produced by this wing is called a “wing operation unit,” with dimensions 
of flying hours, or sorties, etc. The coclfi(;ient of — I associated with 
the item shows that one wing operation unit is produced by the activity 
ca(!h week. The time coefficients, from 0 to I, associated with this item, 
show that the output of this unit by the activity takes place during one 



Table V. Hypothetical Triangular Model of ax Air Force Operation showing Fundamental Relationships 

AND Coefficients * 
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* This presentation is ivirely hypothotie-al. and th- soit uf presfiitution is for illustration of technique. 

Time is measured in weeks. 

t The amounts all represent unit physica! quantities i.e., "technical pt’csoniiel” is measured in terms of persons, etc.), 
i Funcriun table coerficients used. 
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week, which is the basic time f)erio(l in which the program is computed. 
All the other items appearing under the bomber wing operation activity 
are re(iuircd to generate this one wing operation unit, and their time 
coefficients arc measured with reference to “zero” time as the origin. 

The second item is called “bomber wing”; it is a major stock item re- 
quired by the first activity. It is therefore shown as a flow over the unit 
time period previous to its reciuircmcnt by the first activity. The —5 
and —4 indicate that there is a passage of four weeks between the com- 
pletion of training of a bomber wing (accomplished by the s(K'ond 
activity) and its availal)ility for use by the first activity. This means 
that, in order to liave a bomber wing available as input into the first 
activity, the second activity must have pnxiuced the boml)er wing four 
weeks previously, and the time coefficients of —5 and — 1 provitle the 
time link between the first and sccontl activities. Obviously we could 
have inserted intermediate sliipping activities between the training of a 
wing and its availability for operation, which would obviate the necessity 
for showing the lead time in the fimt activity. The second coefficient 
attached to the bomber wing item shows that the item is not consumed 
by the activity but is an output at the end of the week^s activity, available 
for reuse in the next time pcaiod. 'rhus, the bomber wing is a capital 
item. The item “])omber crews” is shown as a stock input and then 
as a stock output one time* i)eriod later, the difference in the amounts 
n'presenting the atirition of crews brought about through operation of 
th(^ activity. It should be noted that the crew capital equipment 
of a bomber wing (in this example) is 50 crews, so the input coefficient 
is th(» sum of the capital plus attrition reciuirements for the week. 
The fourth item is called “technical pei*soniiel” (i.c., the mechanics, 
electronics personnel, cooks, etc., needed to support the ciews and air- 
craft). They are shown only as an input because the t(*chnical per- 
sonnel capital (Miui|)ment is incorporated in the eciuipmcnt item 
“bomber wing,” and so only an input of replacements to cover attrition 
during the week is necessary in order to have the rcciuircd amount of 
capital on hand. As before, the -5 and -4 time coefficients indicate 
a four-week deliv(*ry time betwet'ii the completion of training of the 
technical personnel and their availability for use in the wing. 

Tlie comments on the items “bomber aircraft” and “serviceable 
engines” parallel (hose given al)ove for the item on crews. The input, 
or positive, coeflicient shows the number of serviceable engines retpiired 
as stock and as consumption to cover replacement ot worn-out engines. 
Tlie output coefficient shows the number ot engines left o\’er as stock 
at the end of the week’s operation. The same comments as made on 
serviceable engines apply to the next two equipment items, bomber 
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aircraft and engine parts'' and “gasoline and oil." Finally, the equip- 
ment item “funds" is shown as an input coefficient, and it covers costs 
which can best be associated with this activity. Thus the cost of pay 
and allowances of the personnel am reflected, but not the cost of aircraft 
procurement, wliich in this model can better be handled under the 
“procurement of bomber aircraft and spare engines" activity itself. 

It will be noted that each activity is associated with an item which it 
produces. The amount of production of each item nniuired of the 


Procurement 

level 

(dollars) 



Figure 6 — Nonlinonrity of coefficients result in^ from M^r^rc^ntion of four supply 
items with disproportioiinte inventories. 


producing activity determines its level. To make this clear, let us con- 
sider the following equation, by means of which the level of the activity 
“training of bomber wing" in any time period can be established, bi't 
x\ be “operation of bomber wing" activity, and J 2 , “training of bomber 
wing" activity. Since the sum of the flows in any time period must 
equal zero, the following relationship must be satisfied by the levels of 
xi and 3*2 • 

- lx|‘-®®> = 0, 

where / takes on integral values. Comparable equations may be devel- 
oped for the other activities in this model. The simplicity of the flow 
formulation, and its flexibility, can best J)c appreciated by study of lhe.se 
functional relationships among the activities in a model such as the one 
illustrated. 
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It will be noted that the coefficient for the activity “procurement of 
bomber and engine parts” related to the funds is footnoted, because, 
in developing these coefficients, we aggregate the individual items and 
jiarts and express their aggregate value in dollars to avoid dealing indi- 
vidually with hundreds of thousands of items. Through this aggregation 
we have succeeded in reducing the problem to one of dealing with about 
1 00 classes of items. However, in doing this wo find that the coefficient 
describing the dollar amount of procurement of items required per unit 
of consumption of this item changes with the level of consumption be- 
cause, in many cases, the amount of inventory on hand is significant 
and disproportionate among the several items aggregated together. As 
a result, we introduce function tables into the computing procedure, in 
which th(^ procurem(^nt coefficients in the structure change with the level 
of re{|uired consumption (i.e., level of program). The kind of function 
table recpiired is sch(‘mati(!ally illustrated in Figure 6. In this figure 
we have four equipment items. The inventory of each equipment item 
is expresstMl in terms of the number of program levels it can support, 
called normalized inventory. The items arc then ranked from the small- 
(»st to the largest normalized inventory (expressed in program units, such 
as flying hours, personnel). Item 1 is the item which has the smallest 
normalized in\'entory and hence must be procured first. Item 2 is next 
in order, and so on. The envelope outline of the curve, shown as a 
solid line, constitutes the nonlinear function which must be handled as a 
function table. 
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RKPm«i:NTATl()N IN A LINKAR MODEL OF NONLINEAR 
GROWTH CURVES IN THE AIRCRAFT INDUSTRY 

By Marshall K. Wood * 

In nttompting to represent the nireraft industry in the discrc'ti^ liiu'ar 
model d(‘seril)ed in C^iapters I, II, and XH, two eharaeteristics appeared 
Avhich did not, at first glance, seem to lend themselv(\s to representation 
in the linear model. The first of these is the fat*t that tluM-e appears to 
be a limit to the rate at which the industry can grow over tinu^, even if 
there are no shortages of the materials necessary for the production proc- 
ess. This fact was mentioned in Chapter XII and used in the formula- 
tion of the dynamics triangular model. In gcmeral, it a|)pears that pro- 
duction can expand in geometric ratio, i.e., that the lev(‘ls of production 
in successive time periods may equal, but not. exce('d, the successive 
terms in the series 1, (I + «), (1 + «)“, (1 + • • • , (1 + o)'"*, 

where « re|)resents the proportional increase in production during a unit, 
time period. This general form of the expansion (nirve was actually 
observed during World War II and also may l)e derived, with slightly 
different coefficients, from studies of future prodiudion capabilities made 
by aircraft manufacturers since th(^ war. 

It may be (jonjectured that this limitation on the growth rate is not 
in fact a characteristic of the industry but arises as a result of tin* cumula- 
tive elTe(;t of shortage's of labor, eciuipmenf, mate'iials, (*tc., which in 
turn may be? produe*e'd by ae*tivit ies with constant input coeflie'ie'iits. 1 1 
may well be true that, if all the tangible and intangible elements e)f the' 
pre)due*tion process we*re ele'fined in sufficie'nt ele?tail, anel if tlu'ir input 
coefficic'nts we-re evaluated with accuracy, then it weailel not be? ne'ce'ssary 
to infrodue*e this gre)wth rate limitation explicilly inte) the nie)ele'l. Ile)W- 
cver, until all the*se? faeftors e'an be evaluate'd with gre*ater detail ainl 
ae'e'uracy than is now pe)ssible', it appenirs neerssary to intrexlue'C the* 
limiting gre)wth rate? as a separate siele e*e)nelitie)n in the moelel. 

This may be* elone entirely within tlie framewe)rk e)f the linear me)elel. 

* Acknovvh'dgrncnt is made! ttj (i(>()rKe> B. Danl/ig, U. S. Air Konr, and T. K. Harris, 
The RAND (k)ri)orntinn, fur invaluable; mat lu'iiiat ie;al assistaiie;t; in pre-paring this 
chapl» T*. 

2Ui 



CHAP, xml 


NONLlNKAll GROWTH CUUVKS 


217 


To do this, we first cretito im artificial item which wo may call ‘‘manage- 
mcnt capacity'^ for want of a bottc*r name. This item is not ol)sorval)Ie 
or definable as such, and it is evaluatetl by refcHuice to cxperie^nced 
expansion rates or production planning studies. We then formulate the 
m(Hlel of the ain^aft prodiudion activity given in Table 1. 


Tablk 1 


Item 

Input at Begin- 
ning nf Period 

Output at 
Mnd of Period 

I. Aircraft 

11. Management capacity 

0 

1 

1 

1 +a 


If the item management capacity app(‘ars in no other activity, it will 
immediately be seen that the level of the actix'ity whose coefficients arc 
given above must increase over time at the rate 1, (I + a), (1 + «)“, 
(I + «)’\ ••• , since the output of each period becomes the input 
of the following period. If we then introduce a disposal activity, con- 
strained to be nonuegative, with a single coefficient of — I for manage- 
ment capacity, the h'vels of the aircraft pnxluction activity must be 
e(|ual to or less than the series 1, (1 + «), (1 + aV“, • • • . Furthermore, 
we have insured that in no time period shall the l(?vel of the activity 
exce(*d the level in the previous time period by a ratio greater than I + 

Hy approf)riate selection of a we may fit any desired geometric expan- 
sion curv(\ 

The second major problem encountered in representing the aircraft 
imlustry in the linc'ar model is the observed fact that labor costs per unit 
of output appear to decrease in inverse geometric ratio to the cumulative 
(|uantity produced. .Vt first glance this seems impossible to represent 
in the linear mo<lel. However, the conditions under which this relation- 
ship is observed, and the comlitions under which planning stiulies have 
indicated that it will occur, are conditions of expansion ot production at 
the maximum possible' rate. 

Suppose? then that, feir purpo.ses of creating the mathematie'al model, 
we arbitrarily split the production preicess into two noniu'gative activi- 
ties, anel Q, the sum of wheise inputs anil outputs are to eeiual the 
total inputs anel outputs, re'spe'ctivedy, of the' aircraft production ai'tivity, 
with the selection bc'tweem the twe) activitie's to l)e made on the basis 
of the minimization of cost, subject to the re'striction imposed by the 
linear moelel. 'riie'se two proeluction ae*tiviti('s may be called “high cost 
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production^' and ^low cost production/' n^spectivcly. It need not bn 
assumed that they are piiysieally separable or identifiable, although it is 
possible that they are. The subdivision of the production process into 
these two activities is here made only for mathematic^al (ionvenience in 
formulating the model. We may then set up the model with the input 
and output coefficients given in Table II. The ccxjfficients are restricted 


Tablk II 



Act ivit u*s 


r High Cost 

y -Low Cost 

Items 

PnMliict inn 

Production 


Input at 

Output at 

ln))Ut at 

Output at 


l)eginning 

end of 

beginning 

(‘iid of 


of jM»rio<l 


of {M'riod 

period 

I. Aircraft 

0 

1 

0 

1 

11 . ManagcMn<‘nl capacity 

1 

a 

1 

fi 

III. Pnuluctiofi c.xiM'ric'nce 

0 

1 

/> 

r 

I\'. Manpower cost 

1 

0 

d 

0 


as follows: a > 1, d < 1, e ^ fw, where u = 1 + « in the previous 
model. 

Item III, here called “production experience.” is anotluM* artiticial 
item (like item II) which is not physically id(*iititiable uv measurable and 
is created here for convenience in ordcu- to make the model conform to th(‘ 
observed characteristics. Since we have retained th(» same coelIici<‘nts 
of 1 and a for item 11 in both activities, it is clear that the sum of tla' 
two activities is still limited to an expansion rate of 1 , u, u“, u , 
It is necessary to restrict c ^ ba in onler to insure that ihn ratio 
of output to input for item 111, r/h, does not impose a more sc^vere 
restriction on the total growth rate of production than is impos'd by the 
output-input ratio, u/'l, for item II. We must, of course, add to the 
model another disposal activity with a single coefficient of — 1 for item 
III, as we did above for item II. 

Turning now to tin* (|uesticjn of cost, we see that the two acclivities I* 
and Q have differing manpower costs (item IV) per unit of production. 
Since ;.ctivity Q produces at lowiu* cost than activity (i.e., d < 1), 
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and since wc are seeking a minimum cost solution, the solution will 
always contain as large a proportion of activity Q as is permitted by the 
basic equations. 

Substituting the above coefficients in the basic c([uations of the linear 
system [see II], and imposing the additional condition that the total 
production {P + Q) expand over time at the maximum rate possible 
from a rate of 1 at < = 1, wo have: 

(1) Pi + Qt = a‘-\ Qt = 

where Pi and Qi are the levels of activities P and Q, respectively, at 
time t. This is the, gcneiiil limitation on the rate of growth of total 
])roduction, as discussed alwvo. Furthermore, 


( 2 ) 


Q, 


Pt-i + fQ(-i 

b 


'I'his is the condition imposed l)y the input and output coefficients for 
item 111, plus the stipulation that Q shall always Ixj as large as possible 
in relation to P (minimum cost). Finally, 


(3) 


(h = 0. 


This ivsults from the fact that the initial invontoiy of item III is zero 
at / = 1, and that activity Q can only bo us(h 1 after some of this item is 
prisluced through the operation of activity P. 

Putting I = t - 1, / - 2, etc., in (1), substituting in (2), and solving 
simultaneously, wo have 


(- 1 ) 


Qi = 

b{a-f) 


where / = (c — 1 ) 'b. 

'I'he cost of production is given by 


(5) C, = P, + dQ,. 

My substituting (I ) and (1) in (5), and letting c = (d — l)/6, we have 

a'-' ' 


(ti) 


Cl = a'-‘ + e 


a - 


The cumulative protluction is 
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rt is now desired to select the coefficients b, c, and d so that the unit 
manpower cost of production will be in inverse geometric ratio to the 
cumulative production. For example, let us take the unit manpower 
cost inversely proportional to the cube root of the cumulative produc- 
tion. Then the cumulative manpower cost will be proportional to the 
two-thirds power of the cumulative production. Then we desire that 


( 8 ) 



for a given value of a over a range of L 
It is apparent that we are more concerned about accuracy in the 
total cost function for the entire production run of an aircraft model 
than in the precise costs for individual time periods within ilui produc- 
tion run. We may therefore elect to fit the furudion precisely for, say 
I = 25, assuming a monthly unit time interval and a total i)n)duction 
run of about two years. It will also be desirables to fit the cumulativej 
cost function for one intermediate time period, say I = 15. After meet- 
ing those restrictions, it is still possible to select arbitrarily the values 
of a and d, representing respectively the rate of increase of total produc- 
tion per time period and the minimum manpower cost per unit of prodius 
tion as the amount of production becomes infinitely largo. We may 
select a = 1.1, assuming a monthly time interval, as representing an 
upper bound to the rate of increase of total production at 10 per c(‘nt 
per month. We may then select d at 0. 1 7, representing a minimum unit 
manpower cost of about one-sixth that of the first artich*. Proceeding 
then to evaluate b and r, for t = 15 and t = 25, we find b ~ 3.0 and 
c = 3.95. With these values the fraction of production at thc^ high cost 
level just about reaches zero at the end of the twcaity-tifth period. \ 


Tabuk III 


t 

/ ('iimuhilivcy^ 
Venuluction / 

Cuinuktivi* 

(Just 

IIIkIi (Just. 
Fnicliuii 

1 

1.0 

1.1 

1.00 

5 

3.3 

• 1.1 

0.23 

10 

0.3 

0.0 

0.05 

15 

10.0 

10.0 

0.01 

20 

14.0 

11.5 

0.(K)+ 

25 

21.3 

21.0 

0.(K) + 
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larger value of d would make this fraction reach zero before the end of 
th(^ twenty-fifth period; then some changes would have to be made in the 
model. 

'i'able III compares the resulting values of the two-thirds power of the 
cumulative production and the cumulative cost and shows how llu^ high 
cost fraction of production changes with time. It is seen that the 
cuinulativ(j cost as computed from the model is a very good fit to the 
two-thirds power of the cumulative production and is well within the 
error of the empirical data. 

It should also b(^ riof ed that the unit manpower cost under this formula- 
tion has a minimum e(iual to the value selected for the coefficient d as 
the cumulative production becomes veiy large, when^as the commonl}' 
used ‘^two-thirds [)ow(»r law^’ implies that the unit manpower cost ap- 
proaches zero as the cumulative prodiKdion becomes very large. It is 
believed that the former is intuitively a more reasonable assumption. 
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A MODEL OF TRANwSPORTATION » 

By Tjalling C. Koopmans and Stanlky Rkiteu 

In this chapter wc shall apply the model developed in Chapter IH 
to the problem of efficient utilization of movable transportation ccpiip- 
ment. After discussing the characteristics of an efficient solution to 
this problem, wc shall indicate how marginal rates of substitution be- 
tween flows of transported goods on various routes can be derived. 

For the sake of definiteness wc shall speak in terms of the transporta- 
tion of cargoes on ocean-going ships. In considering only shipping we 
do not lose generality of application since ships may be “translatcnl” 
into trucks, aircraft, or, in first approximation,- ti*ains, and ports into 
the various sorts of terminals. Such translation is possible because all 
the above examples involve i)articular types of movable transportation 
equipment. 

The models treated here will be “simplificd^^ in several respects. First , 
they arc static models. We describe tlu* joint output of shipping oper- 
ations as a set of cargo flows, to be referred to as the transportation 
program, which is assumed to be unchanged in quantity over time. (By 
measuring cargo flows on each route in shiploads, wc need not prei'Iudi* 
changes in commodity composition of cargo.) S(»c(md, we assume that 
all ships are of the same type and thereforii completely interchangeabk* 
in each of their uses. 

1. A Model with Two Ports 

1.1. CommaditicH and activities. The model which wc consider first is 
further simplified in that wc assume only two ports, P and Q. 'fhe 
technology matrix for this model is given in Table I. At each port two 

^ The theory presented in this chapter \va.s originally d(jYeloped by the hiriner 
author partly during, but mostly after, hi.i;issoeiation as .statistician with tin; (Hrittsh- 
American) Combined Shipping Adju.stmeiit Boiinl and with tln^ Briti.sh Merchant 
Shipping Mission in Washington during World War II. The* msponsibility for this 
ehapte-r re.sts, of course*, with the authors. For a nonniatlunnatical exixisit ion of this 
nnxiel see T\ C. Koopmans 119471, where an<ither illustrative example is alscj given. 

* The case of railroad o(iuipment is complicated by the “decomposability” of trains, 
particularly in n>gard to loconiofivcs. 
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* For the conceptH final, interinediato. and primary cummoditics, see Chapter III, Section 
t In iiriitA of ships pt^r month. 
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activities,^ 'loading cargo” and “discharging cargo,” are defined. For 
each route, i.e., for eacli ordered pair of ports (in the present (?ase there are 
two routes) two activities are defined, “sailing with cargo from P to Q” 
and “sailing in ballast (i.e., without cargo) from P to Q.” Each activity 
is given by a column of coeflicients as in Table I. If a commodity 
(associated with a row in Table I) is not involved in a given activity, 
the coefficient in that row and (?olunm is zero; if the commodity is an 
input, its coefficient in the given activity is negative; if the commodity 
is an output of the given activity, its coefiicuiiit is positive. The net 
output of a commodity by an activity is assumed to be ecpial to the 
coefficient of that commodity multiplied by the amount {xp, xp, etc.) of 
that activity. 

The list of commodities, and the units in which commodities and 
activities are measured, can be read from Table I. We may point out 
explicitly, however, that the coefficients indicated by the letters /, </, .s*, 
s, appearing in the “shipping'* row of Table I have the dirncMision 
“time,” measured in months. Thus Ip denotes the fraction of a month 
re(iuircd to load a ship at port P. Since all activities are riu'asun’d in 
units of “ships per month” wc have, in tlu^ (^jise of tlu^ first activity, 

(1.1) {xp ships/montli)(//> months) = xplp ships 

tied up at any instant of time (more precisely: on the averages for a long 
period of time) in loading at port /^ This is the correct dimensiem of c, 
the total fleet in use. Similarly, the port capacity coellicicMils k, m, have* 
the dimension “berth-months per ship.” 

1.2. Partial reduction of the trehnoloyy matrix. We shall explore' what 
vectors of cargo flows are possible in this model, while furthe'r simplifying 
the model as wc go on. Note that we must have 

(1.2) Xp, Xp, Xq, Xq, XpQ, XpQ, Xqp, Xqp ^ 0, 

since no activity can be carri(*d out “in r(*verse.” (Sailing empty from 
P to Q is not the negative of sailing (Miipty from Q to P be(*ause both 
activities rc(|uire the employment of ships.) 

Since our model is static, w(‘ do not permit accumulation (or decumula- 
tion) of stocks of idle ships, loaded or (Mnpty, in ports, d'his is expresscMl 
by requiring all net output flows of intermediate (rommodities to be z('ro. 
W'e sliall call a set {ypq, yqp, z, zp, zq) of net commodity flows a possible 
point in the commodity space if the flows in (luestion can be atu’omplished 

’For the ‘‘aelivity” and “rommodity” str Cliapler III, Section 1.1. 

Our use of these eoriccpts here implies that we igiion; the indivisibility of individual 
ships. 
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by noniiegalivc activity levels satisfying this requirement. We note 
tliat, for all possible points, 

(f-3) ypQi Vqp ^ 0, 5, ep, zq g 0, 

since the coefficMTits of final commodities in Tabic I are all nonriegative 
and thos(^ of primary commodities are all nonpositive. 

For some purposes, such as the analysis of wliat can be done in a 
limited period with a given fleet and given port facilities, it is useful to 
regard the flows 2 , zq of primary commodities as subject to given 
capacity limitations, 

(1.4ii) f<0, 

( 1 •‘fb) Zp ^ fp, Zq ^ fp, fg < 0. 

Any possible point in the commodity space falling within these limita- 
tions will be called an attainable point. 

Before writing out the net output ecpuitions for all commodities, we 
shall utilize the eciuations for the loade<l shij) appearances to simplify 
the technology matrix. These? equations are ecpiivalent to 

(1.5) xp = xpQ = .vq; xq = xqp = xp. 

Fach ptiir of eepiations (1.5) recpiires that three activities be carried out 
in etpuil amounts. Since these' activitic's are so tk'd to erne another, 
nothing will be changed except the appearance of the technology matrix 
if we* de'lino one new activity, “transporting cargo from P to Q” to 
include unit amounts of “loading at /^” “sailing with cargo from P to 
and “discharging cargo at Q'' and if similarly we define another 
activity, “transporting cargo from Q to /^” The? coeflicie'iits of the new 
activitie's, as given in Table II, am the sums of the corresponeling coeffi- 
cients of the component activities, 

(1.6) tpQ = Ip + spQ + (Iq, Iqp - Iq + sqp + dp. 

We have thus performed a partial redaction [III, Section 3.10] of the 
technology matrix, l^ach condensation of activities in this reduction 
replaces thr(*e ine(]ualiti('s t)f the form x ^ 0 by one such ineciuality, 
the three .r’s being the amounts of the component activities and the 
new H'strictions, .fpQ ^ 0, .Vqp ^ 0, referring to the amounts of the new 
act ivities. 'Fable 1 1 gives the partially reducetl technology matrix. 

As it now stands, th(' moih’l contains three primary commodities. If 
capacity limits, f, fp, on their inflows are introduced by (l.la), 
(1.4b), any of these limits can, and at least one must, constitute an 
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Table II. Partially Reditced Teohnoiaioy Matrix A for a Two-Port Modki, 





Activities * 



lioiiUi P to Q 

Route Q to P 




Trans- 

porting 

cargo 

Sailing 

empty 

Trans- 

porting 

cargo 

\ 

Sailing 

empty 


Unit 

Sym- 

bol 

XpQ 

XpQ 

Xqp 


Final: 

Cargo from PtoQ 

Carg<i from Q to P 

Shiploads 
(MT month 

yiv 

l/QP 

1 


1 


Intvnnediate: 

Net appearances of 
empty ships 

AtP 

Ships |KT 
month 

\ 0 



1 

1 

AtQ 


0 

1 

1 

-1 

~l 

Primary: 

Availability of shipping 

Ships 

z 

— b'v 


-iQr 



* In units uf shiiM per month. 


olTcctive restriction on the set of attainable points.* We shall then 
simplify our model l),v assuming that port faciliti(\s are known to be so 
plentiful relative to shipping that the two restrictions under (1. 4b) do 
not exclude any point in the commodity space attainable under tlu* 
restriction (1.4a). 

If, on the other hand, no explicit capacity limits are introduced, w(‘ 
shall still confine ours(4ves to situations in which supply of the* serviccjs of 
port facilities is no problem. Since we are thus no longer interested in 
those primaiy commodities, we have in Table II omitted the port cajiacity 
rows of Table I. This leaves us with thn^e variables of iniiirest, 
yqp, and S. Our problem has thus been reduced to finding the possible 
point set in the space of these* tlinu* commodity flows. 

^ Since, as ia easily seen from Figure 1, Postulates H and 1^2 of (Chapter III, Section 
3, art* .satisfied. S(*e al.so Lemma 5.8.1 of the sjime chapter. 
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From Table II wo obtain the following net output equations: 


(l.7a) 

ypQ = 

XpQ, 




(l.7b) 

Vqp - 





(1.7c) 

0 = 

— XpQ — 

XPQ + 

Xqp + 

Xqp 

(l.7d) 

0 = 

XPQ + 

XpQ — 

Xqp — 

Xqp 

(1.7e) 

f = 

— ipijXpQ — 

SpQXpQ — 

I'QpXqp — 

sqp'Xqp 


Since (l.Tc) implies (1.7(1), we can omit (1.7(1) from (jonsideration.® 

1.3. Tjfg-of-voyage atul round-voyage activities. At this point we must 
decide on a choice of coordinates in the activity space. One possibility 
is to operate in terms of the levels x/>g, xpq^ xqpj xqp of the “eh^mentary” 
activities so far introduced while observing the restriction (1.7c). 
Another possibility is to complete the reduction of the technohigy matrix 
by introducing new “comp(jsite” activities, chosen in such a way that 
a combination of elementary activities at the levels xpqj jpg, xqp, xqp 
will at the same time be a combination of th(» new activities (at non- 
negative levels) if and only if the re.striction (1.7c) is satisfied. We can 
then (jperate with nonnegative comliinations of the new activities with- 
out further restraints. 

When dpQ, opq, (Iqp, oqp are written for the column vectors of coeffi- 
cients in the tc'chnology matrix .1 of Table TI, such a new set of activities 
is detined by 

a(i) = (IpQ + (7gp, a(2) = dpQ + ugp, «(3) = Opg + ^qp, 

( 1 . 8 ) 

«( 4 ) = apQ + Uqp, 

These activities represent the four different types of round voyages de- 
scribed in Table III. The unit of each of these activities is a rate of 
flow of one ship per month on the round V(;yage in (lucstion.® 

*The two restrirlions (l.7r) ami (l.7(!) are equivalent because wo have a closed 
model with no activities that introduce or remove .ships: one intermediati* commodity 
row in Table II i.s the negative of the other. For that reason, for any constant levels 
t>f the activities, net app(?aranct\s at port P am eciual to tin* negative of nvi apiH^ar- 
ances at port Q. Since, in addition to nMpiiring constant levels of all activiti»‘s, our 
mod(*l cla.ssirie8 (unpty ship apjH'aranccs as intermediate commodities, and tliu.s 
prohibits aeeiimulation (or deeumulation) of ship inventories at any port, net apjx'ar- 
anees at. both ports are required to be zero, and the two conditions expressing this 
are de]x>ndent. 

® The U.SC* of round-voyage coordinates instead of leg-of-voyage coordinates corn*- 
spouds to the use? of loop currents instead of branch currents in the analysis of elec- 
trical networks. See Klectric Circuits 11043], pp. 124-133. In Section 2.11 bt.low 
we disf^uss the analogy with electrical networks further. 
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Table III. Completelv Rbdih'Ed Tkchnoix)(3Y Matbix K fob a Two-Poht 

Moueia 


Activities * 


Trans- 

Cominoditios porting 

cargo 
both 
ways 

'Frans- 
porting 
cargo P 
to Q, 
n^turiiing 
i‘mpty 

Sailing 
empty P 
toQ, 
returning 
with 
cargo 

Sailing 

empty 

both 

way 

Final: 

Cargo from 
/* to Q 

Cargo from 
g to r 

Unit 

Sym- 

J2 

J3 

x.\ 

Ship- 

loads 

per 

month 

ypQ 1 

UQp 1 

1 

1 

Primal'!/: 

Shipping 

Ships 

! 

-t/‘Q - t(jr 

—tiv — •'♦v/* 

— S/*g — /g/* 

-ftrQ KQr 


* III units of ships (xt month. 


Siiict; (*iifh now aotivity, regarded as a eonihination nf tlu^ (*I('inontary 
“log-of-voyage’^ aetivilios, satisfies (l.7c), any coinbiiiatioii of tin* new 
activities dees. It fellows further from (l.(S) that any ceinhinatien ef 
the new activities with nennegativo levels, ri, .r*, .r 3 , say, is a ceiii- 
biiiation ef the old activities with the iionnegati\e levels given by 

XPQ = + J2, CrQ = Xijp = xi + r.i, 

(1.9) 

Jg/* = J*2 + -^l- 

Conversely, for each set ef neniK'gativc* levels of tlur leg-of- voyage 
activities satisfying (1.7c) we can select neniu'gative levels, x\, .r.j, .r.i, 
J 4 , of the round-voyage activities satisfying ( 1 .!) ). ( Inc* choice is given by 

i*2 = ~~ ^QP. Ai — 

( 1 . 10 ) 


X .{ = Xl»Q 
if jcpQ ^ xqp] 


= ^PQj 


^2 = 0, 


= ^QP ““ ^PQi 


= AiP 

if Xqp ^ xpQ. 
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In genenil, additional choi(!(?s of the levels of the round-voyage activities 
can be derived from (1.10) by the transformation 

•*'1 ”^ 14 “ ^2 “ ^'2 ■” 

(1.10a) 

x*i = ;ra - 5, a-J = + 5, 

with su(Ji values of 5 5^ 0, if any, that the levels .r*, • remain non- 
negative. The transformation (1.10a) consists in a trivial reshuffling 
of leg-of-voyage activities between ships in making up complete round 
vo3\ag('s. 

The vectors «(!), • ■ • , defining the rouncl-voj^ige activities, constitute 
the C()mplet(»ly reduced technology matrix, A, shown in Table III. 
They are frame vectors of the cone of all possible points in the space of 
tlie commodities ypQ, ijqp, I, as shown in Figure 1. (The term “possible” 
is used here in the meaning giv(Ui to it in Chapter III, Section 4.1, i.e., 
possible without regard to availability limits on shi[)ping or port capaci- 
ties Imt under the restriction that ships circulate in a stationary flow 
|)attern.) 

In the eas(» of n ports the number of round-voyage activities, ai, • • • , 
becomes large more (luickly, with increasing n, than the number of leg-of- 
voyag(j activities, CtpQ, • • • . .\ccordingly. the degree of inrleterminacy 
in their levels, .ri, • • , for given possible commodity flows, ijpq^ • • ■ , 

increases. Xev(‘rth(*l(‘ss it. would schmu that, for the purpose of specify- 
ing the entire possible point set, and its entire subset of effleient points 
(as deliiK'd Ix'low), the round-voyage coordinates, .rj, ••• , are the 
jiroper ones to us(*. It would then be necessary to s( 4 ect those round- 
voyage* activities, u,a), associated with frame vectors and, from these, 
select the sui)sets tliat can occur simultaneously in an effleient activity 
combination. 

\\\r have found leg-of-vt)yage coordinates, xpQ, • • • , more useful, in the 
/i-port ease, to treat the nnin* limited prol)lem of deriving local properties 
of the effleient point set (i.e., properties in the neigliborhood of one effi- 
cient ])oint, as defined Ih'Iow). For this reason, in ])reparation for the 
/4-port ease, we shall in the present twoport case demonstrate the analy- 
sis of the efficient point set in terms of h*g-of-voyage coordinates. It 
may be added that in dynamic models round-voyage ci)ordinates lo.se 
their usefuhu'ss, whereas leg-of-voyage coortlinates, properly dated, re- 
main appropriate. 

1 . 4 . Posaihlc points and clUrirnt points in tlir commodity space. Pkpia- 
tions (1.7a e), in which the activity levels, xpq, , are restricted to 
nonnegative values, define the s(*t of (technologically) possible points in 
the space of the commoility flows {ijpq, iiqp It follows from the 
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analysis of Section 1.3 that, this set is a convex polyhedral cone (,li 
spanned by the vectors fl(i), fl(2), «(3), «(4), slio'vn in Fwire 1. 
preparation for the analysis of the n-port model, we shall obtain the 
same result in I<^-of-voyage coordinates. 



FicaJHE 1 "Tlw! possihh; coin? in n two-pnrt iimkIcI. (Nolt*: ()«(.]; = .s/»g -f* .sy/>.) 

For the purposes of the present analysis, a possibles point a = (///uj, 
VqPi ^o) is called efficient (without ivferon(*e to Ihe availability limit s’ 
on shipping) it —Iq represents the minimum amount of shipping rofiuired 
to carry out the program y = yqp), i.e., if there exists no possible 
point {ypQ^ yQPj z) with —z < — 5o. This is an asymmetric definition, 
logically different from the definition adopted in (liapter 1 1 1, S(M*tion 4.2. 
According to the latter definition, a point n = (///>g, ?/r^/>, would br* 

called efficient if there existed no possible point a* = {y*Qj z*) such 

that 

(1-fl) Vpq = ypQ yijp = I/qi 5* ^ l(), 

(except the point a* - a itself. 4'his says that, starting from an efficient 
point, no commodity flow c,an be iiic.resis(Ml (algebraically) without d(’- 
creasing another commodity flow. 

Wi; shall show below that thes(^ two definitions, logically dilTer(»nt, arc* 
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equivalent under the assumptions of the present model. For that reason 
we can afford to utilize the former, asymmetric, definition in analyzing 
the efficient point set in Figure 1. For reasons of exposition we shall 
present this analysis independently of the general theory [III], referring 
to the theorems from which (jur results follow only after they have been 
obtained. 

We shall therefore address ourselves to the following (piestion: (liven 
a program, y = (?//>q, Vqp), what is the maximum value, I = 5o, of the 
nonpositive varial)le I sucli that (?/, z) = {ypQ^ ijQp^ f) is a possible point? 
The answer to this question will also helj) us to delineate the possible 
point set without using round-voyage coordinates. 

We simplify the equations (1.7a-i0 that define the possible point set, 
by eliminating xpq and xqp. I'his leaves us with the system 

(1.12a) 0 = “■ xpQ + yqp + xqp, 

(l.l2b) — S = ipQypQ + •^ipQJ^PQ + tQpy^p + sqpXqp, 

(1. 12c) ypQ ^ 0, yQP ^ 0, xpq ^ 0, xqp ^ 0, 

where it is known that 


(1*13) tpQ > spQ > 0, (qp > sqp > 0, 

because of the d(Tinitions of the (piantities involved. 

From t h(‘ givcui program y = (ijpq, yqp) \\p obtain 

(1.14) xpQ - Xqp = ijQP - ypQ = a givcm number. 

Starting with any sot of values xpq, Xqp satisfying (1.14), we see readily 
that (1.14) is pr(‘S('rved if we dimini.'^li both xpQ and xqp by the same 
amount.^ Hence, in view of (1.13), z is maximized by diminishing xpq 
and Xqp by the largest amount that diK's not violate (1.12c). We dis- 
tinguish two cases. 

( -ASK \\ yQP — ypQ ^ 0. Then efficiency recjuires 

(1.15) Xqp = 0, and hence xpQ = i/qp — ypQ ^ 0. 
Substituting this in (1.12b) we obtain, with reference also to (I.12c), 


( 1 . 16 ) 


-“^0 = {tpQ - ‘V(^).ypo + (fyp + 
when ifQp — ypQ ^ 0, ypQ ^ 0, 


a set of conditions defining what in anticipation we shall call facet I 
of the efficient point s(d. 

^ This (liiiiinutioii is a simple (‘asi' of what will lx* a I'irciilar transforiuiition 
in Section 2.4. 
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The economic meaninj? of the foregoing reasoning is obvious and 
trivial. If the traffic with cargo from Q to P exceeds that in the opposite 
diwH^tion, the most efficient routing of ships in a continuing program 
requires the excess of shipping ari.sing at P to be moved l)ack in ballast 
to fill the deficit at Q, with no other movements in ballast taking place 
{xqp = 0). Moreover, since it is always possible under (l.ll) to waste 
tonnage by adding ecpial positive amounts to xpq and xqp, wo find that 
in Cast' I all points {ijpq, i/qp, z) satisfying 

(tpQ ” SpQ)ypQ + (tQP + firQ)yQPy 

(1.17) 

Vqp - yiv = 0 , ypQ ^ 0 

are possible points. 

(\\SK II: ijQp — ypQ ^ 0. Xow efficiency reepures 

(1.18) ipQ = 0, and hence j'qp ypQ - Hqp ^ 0. 

W'e must send a number of empty ships from Q to P just suflicicuit to 
permit carrying out the transportation program. Sending em[)ty ships 
from J* to Q would, obviou.sly, be inefficient . Substituting in (1.12b), 
we obtain 

+ ^Qi*)ypii + (U)p — ^(ir)yQp 

when ijQP - ypQ g 0, y^p ^ 0, 

which defines what we shall call facet 1 1 of the eflicient point set. More- 
over, all points (/y/>y, ijqp, z) satisfying 

(1 20) ~^= i^PQ + f^Qp)ypQ + {^Qp - «o/d/yy/», 

ypQ ^ 0, ijQP g 0 

are possible. 

We shall now demonstrate how the conditions (1.17) and (1.20) enable 
us to visualize the efficient facets I and II in relation to the entire possible* 
point set. At the same time wo .shall show that facets I and If togcth(‘r 
constitute the entire eflicient point set, also by tlu* symnu'tric, di‘linition 
( 1 . 11 ). 

We note that the Cases I and II considenMl above exhaust all ])os.si- 
bilities for the two noniMigative variables ypQ and ijQp. Since^ (I.IO) 
and (1.19) represent minimum values of —z for giv(‘n value's of ypQ, 
ifQPj it follows that all pos.sible points satisfy either (1.17) or (1.20), 
and some satisfy both conditions. Moreover, in ( ase I, (1.17) implies 
the first condition (1.20) Ixicause then 

(1 2P ~ + ihP + •^•Q)yQp " ((pQ + i^Qp)ypQ 

" i^Qp ~~ ^pipyqp — i'W '^(jp)( -yiv + ifQp) = 
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Similarly, in (iiso II, (1.20.) implies the first condition (1.17). It follows 
that the possible point sot is fully (losc*ril.)cd by the following four 
inequalities: 

yiHi ^ 0 , yqp ^ 0 , 

(1.22) 0 ^ {tpQ - ^pq)iipq -b {Iqp d' i^pQ)ijQP + z, 

0 ^ {IpQ + f<Qp)ypQ + {tQp - -vO/ygp + 2. 

The possible point set is therefore an intersection of halfspaces, each 
having the origin in its boundaiy, hence a convex polyhedral cone. 
Since possible points can b(» found in the boundary of each of these 
halfspaces, th(i (rone as shown in Figure 1 has four two-diincuisional facets, 
of which two fall in coordinate ])lanes. The remaining two facets, I 
and II, constitute the set of efficient points by either definition, asym- 
metric or symmetric, because by (1.13) all coeflicients in the last two 
inequalities (1.22) are positive. Hence, if (I.IG) or (1.10) holds in a 
point a - (j/PQ, ijQP, Ifj) an increase in any one or more of the coordinates 
of a destroys the possibility of that point. On the other hand, any 
possible point a not satisfying (I.IG) or (1.19) permits some increase to 
its S-coordinate, say, witliout d(‘stroying its f)()ssibility. 

We not(‘ that, the* pn'sent analysis in l('g-of-voyage coordinates has 
1(h1 us to a charactcM'ization of the possible cone as an int(‘rsecti()n of 
halfsj)aces, while the analysis of Section 1.3 in round-voyage coordinates 
has le<l us to an etpiivalenl characterization as a convex hull of halflines, 
(u(i)), (u( 4 )). 'rhis e(|uivalencc is discussed more generally by 

(iale [XVII|. 

1.5. TUv rpirirnt puini art us a function. The conditions 

for ellicM'ncy can l)e summarized in the statement that it is ineflicient for 
ballast traflic in both directions to be positive. Therefore 

(1.23) either .i'pq = 0 or j'qp = 0. 

Thus, facet I of the etlicieiit ])oint set [less the halfline common to 

both facets] may be characterizcnl as the set of eflicient points for which 
•r/*o > 0, and hence aqp = 0. Similarly, facet 11 [less the halfline (U(i))] 
can bo clmracterized as tlu' st‘t of cdlicieiit points lor which .vqp > 0, 
and hence .vpQ = 0. 'riius, to anticipate a bit, an eflicient facet may be 
identified with the eni|)ty shipping roule(s) in use for all points on the 
relative int(*ri«)r [III, Section 2.1; XVHl, Delinition 31] of that tacet. 
We also obs(Mve that the (dficicMit point s(‘t in Figure I represents a 
transformation fuiKdion (production function) defined everywhere in tlie 
range of its variables and expressed, for instance, as the minimum ship- 
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ping requirements, 

(1.24) -2o = min (-5) = /O/pq, Vqp), 

of a given program. The derivatives of this function and the ratio 
thereof, 

(1.25) , 

^UQP ^UQPi 


OyQp/ OypQ ^ 


where they exist, represent the marginal cost, in terms of shipping em- 
ployed, of a unit iiKMoasc in the program items ypQ and ijqp, respectively, 
and the marginal rate of substitution expressing the opportunity cost of 
a unit increase in ijqp in terms of a compensating decrease in ijpq. On 
facet I the marginal rates of substitution (1.25) takcj the values 

(1.26) ipQ — spQf t(jp + spQf (Iqp + spQ)/{tpQ - spq). 

Thus tlie marginal cost of transporting an additional shipload per month 
from Q to P on facet I, in the proper units, is given by 


(1.27) 


Alo {^QP + ships 

Aijqp 1 shi[) pcA' month 


Qqp + ''^pq) months, 


whore A denotes corresponding finite increments in the variable following 
it. Tliis marginal cost coefficient ecpials the full turn-around time of a 
ship returning einjity because on fac(»t I the prc'pondc'rant cargo movc'- 
ment is in the direction ijqp (i.e., the direction in which loadiMl traflic 
is being increased). Xo return loads are available for the additional 
ships, and the time cost of their return trip must be charged to the inen^- 
ment in outgoing cargo movements. 

On the other hand, the cost of transporting an additional shipload 
monthly from F to Q on facet I is 


Ain i^PQ — ’^p(j) ships 

(1.28) — = 7 , . = Qpq - ’^pq) months. 

Aijpq 1 still) 1^*1* inonth 

This is the time cost of reallocating a ship from sailing in ballast from 
F to Q to transporting cargo from F to Q. \V(» may regard Ipq in (I.2S) 
or Iqp in (1.27) as the dimi <mt of the additional transportation commit- 
ment, occasioned by the operations with c’argo, and —tipQ in (1.28) iir 
spQ in (1.27) as its indirrd cod, occasioned by thci change in location of 
the ship resulting from its loaded movement. 

Similarly, on facet 11, the ratx's of substitution (1.24) arc 


(1.29) tpQ + Sqp, Iqp — }Sqp, {Iqp — SQp)/{ipQ + .Sy*g). 

The marginal rates of substitution, (1.26) and (1.29), are applicable bolh 
to juiitc increases and finite decreases in cargo flows, within the facet in 
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question. In partiinilar, the marginal cost coefficient for an increase in 
the pr(‘pon(Ierant cargo flow (j/qp in (^asc* I) applies to imlefinifely large 
increases as long as wo rule out port congc'stion. 'I'hc marginal cost 
coefTicicnt for a decrease in the lesser cargo flow (ijpq in Clase I) appli(‘S 
until that flow is reduced to zero and is therefore restricted in its appli- 
cability only by iho. feasibility limit {Aijpq ^ -ypfj in Case I) to the 
decrease in question. The marginal cost coefficient for an increase in 
the lesser flow, and for a decrease in the preponderant flow, are subject to 
applicability limits that are reached at the relative boundary [III, Section 
2.1; XIX, Definition 32] of the tacet in (piestion, where the two cargo 
flows have become equal. From a point, ypQ = ijQp^ on the hal^lill(^ 
(«(!)) common to facets I and II, I he marginal cost of a unit increase 
in one of the cargo flows exceeds the marginal saving from a unit de- 
crease in that flow. 

1.6. Efficiency prices. Although the foregoing analysis is complete 
for the two-port model, it may be useful to indicate an e(|uivalent char- 
acterization of the cffiirient point set which will be lu'lpfiil in analyzing 
the ?i-port model. The coefficients of ijpq, ijqp, in eiiuation (1.16) 
of facet I are the coordinates 

(1.30) PPQ = tpQ - SpQ^ pQp = IqP + SpQ^ ps = 1, 

of a vector p normal to that facet. They have been interpreted as effi- 
cieney prices [HI, Sections 1.7, 5.12] associated with each efficient point 
of facet I. It has been provi'd generally for linear mo(l(»Is of production 
such as those considered here [HI, Theorems 4.3, 5.11] that a possible 
point a in the commodity space is efficient if and only if there exists an 
associated price vector p (subject to certain sign restrictions on its com- 
pcjiients) such that ea(4i activity in the technology has a nonpositive 
profitability, while each activity engaged in, in order to realize the com- 
modity flow vector a = has a zero profitability 

^ j (a) //«((,) g 0 for all t, 

^ 1(b) A*)='> if •<>>»■ 

llie sign restrictions relevant to th(» pri^sent case are that p shall have 
positive components for all desired (final or primary ) commodities, i.e., 
all commodities entering in the di'finition of elliciency, and represented 
in our case by the flows i/qp, I: 

(1*32) ppq > 0, pqp > 0, py > 0. 

Xo sign restriction is involved for the prices of intermediate commodities, 
here represented by th(‘ flows ///. and pq. In the' piv.sence of intermeiliato 
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commodities with net flows restricted to zero, the criterion stilted as 
applied to tlie original technology is ccpiivalent to tliat applied to the 
reduced technology from which intpiinediate commodities have been 
eliminated [III, Theorem 5. 11). 

In the pri'sent example, it is most easily verified from the reduced 
matrix in Table III that conditions (1.31) and (1.32) indeed admit all 
’points, a, of facets 1 and II, and no other points. The vec^tor p of c//t- 
cicncy prices defines a halfspace, //a* g 0, containing all possil)lc points, 
«*, and having the efficient point a in its bounding plane. This bound- 
ing plaiKj nec(\ssarily contains the fa(?et having a in its relative interior.^ 
If normalized by 

(1.33) I, 

the vector p is therefore unicjuely determined, at the same value (1.30), 
for all points, n, of the relative interior of facet I. Similarly it uniciuely 
eciuals 

(1.34) Ppq = tpQ + Sqp^ Pqp — tQP — Sqp, P 2 = 1 

on all relative interior points, n, of facet II. It is not uniciuel}^ deter- 
mined at any point a of the common relatives boundary of two two- 
dimensional facets, but may be givcai tlu' value spe(‘ific to eitluM* fac(‘t, 
or a positive linear combination of the.se two values [sul)ject to the sign 
restricdioii (2.32) which enters when one of th(‘ two fa(U‘ts is not an effi- 
cient facet]. Thus the efficiency prices define marginal rates of sub- 
stitution wherever they are uniciuely determined. 

1.7. The vffivivncu price on the loralion of ship nppenrnncvs. The 
eciuivalent application of criteria (1.31) and (1.32) to the technology 
matrix of Table II leads to the d(*tei*mination of efficiency price's on the' 
intermediate commodities (ship appearances) which will play an impor- 
tant role in the w-port modc'l. On the relative interior of facet I, whercj 
we have 

(1.35) xpQ > 0, fpQ > 0, Xqp > 0, Xqp = 0, 
the conditions (1.31) now become 


(1.36) 


Ppq - pp + pq tpQ - 0 , 

-Pr + Pq - = 0, 

Pqp + pp - Pq - (qp = 0, 


Pp - pfj - S(jp g 0. 


*The ddinition of relative* interior n*fern*<l to ahiwe implit's that the facet having 
a ill i*s relative interior is the faee-t spaiiiu'd by tho.si* vesMors aa) for which > 0 in 
(1.31;. See (lerstenhaher IXVIII, Theorem 1). 
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Those conditions are solved, within the sign restrictions (1.32) and sub- 
ject k) the normalization (1.33), l)y (1.30) and by any p/>, pq such that 

(1.37) pq = pp + Hrq. 


We note that the efficiency prices, pp and pg, of ship appearances in 
P and Q peu’mit th(i following general expressions for the marginal cost 
ctK^fficient for an increase in a cargo flow. From (1.26) and (1.37) we 
derive 


(1.38) 


Al() 


tpq + Pp - pq, 


\ hr + Pq — pp 

^Uqp 


for finite variatiims within facet I. Since tlu'sc expressions are sym- 
metrical in the two ports, they apply also to finite variations within 
facet 11 if we remember that- on tliat facet we must replace (1.37) by 


(1.30) Pp = pq + .sv^/>. 

By (1.3S) th(' indirect cost of an increase in a transportation commitment 
by one shipload a month, accomplishable within any one eliicient facet, 
is found to ecpial the decix'ase in the (‘Ificiencv price attached to th(» 
location of a ship, resulting from the change in location retiuired by tin* 
fulfihiK'nt of the new trans])ortation commitment. For that reason the 
I)ric(\s Pp and pq have also been called the economic potential of the loca- 
tion of a ship in P and Q, respc'ctively.*’^ 


I.S. Efficient points under rapacity restrictions. In the foregoing 
iinalysis the input - - i of shipping has lieen n'ganled as a variable enter- 
ing into the definition (l.l I ) of efficiency. Alternatively, in the defini- 
tion of efficiency, the third condithm (1.1 1 ) can 1)0 replaced by the 
nMiuirement that l)oth the would-be efficient point a and the possible 
point a* be attainable, i.e., satisfy the capacity restriction (1. la) arising 
From a given size of Heet. In this ca.se the attainable |)oint set is the 
pyramid 0.1 i.l 2 A;i.l 4 indicated by Figure 2a, and the etficient point set 
consists of the two line segnarits Ai.to and Figure 2b gives the 

corresponding attainable (O.liAo*^^ efficient (AiAo and AiA,]) 
point sets in the two-ilimensional “program space’' of the variables 
yp(p Uqp- 

'I1ie foregoing analysis of efficiency prices remains \'alid in the present 
case, provided that the assumption that the limits to port capacities are 
never renehed is maintaine<l. The only difference is that efficiency now 
r(H|uires that the (piantity previously a freely choosable nonpositive 

®Tho n'luiiT nwiy wish to oxercisi* himsolf in tin* application of this concept to 
models with thn*e or f«uir ]>orts. 
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varial)Ic, now ecjuals the given constant f . Therefore the interpretation 
of efficiency prices, when unique, as marginal rates of substitution in 
efficient operation now applies only to offsetting variations in i/pq and 
l/QP. Further interpretations of the efficiency prices arc given in the 
w-port case in Sections 2.8, 2.9, and 2.10. 

Tf port capacities fp, fg actually restrict the attainable point set by 
(1.4b), the foregoing analysis of efficiency prices applies only in those 
efficient points (if any) in which neither of the e(iiiality signs in (1.4b) 
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applies. If one or both e(juality signs in (1.4b) apply in an efficient 
point, the efficiency prices as.sociated with such a point, if uni(iue, con- 
tain allowances for rent arising from the use of scarce port facilities. 

2. A Modkl with Pouts 

2.1. The Tonlinq of empty ships. \ geiuM-alization to n ports of tla* 
technology matrix of Table II is given in Table IV. This table contains 
a cargo transportation activity and an (Mnpty sailing activity for each 
route (i.e., for each ordered pair of ports). The units of m(;asureinent of 
activities and commodities have l)een (changed to correspond to an 
example descril)ed in Section 2.2 below. 

As in the two-port case, we begin by assuming a desired transportation 
program. Let us treat this program as if it were given to a central 
ship[)ing authority whose job it is to perform the indicated transporta- 
tion, uru4ianged from month to month, at minimum cost in terms of 
shipping continually in use?. 

'Fhe given transportation program will d(»termine the levels of all 
a(!tiviti(\s relating to the movement of cargo. This leaves the shipping 
authority free to choose only the levels of activities involving movements 
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* In millions of tons of car^o or cargo carrying caj>acit3' nionth. 
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of empty ships. Thus the problem of finding the efficient point corre- 
sponding to a given tni-n-sportation pr<)gr{im is e(iuivalent to finding a 
routing plan for onipty ships such thiit the total cost of the given pro- 
gram, in terms of shipping in use, is minimiz(Hl. 

These statemc'iits, obvious in themsc'lves, are verified if we write the 
net output eciuations assoeiab'd with the technology mat.rix of liable IV 
in the matrix form 

/ 0 

(2.1) n n /l.r (//^O, 

-,s'J 

iM’om the first, set of rows we find tlie loadetl movements x determined 
by tlie program ?/, 

(2.2) y = Ix = X, 

^^’e further r(»ad from tlie last (single) row 

(2.3) I = 2 + with z = -t'x = -/'y, z ^ 
where, analogous to (1.13), we have 

(2.4) t > a > 0. 

W’e thus find that, in order to minimize shipping employed, -I, in a 
given program, y, we must minimize ship|)ing (*mployed in (‘inpty movc*- 
ni(*nts, — z, by proper choice of the routing plan / so as to balaiici* the* 
loaded movements x. To achieve this balancing x must, satisfy the* 
restrictions 

(2.5) -f- h = 0, with h ^ ftr, 

following from the s(*C()nd set of rows in (2.1 ). 

The matrix li, a .submatrix of the given teclinology matrix .1, is found 
by reference to Table? 1\'. To visualize the conditions (2.5), it will b(» 
us(*ful to write them e(|uival(»ntly in indicial form, 

Xij “ Xj{ fcj, 

J 1 j-l 

S ^ » ^0- 

(It is convenient here to tliink of xu, xu as (Mpial to zero for all /, and not 
represented in th(‘ vectors x, x.) The elements of b defined in (2.1)) are 

V/c employ ilu^ notalioiis for incHiualitieiS hetwi'iMi v<*etor.s introduced in (!^liapl«‘r 
III, Section 2.5. 


( 2 . 0 ) 


Xij ^ 0, 


where hi 
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the net surpluses of empty ships arising in the various ports from the 
performance of loaded movements. I'hesc* arc actual surpluses in all 
ports receiving more shiploads than they dispatch, deficits in all ports 
in the reverse situation. Because the not surpluses are generated by 
loaded movements, and becausi! our mwlol of shipping technology di.s- 
reganls ship losses at sea, the sum of all net surpluses vanishes, as is 
easily verified directly from (2.0). If 

(2.7) «' = ll I ••• 1] 

is a row vector with all its n elements ct|ual to I, tin; remark just made is 
cxprcsswl by the property 

(2.8) c'li = 0 

of the matri.x " B, which through (2.5) leads to 
(2.y) c'h = 2 = 0- 

I 

I'Vom tlu! nature of our problem it is intuitively obvious that for every 
program y there exists at least one routing plan r that minimiz(‘s shipping 
enii)loyed in empty movements. To argue this i)oint mathematically, 
we note first that every program y is possible (i.e., can be performed if 
enough .shipping —S is available and port capacities arc \inlimited). A 
particidar routing |)Ian which is always available is 

(2.10) .Vij = J-ji, .so -3 = - -zo, .say. 

t. j t, J 

'riiis routinj; plan consists in returning; all ships empty by the routes re- 
verse to those trav(‘l(Ml with carjjio. Althouj;h in general this routing 
plan will he inellicient, it permits us to remark that, if we do not have, 
for all /, j, i 9^ j, 

(2.1 1) .Cij g -M), where’'’* 0 < 

the function — c = s\r will exceed the value r(*aclied in (2.10). For 
the purpose of finding tlie minimum of the linear function .s’'.r subject to 
th(^ restrictions (2.5), therefore, we can coniine .r to the closed and 
bounded convex polyhedral set N given by (2.5) and (2.11). We state 
without proof that on sucli a set a liiu'ar function reacla^s a minimum. 

It may he iidUmI that H is »)f rank it - I aiui can Iw |H'rmiitalion of columns he 
^iven the form \ —(' (’|. It ft»llo\vs tliat h is subject to no other restrictions than 

(2.0), even thou^^h .r is restrict«Ml to he iionriejj:ative. 

'-Another type of “fesusihle wiluthai" is t*mployeil hy Dantzig l.\.\llll as initial 
value in an iterative methoil to iliul an optimal /. 

'■* I'sing (2.4) and excluding tlie trivial »*:use // = 0, Zo — d, where .r — 0 minimizes 
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Table V. Net Rectipts ok Dry Caroo in Overseas Trade, li)13 * 


Monthly 





Dis- 

Annual 

Average 


RepresenUi- 


pa tch(*d 

Net 

Receipts, 

125* 

of 

Area 

tive 

Port 

Annually, 

12Z/y/i 

Annu- 

ally, 

Annual 

N('t 



J 

12E!/i7 

Ri'ceipts, 

hi 

Ballio count rios, Norway, 






(lonn.my.Notherlands, 
Belgium jOroat Britain , 
and Ireland 

Rotterdam 

151.30 

150.72 

■ 5.42 

-0.40 

Fran(‘(', Spain, and 
Portugal 

^ I edit erranean, ex(*(‘|)t 

Lisbon 

38.48 

23.03 

14.85 

1.24 

France, Spain, and 
Portugal 

Athens 

32.42 

13.80 1 

18.50 

1.55 

Black Sea countries 

Odessa 

1.70 

13.25 

•11.55 

-0.00 

West Africa 

Lagos 

2.70 

1.34 

1.42 

0.12 

South and Fast Africa 

Durban 

2.03 

1.77 

1.10 

0.10 

Arabia, Iran, and India 
Malaya, Siam, Indochina, 

Bombay 

G.lll 

0.05 

- 3.40 

-0.20 

Philippines, and Indo- 






nesia 

ingapon* 

4.75 

4.03 

- 0.18 

-0.02 

Japan, China, and 






Asiatic Russia 

Yokohama 

5.30 

3.35 

2.04 

O.U 

Australia and New 
Zealand 

Pacific Coast of United 

Sydney 

3.37 

o.;k) 

2.03 

-0.24 

States and Canada 
Atlantic and Clulf Coast 

\in Francisco 

2.00 

2.37 ! 

0.23 

0.02 

of United States and 
Canada 

New "i’ork 

12. 7S 

2.S. IS 

•15.40 

- 1.28 

Mexico, Cariblx^an, ! 






North Coast of South 
America, and Brazil 

St. Thomas 

12.04 

7.«t) 

4.24 1 

0.35 

Remainiler of South 






America 

La Plata 

12.20 

If). 82 

- 3.50 

-0.30 

Total 


280.27 

28!). 27 

0.(K) 

0.00 


• Source: Der Guten'nkr.hr der Weltachxffahrt, StatistMchos KfichHaiiiti Berlin, 11)28. All fiKun’s are 
in iiiilliunH of inctric tfiiiN. 
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This minimum may be reached in a single point, x, or in all points of a 
closed and convex polyhedral set, No local minima higher than 

this absolute minimum can exist because of the convexity of *S'. For 
proofs of these statements we refer to Chapter III, Sections 5.6, 5.8. 

2.2. An example with data for 1913. We shall employ an example 
constructed from data showing world movements of dry cargo in 1913. 
Table V gives the computation of the net surplus vector b from the given 
program. Although the data repi’esent shipments between areas, we 
shall assume for simplicity that the entire traffic of an area goes through 
its representative port. The sailing times, .s,y, defined on that basis can 
l)e derived from Table VI. Assuming that a ship in ballast (allowing 


Table VT. Distances between Representative Ports * 



Lisbon 

Athen.s 

La^os 

Durban 

Yoko- 

hama 

San 

Francisco 

St. 

Thomas 

RottiTdam 

Odessa 

1.1 

0.7 






Rombay 

5.2 

3.7 

8.1 

4.1 

5.4 

0.8 

8.3 

SinK«‘ipore 

7.2 

5.7 

0.0 

4.0 

2.0 

7.3 

10.2 

Sydney 

10. b 

0.0 

12.7 

0.2 

4.3 

0.4 

8.8 

New York 

3.0 

4.8 

4.0 


0.7 

5.2 

1.4 

La Plata 

5.3 

7.1 

4.3 

4.0 

13.2 

8.7 

4.0 


• All fiKun's ait* in 1,0(X) n.Hiitii'aI iiiiU*N. AMsiiminK vi*ssi>l s{n*(>(1.s in ballast (with allnwiinro for linn* 
sjN'nt fucliiiK) to rorirapoiid tu ri,(XK) nautical miles |n>r iiiunth, the coelllcients Sij arc found by di\ idiiiK 
the figures in this tabic by 5. 


for time spent in refueling) sails 5,000 nautical miles in one month, the 
coefficients Sij arc obtained by dividing (he figures in Table VI by 5. 
Furthermore, while the data were actually generated in a market situa- 
tion, we shall assume them to l)c given to our hypothetical central ship- 
ping authority as the desired tramsporlation program. Finally, we 
pro(!eed as if these numbers represented constant rates of How through 
time. 

The unit of cargo flows is a million tons per month. I'he unit of flows 
of shipping, loaded or empty, is the flow of ships that if loaded would 
carry a unit How of cargo. In this choice of units, we have disregarded 
the slight dependence of a ship’s carn-ing capacity on the length of the 
loaded voyage, arising from the necessity to carry fuel. 

“ A similar example l)a.si*d on data for 11125 is conlaincil in Koopmaiis [1947]. 



244 


0. KOOPMAN8 AND S. UNITKK 


I PART II 


2.3. Possible graphs of empty shipping routes. Any vector ,r isal isfyin^- 
(2.(5), and hence representing a possible routing plan for empty ships in 
rc/ation to the program g, defines a s(?t of routes (i,j) on u'lii(;h a positive 
flow of empty ships, :r/j > 0, is preseribed. The figure consisting of all 
these routes (as ^‘arcs*’) plus all ports in the teelmology (as “vertices’') 
is, according to topological terminology, a linear graph [Kbnig, 193()]. 
It will he called the graph G = G{t) of ballast trafiic associated with the 
possible routing i)lan x. 

Map 1 gives a possilde graph of ballast traffic for the program of 
Table V. Amounts .r,; that satisfy condition (2.6) are indicated along- 
side each route, the net surpluses 5* with each port. 

2.4. Conditions for an efficient graph. A routing plan, x, possible in 

relation to a program, y, is called efficient if it minimizes the amount 
(2.4) of shippitig absorbed in empty movements. A graph, G{x), 
associated with an eflicient routing plan, .r, is likewise called elficient. 
A general theorem [HI, Theorem 4.3, as extc'iided in 4'heorem 5.01, 
alrc'ady quoted, states that the existence of a vc'ctor p of prices, satis- 
fying conditions similar to (1.36) as well as certain sign restrictions, is 
necessary and sufficient for the efficiency of a point (2.1) and, h(*nc(‘, of a 
routing plan x in relation to a program ?/. \V(‘ shall here estal)Iish tin* 

validity of this criterion by reasoning specific to th(' pr('s(»nt transporta- 
tion model. The shortest road to that end will be thi? heuiistic explora- 
tion of the consetiuences of conditions (1.36), should they b(» satisfied at 
a point a arising by (2,1) from a routing plan x. 

In the present notation, and normalizing by P: = 1, the conditions 
(1.36) arc, for cargo-carrying activities, 

, \ (a) Vij - Vi + Vi - lii ^ •• for all ('. J), 

(z. U) I 

I (b) Pij - Pi + pj - tij = 0 if Jc,j > 0, 

and, for empty movements, 

^2 00 Vj ^ Vi + for all (f, j), 

(b) Pj = Pi + Sij if Xij > 0. 

We shall concern ours(*lves first witli the (jonditions (2.13) on the p/, 
which, as prices of intermediate commodities, are not subject to any 
sign restrictions. In Map 2 we shall att(‘mpt to det(‘rmine for all ports 
values Pi that satisfy the conditions (2.13) (M>rresponding to the graph 
Gms of Map 1. Since conditions (2.13) arc^ invariant under addition 
of the same constant to all pi wc may arbitrarily choose 

(2.14) 


P.Mhrns fb 
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of ballast traffic. 

All figures in millions of metric 
tons per month. 
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of the appearance of a ship. 

Figures along routes: Sailing time in 
months required to traverse the 
route in ballast 
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Applioalion of (2.13b), with reference to Tabic VI for the values of s.-,-, 
now leads successively to the values of p,- in all ports connected with 
Athens by a chain of routes, 


(2.15) 


PLaPlata PAthens H” ^ •'12 — 1 .42, 
PUtirbaii “ PhaPlata 0.92 = 0.50, 


etc., as exhibited in Map 2. Tlie procedure is formalized as follows. 

We shall exclude graphs which contain both a route (Z, m) and its 
reverse (m, 1). Such graphs would in any case be inefficient. Let a 
chain C contained in the graph G be defined as a secpicnce of routes of G, 

(2.16) (i, j) or (j, i), •••,(/, m) or (m, Z), • ‘ , (p, q) or ((/, p), 

connecting successive ports in a sequence, 


(2.17) 


3 1 * * ' > Z, 7Hf * * • , p, (/, 


of ports, no two of which are the same. This chain is said to lead from 
port i to port q. With reference to the routes of a given chain, C, we 
define 


(2.18) 


jpfin = 1 if (/, in) € C and I precedes in in (2.17), 

I = — 1 if {m, 1) € C and m follows I in (2. 17). 


Then repeated application of (2.13b) is c(iui valent to the rule 


(2.19) pq = Pi + 5^ C C (7, C leads from i to q. 

(k. h)tC 


In order to ascertain whether and when this ])rocedure gives determi- 
nate Pi-values in all ports, we must explore the two possibilities of con- 
tradiction and of indeterminacy. To begin with possible contradiction, 
let us define a circuit, 0, contained in G in a manner similar to a chain, 
except that we recpiirc the first aiul last port to be the same {q = i), 
all other ports to be different. The notion of a circuit includes the sense 
(from left to right) in which the sequence (2.16) (with q = i) is tracied, 
and constants v^h arc defined again by (2.18) with reference to that sense. 

In a graph that contains no circuits, (2.19) cannot lead to a contradic- 
tion. If a graph G contains a circuit 0 with successive ports (/, j, 

• • • , p, i), contradiction will arise unless 

(2.20) E = 0. 

This is easily seen to be also a necessary condition for the efficiency oi G. 
*®Thc symbol t denotes “is a nmte of”; the .symbol C, “is eontained in.” 
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If the left-hand member of (2.20) were negative, a circular Iransfortna- 


tioHy 

( 2 . 21 ) 


= A'A + MV. if inh h) c 0, 

= ^gh on all other routes (g^ /i), 


of the flows of empty shipping, with a positive moduluH /i, would decrease 
the expression (2.4) for the shipping (‘iigaged in tlu^se movements by the 
positive amount 

( 2 . 22 ) s'x - s'x* = -li Y, 

(g, h) e 0 


The meaning of this transformation is that, tracing the circuit in the 
sense /, j, A', • • • , p, /, an amount n is added to the flow of empty ships 
on all routes traced in tlie direction of that flow and an amount /x is 
subtracted from the flow on all rout(‘s traciMl in a jlircction opposite to 
I hat flow. This can always be done within the restriction .r* ^ 0 by 
taking a sufliciently small value of /x, since the graph (i -- (i{.r) contains 
onb' routes of positive flows a’/y, • • • . Similarly, if the I(‘ft-hand mcinlier 
of ( 2 . 20 ) were positive, a suflici(*ntly small negative modulus /x would 
define a possible transformation such that ( 2 . 22 ) is positive. Finally, 
by considering each of the four cases (omitting su|)erscripts 0) 


(2.23) 


Vij = Vjk = I ; 


^ji = n j = - 1 ; *'0 = 1 , n j 

Vji ~ 1 , J'yjk = I ; 



it is easily seen that, with either sign of g, the transformed routing plan 
X* satisfies the restrictions ( 2 . 0 ) for every port j whemn'er the original 
plan X does. 

A circuit 0 = (z, j, • ■ • , i) contained in a graph (i is called nrulral 
if ( 2 . 20 ) is satisfied. It is easily .wn that, if all circuits contained in a 
graph G are neutral, no coni ratlict ion can arise in delining /», -values in 
all ports. Since, in particular, any circuit contaiiu’d in an (dlicient graph 
is a neutral circuit, no contradiction in the evaluation of prvalues for 
all ports by (2.19) can ari.se if the graph G is iiuleed eflicii'iit. 

Indeterminacy of one or more p* can arise if the graph G is not enn- 
nreted, i.e., if there exi.sts at least one pair of ports z, (/ not conn(M*t(*d by a 
chain (/, j, • • • , 7 ) in (r. We shall come back to this case in S(M*tion 2 . 0 , 
and we assume here that G is indeed connected. 

We hav(^ thus established that, if G is a possible and (;onn(’ct(*d graph 
containing only neutral circuits (if any), conditions (2.13b) permit a 
uni(|ue determination of pj-values for all ports from a prescrilxMl value 
in one port. W(^ shall prove further that, under these assumptions, (con- 
ditions (2.13a) arc both nc(!essary and sufficient for the ellicciemcy of G. 
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To sliow tho no(*('ssity, iissuino, that 

(2.24) pj > Pi + siij 

for som(^ (/, j). To illuslrafo fho arj»;iirn('nt in Map 2, 1(4. i = Durban, 

/ Sinsaport^, and assumes that nij = 0.02 inst(*ad of tlu^ valiu' O.OcS 
followin}^ from Table' VI. Tlum, by addin»; tin? roul(' (Durban, Sin‘i;a- 
poiv) to ff itn.i to make Kiv(' rise to a circuit (Durban, Sinj^apoiv, 

Yokohama, Sydru'y, Durban) in b(‘caus(' Siiifjjapore and Durban 
ar(* ahvady c.onncctc'd ])y a chain in (i before' tlie' new route is aelde'd. 
The saving in shi|)|)ing from a circular transformation ejn this circuit 
with positive modulus p ('([uals, by (2.22) and (2.19), 

— Si ~ SYo, Si 4" •'•“Vo. Sv ~ ‘^Sy. Did 

(2.25) 

= /^(■'^Dn. Si P\)\i ?^Si)j 

which, by assumption (2.2D, is a positive numbe'i*. lienee the graph 
is not etlicie'iit be(*ause» savings can be secured by semding emipty 
ships on a route outside it. It should be added that in the reverse 
case', 

(2.2(5) Pj < pi + Sij, 

no saving can ))e effe'cted by a negative edioice of p because Xij = 0 before 
the transformation, aiul any ne'gative' value of p would make .r* < 0, 
which is te'chnologically impossible'. 

'ro show the sulliciency, assume that (2.13a) holds for the Pi deter- 
mine'd from (2.13b). Deline a row ve'ctor, 

(2.27) Pii^\p\ P2 ••• Pni 

to contain all We' can then write (2.13a), which was obtaine'd by 
applying (1.31a) to the' second se't of columns in the technology matrix .4 
as i)artitioimd in (2.1), in the form 

(2.25) //«« - .s' 5 0. 

In particular, from (2.131)), i.e'., from (1.31b) applie'd to .4, the eepiality 
sign in (2.2S) ap])lic's to all compone'uts su(4i that the corre'sponding com- 
poiuMit of X is |)ositive. Since the re'inaining components of x are zere), 
we' have 

(2.20) (//„« - ,s').r = 0. 

Xow let .r“ be' any possible routing ])lan, i.e., any ve(4or ^ 0 satisfying 
(2.5) if .r” is substitute'd for .r, givifig 

(2.30) - -h - R.r. 
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Then, since x® ^ 0, we have from (2.28) 

(2.31) {puli - s')/ ^ 0. 

Comparison of (2,29) and (2.31), using (2.30) after premuJtip/ication by 

p\ loads to 

(2.32) s'/ ^ s'j. 

Ilonce there is no possible routing plan / employing less shipping than 
X, and G is an efficient graph. 

We have thus found that, in the case of a connected graph f7, the 
existence of a solution pi of (2.13) is by itsc'lf a necessary and sufficient 
condition for the efficiency of G. 

This d(X^s not conflict with the theorem mentioned at the beginning 
of this section, which includes ( 2 . 12 ) in the condition. For, if pi satisfies 
(2.13), the pij defined by rofiuiring eciuality in (2.12) for all routes (f, j), 
whether cargo is moved on them or not, will b(‘ positive? as a (?onse(iu(‘nce 
of the inequalities 

(2.33) tij > Sij for all (/, j) 
similar to (1.13). 

A comparison of the 7 ;, -values in Map 2 with the as derived from 
Table VI establishes that the graph of that map is indeuMl (»ffici(»nt. 

2.5. The case of a disconnected graph. The proof that the (‘xistenee of a 
solution Pi of (2.13) is suflicient for the effieriency of a gra|)h G de)es not 
depend on G being connected. The proof of the necessity of that condi- 
tion needs to be supplemented for the cas(? of a disconn(*(!ted graph f/. A 
discoime(?ted graph is possible only if the set- of ports can lx? pai titioned 
into two or more subsets such that the net surpluses bi add up to z(m-o 
within each subset. This, again, can only happen by “acci<l(*nt," by 
“special'' choice of the program vector y. Since we have specified that 
all ports belong to any graph of ballast traffic, the? case wIum’c? a c(‘rtain 
port is neither the origin nor the destination of any route of empty ships 
constitutes, and properly so, a special cast? of a disconnetded graph. 

As an illustration of a disconnected graph, add 0.9 million tons to tin* 
cargo flow from Durban to Sydney. The graph (1]^ obtained from that 
of Map 1 by deleting the route (Durban, Sydney) is a possible and dis- 
connected graph for the modified program so obtained. Does the 
existtmcje of a solution pi of (2.13) remain a sufficient criterion for its 
efficiency? We shall sketch the reasoning that leads to an affirmative 
answer. 
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I.et US refer to the two connectcrl subgraphs of as the Atkntie 
and Pacific subgraphs. Values for the in all “Atlantic” ports (with 
which we include Ourban and Hombay) are unicjnely determined, by 
(2.13b), from the value (2.11) arbitrarily as.sumcd for Athens. Simi- 
larly, pj-values for all “Pacific” ports are e.xprcssed by 

(2-34) Pi = X + ({j, X pv„k„i,«m», 

s!iy, and where the r/y are uniquely determined by (2. 13b). Consider all 
routes leading from an “ Atlant ic” port i to a “Pacific” port j. For each 
such route we read from (2.l3aJ an inecjuality, 

(2.35) X + 7i ^ Pi + Hij. 

For each route of the reverse type we have, similarly, 

(2.30) X + <ij ^ Pi - Sji. 

Hence a value of X which satisfies (2.13a) can be found only if 
(2.37) max (p, - qj - .s-y,) g min (p,- - qj -f- s,y). 

» e Atl i I Atl 

j t Par J t I’ao 

If tliis is not true, tlioro (wist “Atlaiili(!” ports /i, and '‘Pacific'' ports 
juh that 

(2.35) - qj, - .Vy,,-, > p,, - (/y, + S,...y.., 

and a circuit can be found wliich contains the routes (ji, /O and (/ 2 , J 2 ) 
and on which a circular transformation with positive modulus produces 
a savins hi shipping employi'd, 

"I'his reasejning can be (*xtcndod to covim’ the case of throe or more 
coniKTted subgraphs, not mutually conn(*ct('d, of a possible graph (7. 

2.6. Itiraiiir rotnpidalion of an vjfiricnl graph. The foregoing proof 
of the necessity of the conditions (2.13) for the efficiency of a graph (r 
sugg(\sts a method of iterative improvement of a tentative possible initial 
graph, (li. Such a method is described by Dantzig [XXlll]. The 
difference pj — pi is there referred to as the indirect cost of the activity 
measured by .r*y and is denoted by Cij. 

Table VH gives corresponding notatums in Dantzig’s chapter and the 
present one. In making the comparisons it should be kept in mind 
that the program of commodity inflows and outflows, assumed given 
for the various tcM’ininals by Dantzig, corresponds to our lU't surjiluses 
of shipping at the varimis ports. His minimum cost transportation pro- 
gram of a homogeneous commodity corresponds to our eflicient routing 
plan of einjity ships. 
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Taulk VII. CoiiiiKspoM)iN(j Notations in CiiAPriiiis XXIIl and XIV 


XXIII 

XIV 


XXIll 



XIV 


«.> 

oi, ■ 

» Oai, 

1 

bn 

K • 

■ ' i t)n 


Xij 






such that Xij > 0 

d.y 

«.■; 

Xk 




Xij 

such that Xij > 0 

z 

-z 

n- = 

X/A- + fimkt 

if 

Ih = Ain, 

Vhm 

if Xhn > 0 


Pj-in 

n = 

X«.A + mt 

if 

Ih “ Ami 

I'ml, 

if Xnit ^ 0 


■Pi 

ci, ■ ■ 

■ ■ » e,„ f-n—i 




such that Xij > 0 


2.7. Roulimj plans associated irith an efficient ijraph. So I’nr our 
tion has boon diroclrd to tho j^raph G of ballast trallic (i.c., tli(' sot of 
routes for whioh xij > 0) ratlior than to the actual values of the .r,, 
and the resulting value z of shipping oniployod in ballast t rathe. We 
shall now establish the coniie(;tion between G and .r. 

Assume first that G contains no circuits and is connect(‘d, taking as an 
example the graph Gm^i of Map 1 in relation to th(» unchangcvl program 
/yi 9 i;i 'lablo V. Such u graph, known as a tree, uni(iu(‘ly d(‘t(‘rmin(‘s 
the flows, Xij, of empty ships on all its routes. To show th(' determina- 
tion of the flow of 0.9 million of (empty) cargo-carrying capacity on th(‘ 
route (Durban, Sydney), d(‘lete that route from f/nn.e I’his recr(‘at(‘s 
the graph pnwiously consi<lere<l, but this is not a possible graph in 
relation to the program //e.u:e Hither of its two trees can be us(m1 to 
determine uniciucly the value 

(2.:}0) = E fc, = E 

leAtl 

from a summation of the relatitms (2.0) over all ports of om^ tre(\ If G 
is not connectcMl, the sanu? n'asoning can b(* ap])lied to each of its con- 
nected subgraphs. 

Each circuit contained in a graph (1 introduces the possibility of a 
circular transformation in .r, with a modulus limiti'd by a lower and an 
upper possibility bound depending on the initial routing plan, .r,), say. 
It can be shown that the s(;t of routing plans x compatible with such a 
graph (1 forms a convex polyhedron of a diimaisionality ecpial to the 
cyclomalic number of G (i.e., the maximum numbia* of routes that can 
be removed from without disconnecting any pair of ports connected 
within 6') |Konig, 1930]. 
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If G is efficient, all its circuits arc neutral circuits, and all routinj? plans 
X associated with G lead to the same value, — 2 , of shipping employed in 
ballast traffic, which is the minimum value of —z among all possible 
routing plans. 

If G is efficient and connectinl, then (2.1.3b) iinicjucly rlctermines the 
Pi, and wluit w(; shall call i\ni maximal efficient graph G is obtained by 
adding to G all routes (/, j) for whicli the ecpialily sign in (2.l3aj holds. 
(To obtain the maximal efficient graph G if G is not connected may 
reiiuire adding two or more routes simultaiHMnisly to avoid impossible 
graphs.) If G does not eoiilain a circuit, the efficient routing plan x 
is uni(iuc. 

Neutral circuits often occur in practice*. Many would be presc^nt in 
the tc'chnology of Tables \’I if all its cells wore filhvi out, but it so hap- 
peiied that none entered in the efficient graph of Map 1. Neutral cir- 
cuits arisen whenev(‘r all four routes connec^ting (‘itlaa* of two ports i, j 
with either of two ports I go past the sanu^ gi'ogiaphical point (cape, 
narrow passage*). 

2.<S. Thr marginal cod of variations in the program. We shall now 
show that the eilicie'iK^y prices, /)/;, on cargo flows, when uniquely d(‘ter- 
mined by (2.12) and (2.13), define marginal rates of substitution of cargo 
flows against shipping, llu'se' substitution rates are applicable to all 
changes in the* program that can bc^ btilanced by a change in the effi- 
cient routing plan x without causing an essential change in the corre- 
sponding graph G of ballast traffic. 

As an example*, consider the aelelition of p = 0.1 million tons of cargo 
to the memthly flow from New York to San Francisco in the 1013 pn)gram 
eif 'Fable V. Since Gwm e'emnee’te'd, the route (NY, SF) can be supple;- 
mente'el by routes in ( 1 191 ;i ^ 

Ath — > N^'), in which the arrows imlicate the elirection of ballast 
t raffle on all but the first, route. The change in the program can be 
cfTectcd, within the restriediems (2.6), by the (‘ircular transtormatiem 

•^NY.sr = -f’XY.sK + M, -^’SF.S: ■= -I’si-.Sy -r Mi 
(2.10) J*L)u, Sy “ -^’Du.Sy Mi ’ NY ” NY “H Mi 

= x,j em a other route's. 

B(*cause of the moderate amount of its modulus, p, the graph 0{x*) alter 
this transformation is the same as the original graph, (noia- Since the 
efficiency of a possible routing plan depends only on the efficiency of its 
graph, it follows that .r* is again an efficient routing plan tor the changei.! 
program. 
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The unit cost of the transformation (2.40) (i.o., the cost divided by 
the modulus, /z, expressed in terms of additional shipping used) is 

(2.4 1 ) Y. SF + ®SF, Sy “ Sy H H ®Ath, NY- 

By (2.19) and (2.18), this cost equals 

(2.42) t^Y, SF + Pny — PSF* 

On the other hand, this expression equals the cfTiciency price Pny.sf 
determined by (2.12b) whenever ^ny.sf = ^ny.sf > 0 in the original 
program, or as permitted by (2.12a) if i/ny,sf = 0. This establislies the 
interpretation of the p*;, when uniquely determined, as marginal cost 
coefficients, 

(2.43) Pij = tij + Pi ~ Py 

The term Uj in (2.43) can be called the direct cost of a unit addition to the 
program on the route (i, j), the term p» — pj the indirect cost. The in- 
direct cost arises because, on completion of its loaded movement, the ship 
is in a different location and hence has a different locational potential. 
The term allowing for this circumstance is the loss in potential (in the 
efficiency price of ship appearance) as.sociated with the loaded movemcMit. 

Since all relationships involved are linear, the coefficients pij^ if 
uni(pie, can also be used to express the simultaneous cost of a number of 
program changes Ay,y, 

(2.44) 

ij 

The validity of this expression is limited to changes in the program which 
permit the same potential hmetion pi to apply before and after the 
change, with the pa defined by (2.12b) on all routes. This is certainly 
the case if the same efficient graph applies })eforo and after the change. 
It remains tiiic in certain boundary cases whenever the efficient giaphs 
G and G* before and after the change are (attained in the same maximal 
efficient graph (/. It can be shown that all programs y permitt ing rout- 
ing plans X whose graphs are contained in the same maximal efficient 
graph G form a closed facet of the effhnent [Toint set. The maximum 
dimensionality of such a facet is n{n — 1), the number of variables 
yijj Jtf less one. This maximum is reached if U is connected, in which 
case the efficiency price vector p is unicpiely determined in (‘very [)oint. 
in the relative interior of the facet in question, and represents the normal 
to that facet. 

For the concept of a facet, see Chapters III, S(>ction 4.5, and XV^lII, Si'ction 4. 
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The cost expression (2.44) for a change in the program y within a facet 
can be decomposed into direct and indirect cost as follows. If the pa 
are to be unique, conditions (2.12b) must apply to all routes (i, j). 
If we write Py for the vector wath elements p.-y ordered a-s the y,-,- in 
Table IV, the normalized efficiency price vector p is given by 

(2.45) p' = [p'y pn 1]. 

In this notation, with reference to the technology matrix A as parti- 
tioned in (2.1), conditions (2.12b) for all routes can be written as 


(2.46) [p'y p'b 

and hence, from (2.41), 


H 

■I' 


= pi + Pafi - t' = 0, 


(2.47) -/!^ = l'Ay-pnBAy. 


In this expression, in view of (2.2) and (2.5), 


(2.48) /lAy = = Ab 

represents the vector of changes in net shipping surpluses 5; in the 
various ports, resulting from the change Ay in the program. Substitut- 
ing (2.48) in (2.47), we find that the cost, 


(2.49) - A2 = t'Ay - pnAb = /,yA//.y - p,A6f, 


of a change in tlie program within an n{n — I )-(limeiisional closed facet 
of the efficient point set is the sum of a direct cost, representing 

the net increase in sliipping employed in cargo-transporting activities, 
and an indirect cost , — representing the net increase in shipjiing 

(dliciently employed in ('m|ity movements. The latter cost can be ob- 
tained, without tracing the changes A.r/; in Hows of empty ships on indi- 
vidual routes, as the negative of the sum of the changes A6,- in the net 
ship|)ing surpluses, each multiplieil by the economic potential, pi, of 
a ship in the location of that surplus.'^ 

2.9. Uses of the effiriennj prices by a central shipping authority. In a 
pool of shipping administered by a central authority, such as existed 
in the first and second world wai^s, an efficient routing plan x and a set 
of efficiency prices p ('ori*espondiiig to a program y can become known 
to that authority only by explicit computations based on the performanee 

Because of (2.0), the e.xpression (2.40) is nol alTecli'il by I ho jwUlitioii of a constant 
to the potential function p,. 
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times tij, Sij. Once computed, the prices pa can be used to assess the 
opportunity cost of the acceptance of one transportation commitment, 
in terms of other commitments that have to be rejected, if the total 
amount of shipping available for active operations is limited. When? 
two possible commitments are not competii-ive but substitutes, such as 
when the same raw material can be obtained from two dilTerent sources 
of supply or when the location of a raw material processing activity is 
to be selected, calculations based on the prices pij arc necMlcd to arrive 
at the best solution. It should be emphasized again that these uses arc 
sul)ject to all (he limitations of the piescmt analysis. They apply to 
the comparison of alternative programs, i^ivh constant over time and 
both compatible with the same efficient graph f/(.r). They thei*(*forc do 
not analyze the cost of transition in time from one constant program to 
another. These and many other problems in th(^ centraliz(*d operations 
of a pool of shipping can only be approached by dynamic generalizations 
of the foregoing theory. 

2.10. Effivioncy prices as market prices under eompeliiim. The condi- 
tions (2.12) and (2.13) would also be fulfill(‘d, with [)n)per int('r[)n'tation, 
by freight rates pij formed in a competitive market, in which tlu* composi- 
tion of demand for transportation services on the various routes is stable? 
and in which shii)owncrs independently bid for and cariy out transporta- 
tion commitments, whenever necessary moving tluMi* ships (‘mpty to a 
more advantageous position for the fulfilment of the next commitment. 
Of cour.se, market freight rates also contain allowance.s for the? cost of 
other scarce factors besides shipping, representcHl by such things as port 
and canal dues, allowance for accumulating rej)air iietMls, wage's <^f cn;ws 
and stevedores, cost of fuel and supplies. To keep matters simple, let us 
assume that all factors other than the use of shipping can be bought at 
constant prices in any desired ipiantitic's. Then we may add one row 
to tli(? technology matrix, stating for each route the money cost of tluj 
amounts of these factors rc(iuired for the unit of each activity. The 
commodity flow corresponding to this new row is money input., and the 
efii(?icncy price can conveniently be taken ecjual to unity so as t(j (*xpress 
all other efficiency prices in money terms. 

In a model for long-run analysis it would be apiiropriate to i.r(?at tlie 
cost of the use of shipping in the; same manner by making an oveihead 
charge, including depreciation and interest, based on the inoiKW cost of 
ship construction. However, since adjustment in the size of the world 
merchant shipiiing fleet is much slower tlian the fluctuations in dcunand- 

^“Thal is, l^u^ total floet in oxi.stcnco le.ss an allowance) for slii|).s in nfjKiir or over- 
hauling. 
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at-constant-pri(;o for its services, it is also of interest, in an analysis whicli 
is neither too long-run nor too short-run in character, to consider tem- 
porarily constant (hirnand scliedules on all routes in conjunction with a 
temporarily constant siz(i of tli(» fleet, wliich is not necessarily in long- 
run eciuilibrium with th(^s('. demand schedules. 

In this case, ihv, row in th(^ technology inalrix corresponding to input 
5 of shipping slunild bo retained and the effici(»ncy price j)z on the use of 
shipping be interpreted as a “rental charge” for the use of one unit of 
sliipping during one unit of time. This charge is expressed by the market 
as a “time-charter rate,” at which the use of a ship is traded.'® The 
time-chart(*r rate express(»s the “scarcity” of ships in the period in (pies- 
tion, in terms of b(*n(‘fits forgone, or cost incurred by alternative methods, 
because there is not oru^ morci sliip available. When in a depn'ssion 
ships are laid up idle, the timcMtharler rate as Iuto understood is zero.-® 

So interpreted, conditions (2.12) anrl (2.13) express that the profit on 
any round voyage that is actually engaged in, or that can be pieced 
together from legs-of-voyagc^ (with or without cargo) actually engagefl 
in, is zero to the* (*ntrepreneur, provided that he calculates the time- 
charter charge as a cost. The profit is positive on no round voyage, and 
negative on inefficient round voyagers. This is indeed the result of 
entrepreneurs^ decisions in a perfectly competitive^ market, according to 
accepted static eeiuilibrium theory. If market demand, .y,;, for transpor- 
tation services on the various routes remains constant for a sufficiently 
long time, the. efficiency prices, p,j, are observable as freight rates per 
shipload on the various routes. The economic potential function, pi, 
is implicit in the calculations of the shipowners in choosing between 
alternative round voyag(*s. 'fhe type of contract that would make the 
pi observal)l(* as market prices has to imr kin)wledgc not been in use in 
ocean shi|)ping or in any other tran.sportation market. 

Where (;ompetiti(m is restricted, such as in line shipping, discrepancies 
Ixdween fridght rat('s and efliciency i)rices may r(*suU. This is (?ven 
more true, em|)irically, in transportation systems subject to government 
operation or regulation. This is not an inevitable consequence of 
governmental activity, but rather of the simple and criid(' notions of 
“fairness” which have histi>ricatly dominated such activity under the 
watching eyes of highly interested local and functional groups of popula- 
tion and industry. 'Fhe resulting inefficiency in the geographical dis- 

Tlu* type of time charter appro.ximating must clossc'ly the concept of a time-charter 
rate here applicable is known as tin* “l)an*boat chartiT," by which the use of a ship 
is haiuled over for a period without cn'ws or .supplic.s. 

“I'liis statciiK'iit is still based on the uinrcalistic) a.ssuinption, made in bection I, 
that all ships are of the same type and quality. 
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tribution of industry has been briefly commented on elsewhere [Koop- 
mans, 1947]. 

2.11. Amlog^f with Kirchhoff's law on the distribution of current in an 
electrical network, Inhere is an int-eresting analogy, with differoiKics, 
between the problem of minimizing the amount of shipping in use for a 
given transportation program and the distribution of (direct) current in 
a network of electrical conductors to which given electromotive forces 
arc applied at specified points. The latter problem, treated by Kirch- 
hoflf [ltS47j, provided the stimulus for the mathematical investigation of 
linear graphs.®* The analogy is brought out by the following list of 
reinterpretations of the symbols used above. 


Interpretation in 
Transportation Mtulel 

Symbol 

Interjnretntioji in 
EUctriml Network 

Ports 

i = 1, • • • , M 

Connection points of conduc'tors 

Houtes 

ii.j) 

Conductors 

Kmpty sailing time 

«»7 

Ht‘sistance 

Flow of empty ships 

Xii 

Elect rical curri?nt 

Net shipping surplus 

bi 

Net current iiiadt! to flow into 

Locational potential 

Vi 

the mdwork from outside 
Negative of ele<*trieal potential 


In the electrical application the identity (2.6) oxprossc's that the total 
inflow of current into a connection point of conductors must equal the 
total outflow. KirchholT^s law on the determinatit)n of the currents 
in the various conductors can be derived from the minimization of th(* 
total heat, 

(2.50) h = 

generated per unit of time in the network, subject to the restraints (2.6) 
on the currents. This differs decisively fiom the transportation prob- 
lem, in which, instead of the (piadratic form (2.50), the linear form 

(2.51) -2 = X-Wi 

is minimized subject to the additional restriction r/y ^ 0. The heat 
minimization problem lends itsidf naturally to application of calculus 

The cultural la^ of oconomie tiiought in the application of mathematical methexts 
is strikin^^ly illustrated by the fact that linear gniphs are. making their entrance into 
transportation theory just about a «*nlury after they were first studied in relation 
to electrical netw'orks, although organized transportation systi'ins are much oldiT 
th-n the study of electrieity. 
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by the method of Lagrange parameters. Beciause the furietion (2.50) is 
a sum of scpiares with positive cmdrieicmts, placed under linear restraints, 
the minimizing solution Xij is unique. It is found to be such that, 
instead of (2.13b), 

(2.52) SijXij = -pi + pj, 

where — p, is the electrical potential at the connection point i, obtained 
as a Lagrange parami^Uir associated with the corresponding restraint 
( 2 . 6 ). 

It is possible to apply the same meth<Ml to the minimization of shipping 
in use, by the substitution 

(2.53) Xij = wjj, roij real, 

which insures that the condition Xij ^ 0 is met. The locational poten- 
tial then plays the same role of a set of Lagrange parameters. The 
difference in sign in its definition is motivated by the fact that a ship is 
more useful at the destination of an empty voyage than at the point of 
origin, whereas an electric particle may be regarded as more usefully 
located where the electrical potential is high. 

Because the degree in tlu* Xjj of (2.51) is one less than that of (2.50), 
the difference in potential between two points /, j in the transportation 
model is related to the “resistance’’ or “time cost” only in the case that 
Xij> 0, and is within that case independent of the value of Xij. Also, 
the minimizing solution lacks uniqueness if neutral circuits occur in 
the maximal etiicient. graph. 
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EFFECTS OF I^IOCIINOLOGICAL CTIANOi: TN A 
LINEAR MODEL 

Ry Hkkbkht a. Simon’ 

Tlie term “toehnologicral change** is ('mployed in many senses in 
economi(! literature. In economic history the term is geiunally applied 
to any change' in the methods of production used in an economy. The' 
change may result from an improvement or a series of improv(*inents in 
an existing process for making a commodity, which permits lh(' com- 
modity to be produced more' elu'aply, such as the seric'S of improve'inents 
in spinning and weaving processes that revolutionized the textile industry 
in the eight ('enth century. Or the change may involve the partial or 
total replacement of an old resource by a new, such as the substitution 
of petroleum for coal as a fuel by use of the internal combustion engine*. 
Or, finally, the change may involve the production of a new consumers^ 
good not previously in existence*, sue*h as the radio. These cate'gorie's 
are not mutually exclusive but inelicate the range of phenomena falling 
under the ge*neral he'ading of te*e*hne)logical change. 

In writings on ee*onomic theeiry te'chnole)gical e*hange has be(*n a some*- 
what narrower concept. There t(»chnology is ge'iierally r('])rc*sente*d by 
production functions that state the ma.ximum ejuantitie's of output 
te*chnologically (d)tainable from giv(*n ejuantities of inputs. A |)rodue- 
tion funertion may ref(*r to a whole industry, a firm, a plant, or even a 
single proce*ss within a plant. In sueh models a te*e*hnole)gie*aI change is 
repr(*s(*nt(*d by a sliift in a pre)duction function, so that for some (;oml)ina- 
tion of inputs a givater output is e)btainable than formerly. For the 
most part such models have encompassed only technologiiail improve- 
ments in th(? production of e.xisting commodities, and not those that 
result in the introduction of new commoditi(*s. Oikj advantage of the 
models to be examin(*d in tliis chapter is that th(‘y permit a clarification 
and separation of the meanings of t(*chnological change — botli those of 
economic history and thos(^ of theory. 

1. We briefly summarize here some of the projiertic's of the models; 
a more complete di.scussion has be(»n set forth in ('hapter III, Section I. 

2et) 
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The elementary concepts in these models are amwKKliiifs and nrlivitics. 
Commodities are produced or uscmI up in the process of production. If 
we consider a sin^h* production period, we will have a stoc^k of com- 
modities at the beginniiiji; of the period and a diff(‘rent stock at the end 
of the period; the changes (commodity flows) being determined by th(* 
levels at which the various activities are carried on fluring the period. 
lOach activity represents a particular method of produedion (e^.g., 
production of nitrogen by fixation from air with elec,troly t ic hydrogen) 
and is defined l)y (‘(piations stating tlie (luanlities of commodities con- 
sumed and produced per unit l(‘vel of the activity. 

Let the vector y represent the commodity flow during a production 
period. If yi < 0, there is net consumption of the commodity; if 
?/* > 0, there is ned. production. Let the^ v(‘ctor .r represent tlui levels 
of th(» several activities during the period. Tlieii 

(1.1) 2/ = r/, 

where V is tlie matrix whose elements in the jth column an* the fjuantities 
of y consumed or produced by the jth activity carri(*d on at unit level. 
W’e suppose that y has K el(»ments, / has J elements, so that T is a 
K X ./ matrix. W'e recpiin* that ’ .r ^ 0. Finally, we define as jmtiihlr 
points those points in the //-spa<*e which are transforms of the positive* 
orthant of the .r-si)ace, i.e*., those //’s satisfying (1.1) for some x ^ 0. 

If we know in advance whie*h commodities are to be produced (final 
comnioditi('s), which are to l)e use'd up ())rimary faedors), and which are* 
n(*ither use'd up nor produced (int(*rme'diate cemmiodities), we may parti- 
tion y and J", and write 


(1.2) 

2/fi,. ^ Tfin-r > 0, 

for final products; 

(i.:i) 

y/iiil ~ 1 flj 

for intermeMliate jiroducts; 

(i.-i) 

.Vpri ” 1 ^ 

for primary factors. 


We assume that points, .r > 0, exist which satisfy the eepiations and 
iiUMiualitie's (1.2), (l.»L, and (l.l). In ge'iieral, the solutions will not 
l)e unie|ue. llene*e we impose adelitional “optimizing” e*onditions: - 

(1 ) We r('(|uire that the* transform, //, of a solutieu), .r, (M)rrf*spond to an 
effivivnt point in the //-space* (i.e., that no possible //* exists such that 
2/* ^ 2/). Ih ge'iieral, this iveiuiivinent will r(*due*e by eine the elimeii- 
sieinality eif the set eif sedutieins. 

^ Wo iwlopl elu* fur voc'tur iiK*(ai:ililu*s inlnxlucoil in ('hai)ttT ill, N*r- 

lion 2.4. 

“Soc (‘onditiuns (h), (c), ami (iH of Cliaplor III, Sort ion 1.2. 



262 *H. A. SIMON [l»AUT II 

(2) Certain lower limits to elements of ^pri, or upper limits to elements 
of ^fin, or both, may be given. 

(3) We may specify certain relations among the elements of yun (e.g., 

2/fin 1 ~ fcl22/fin2)- 

(4) We may limit ourselves to those solutions that maximize some 

function of T/fi,, (e.g., % = max), or those that minimize some 

function of y^rh 

Suppose that we impose sufficient optimizing conditions so that a 
unique x exists satisfying (1.2), (1.3), and (1.4). We call this an 
(yptimum solution relative to these particular optimizing conditions. 

We may now formulate a definition of technological change that is 
broad enough to cover virtually all the topics that have at one time 
or another been discussed under that label. A technological change is 
any change in (a) one or more ccxifficients in T, or (b) the given lower 
limits of elements of i/pri, or ((?) the function of y^,r\ to be minimized. 
We exclude from our definition change's in the other optimizing condi- 
tions, as, for example, change in the function of ?/fi„ to be maximized; 
the latter we may refer to as changes in taste, 

• In general, our first category changes in V -corresponds to the eco- 
nomic theorist’s delinition of technological chang(‘. Of course, if the 
theorist works directly with cost curves instead of production functions, 
his definition of technological change (i.e., a shift in a cost curve) will 
encompass the third as well a,s the first catc'gory [Lange, 1914, (-haiiter 
XII]. Most economic historians have not distinguished among the three 
categories of technological cliange and have been concerned with all of 
them. 

2. In the present chapter we shall consider only special cases of the 
model (1.2) (1.4). In particular, we shall impose sevens n*stric.tions 
on the consumption side of the model (optimizing conditions referring 
to T/fin). These restrictions are necessary in order to d(*fine une(|ui vo- 
cally the effect of a technological chaiuje on total income. The admissibility 
of such restrictions is tied up with the (pjestion of aggregation and tluj 
construction of an income index, but we shall not enter here into a dis- 
cussion of that (piestion. 

One result of our self-imposed restrictions will be to rule out of con- 
sideration the very interesting (picstion of the effect of technological 
change on the pattern of consumption and th(j introduction of new final 
products. Since the generalization of the model to encompass such 
(juestions would introduce a whole host of mathematical and conceptual 
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problems, it appears wisest at the outset to divide our difficulties by 
setting a more modest task. We begin with the following simple model: 

(2.1) X = j 

./ 

(2.2) ijfc ^ 2/t = Z ykjX} (A = 1, • • • , /f). 

i-i 

In this model we have one final product, X, which is produced by a 
single activity, the first. We have K primary factors and a total of J 
t'lctivities. The rjk (maximum availabilities of primary factors) are 
given. F or an optimum we require that X be maximized. A technologi- 
cal change will be represented ^ by a change in V, the matrix of the 7fcj. 
Furthermore, we assume that the yi^j satisfy postulate C2 [HI, Section 
3.0], winch guarantees a solution, r > 0, ii > 0, for (2.1)-(2.2) with 
71 <0. If a solution of (2.1) (2.2) exists for some < 0, say rj* < 0, 
then a solution exists for all r? < 0, since 'rheorern 3.0.2 of Chapter III 
(e(iuivalcnt to postulate (^2 [HI» Section 3.0] which guarantees a solu- 
tion) imposes conditions only on V irn^spectivc of rj. 

Suppose that we have found a solution, for given F and ri, of (2.2). 
In this solution we shall have, with appropriate ordering of the elements 
of 17, 

(2.3) Vk = !/k (fc = 1, , /v°), 

(2.1) Vk < Uk (fr = /v° + I, • • • , K; A'® ^ A). 

We shall also order the a:’s in such a way that 

Xj > 0 for j K • ,.y°; 
x, = 0 for j = y“ + l, •••,./ 

The first IC elements in 7; then repn^sent the scarce, the remaining 
elements the /rcr, primary factoi-s; the first ,/° elements in .r represent 
economical activities, the remainder, uneconomical activities. 

We shall define as a reduced system corresponding to (2.1) (2.2) the 
syst(‘in : 

(2.6) X = Ji, 

(2.7) (^’ = • • • > ^°)- 

“ Hen? I' corrospoTul.s to Fpri in (1.4). We shall continue to omit the sub.script in 
order to simplify our notation. Note also that X in t2.1) corresponds to f/nn in (1.2), 
and y in (2.2) to f/pri in (1.4). 
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In the reduced system we designate by the matrix of the yj^y 
(A = 1, • • • , A°; j = I, . . . , ./°); by the vector of the Vi- (^’ = 1, 
• • • , iv®); by the vi'ctor of the wj 0 = 1, * * • , and by iT® the 
matrix formed l)y eliminating the first eolimm of r°. We shall restrict 
ourselves to the ease (which is the general ease) where the ranks of T®, 
h® r®], and iF® are e(|ual to the respective numbers of their rows or 
columns, whichever is less. In this case we shall say that the n'duced 
system is reguhr. We are confronted with three subcases according to 
whether < 7v^ ./° > /v°, or r = K^. 

Cask I: 7° < (more scarce factors than eifonomical a(4.ivitie's). 
Then equations (2.7) arc incon.sistent and have no solution, for the rank 
of [ri° Y^\ is (7° + 1) > 7°, the rank of 

Cask II: 7° > K° (fewer scarce factors than (economical activiti(‘s). 
Suppose that jr^‘> 0 is a solution of (2.7). Then there will (‘xist an 
€°, with > 0, which satisfues 

(2.8) 0 = F^c^ 

For sufficiently small /x> 0 we shall hav(» (.r° + /ie°) > 0, and (.r° + /i6° ) 
will satisfy (2.7) and (2.4). Since we have (.r® + ^e®)i = (.r° + jue°) 
> .r”, it follows that r° is not an optimal solution of (2.7) (i.c., a solution 
maximizing X == jj). 

Hence, for an optimal solution, our reduced system must fall in 

('ask HI: 7° - /\° (as many s(*arce factors as (‘conomical activities). 

We may restat(i our conclusion in the following 

Tueoukm: 1/ f/ir reduced system eorrespondiuy to a solution, of (2.2) 
he reyulary then a necessary comlilion that the solution be optimal (/.c., 
maximize \for the yiven rj) is tliaiJ° = /\°. 

If the r(xhic(Hl system is regular and 7° = /v°, (2.7) will have a uni(|iie 
solution, .r°. lh*n(ee, if we know which factors are scar(*e and which 
activiti(‘s economical for the optimal solution, .r, of (2.2), this optimal 
solution can lx* obtained algebraically from (2.7)— i.e., its nonzero coni- 
yionents are tlu* uni(|uc solution, .r°, of (2.7). 

Analogous tht‘or(*ms can he derived for the more g(*iieral models we 
shall use in sub.<e(iu(‘nt s(?ctions. llen(!(\ so long as we n^strict ourselves 
to a particular regular r(Mliic(xl system, wc* may find the optimal solution 
as the unicjue solution of this nxluced syst(‘rn. 

3. We now introdiuje a mod(;l that assumes a number of final (*om- 
modities with pialect substitutability in (jonsumption among thimi. 
Alt rnativcly, we may interpret this model as admitting 7 dillerent 
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iidtivities for jjroilucing a single final product. This model is represented 





(3.1) 

^ = 22 (ynj > 0 ; i = >, • 

j -1 


(3.2) 

nk< Y, ykj-f'j {k = 1 , • 

■■ ,K). 


i -1 


In the special case where K = 2 (tAvo primary factors) but J is un- 
rest ricted, this model can be j;ivon an instriartive gra])liical re])rosenta- 
f ion. In Figure I, yi and ^2 are (|nantili(*.s of tla; two factors (not neces- 
sarily both scarc(0. Th(^ broken line, AA\ is an isociuant on the prodin;- 



tion surface for X (i.(\, X is constant along this lineb The production 
activities, I, II, III, and IV, employ //i and in varying proportions 
(e.g., activity 1 employs 711 units nf to each 721 units of /y^). d'hc 
dotted portion, liDK, of A A' shows the path of the contour when a 
combination of activities I and II, or of II and 111, is used; the solid 
portion BCPJ shows the contour when activities I and HI are used. 
IJence the dotted portion represents noneconomical activity levels. 
Activitii's I, 111, and l\ are economical for particular ranges ol lactor 
availal)ilities, wher(*as II is uneconomical under any circumstances. 

If the ratio of availabk* //i to available 1/2 (i.e., r}\ is as shown by 
line 1', then HI and 1\’ will both be economical activities, I will not. 
It will be shown later that the ratio of iactor prices is given by the 
negative of the slope of W/. 

From Figure 1 we can immediately read off a number of conclusions 
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which are easily generalized to the case of one final output and many 
{K > 2) factors. 

(a) With the factor supply as shown by V, a greater prodiud, will result 
from tlie combined use of activities III and IV in suitable |)rop()rtions 
than from either alone. 

(b) 'Jlie points of intersection of A A' with the activity functions I, 
11, III, and IV (points /i, 7), G) depend on the? teifhnical coefficients 
in these functions. Any change in the coefficients can be represented by 
the combination of a movement of the line representing the activity 
through some arc (change* in the proportions of the factors) combined 
with a movement of the point of inters(?ction along the line, (changes 
in the list of economical ac^tivities can come about I'ither through clianges 
in relative factor scarcity (movement of )") or changes in the tiThnical 
coefficients (movements of the activity functions and tlu^ir intersections 
with A A'). 

(c) We may call an activity cligihlv if it is economical for some factor 
ratio. Activities 1,111, and 1 V arc eligible, 1 1 is not. A sufficient down- 
ward movement of point D will make II eligible. A somewhat greater 
movement will make 111 ineligible (in which case* II and IV would be 
the economical activities), and a still greater movement will make I 
ineligible. 

(d) If Y were to move sufficiently to the left, I and III would replace 

III and IV as the economical activities. The same would occur if, in- 
stead, III moved sufficiently to the right. 

(e) Of the eligible activities, those tend to be economical which em- 
ploy the factors in ratios closest to the actual ratio of factor availability. 
This offers a possible explanation for the relative stability of the ratio 
C/L noted by Douglas in his int(Tindu.stry studies of the pr()du(!tion 
function. 

(f) If Y moves sufficiently to the right, or IV sufli<*iently to the left, 

IV will be the only economical proce.ss, and 7/i will become a free* fai^tor. 

(g) If a new process becomes eligible it either (I) has no imniodiate 
effect (if it lies to the right of IV or to the* left of III), (2) displaces mu* 
or both processes previously usc'd (if it lies between III and IV), or (II) 
makes scarce a factor previously free (if I’' lies to the right of IV and 
the new process to the right of }'). 

(h) Suppose that only thi? proce.s.s I were known. 11i(*n y\ would be 
free. Suppose now that th(! eligible process III were invi^nted. Then 

III would replace I, and y\ would remain free. Suppose, however, that 

IV were invented instead of III. Then I would not be displaced, but 
both I and IV would be economical and y^ would become scar(!e. \Vc 
have the somewhat paradoxi(^aI situation that the less “revolutionary’* 
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invention eompletcly (lisplac('s the old process, whereas the more “revolu- 
tionary” invention only partially displaces it. 

These examples will illustrate) some of the' charact(‘ristic properties 
of our model. 

4. Next we may take explicit note of prices. Accounting prices can 
be introduced into the reduced system correspfmdiiig to (3.1)-(3.2) by 
the following ecpiations: 

(•^■0 Pj = y»jp\ (j = 1. ••• 

0.2) Py=-i:7*vn 0 = 1, ••• ,7”), 

k-l 

where p\ is defined as the price of the final product, pj as the price of 
a unit level of the jth activity, and /\. as the price of the ki\\ scarce 
factor. Kquations (4.1) state that the price of the jth activity is ecpial 
to the value (price times (juantity) of the final product produced by the 
unit level of the ji\\ activity. Ikpiations (1.2) state that the price of 
the jth activity is e(iual to the value of the primary factors consumed 
less the value of the primary factors pnMluced by the unit level of the 
jth activity, [('ompare Chapter III, equations (4.15).] 

Since in this reduced system we must have (in analogy to our theorem 
of Section 2) /v° = the pj and Pk will be uniquely determined as 
homogeneous functions of fhe first degree in p\. 

It will be noted tluit the supplies of the factors affect prices only 
indirectly (i.e., by determining which factors arc scarce and which 
activities economical), (liven the reduced system, prices do not vary 
with (rhanges in the supply of factors. Changes in factor supply, unless 
large enough to bring about a shift from one reduceil system to another, 
affect only the levels of the various economical activities. 

5. Thus far we have examined the effects of technological change (in- 
cluding changes both in the production coefficients and factor scarcities) 
on the economy of |)i-oduction activities. An ecpially important task 
is to measure the changes in income eonse(|uent upon technological 
changes. In all the models we have introtluced, we possess an un- 
ambiguous index of income (since utility is derived from consumption 
of a single final j)r(Kluct) in our variable X. It will be necessaiy to 
distinguish two eases: 

(1) The technological change may not alter the lists of scarce factors 
and economical activities. The reduced system would then contain the 
same set of variables and e(|uatioiis as before, with altered values of tj 
and the y^j in this reduced system. 
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(2) The teohnologicjil change may make some activity's economical 
that were not so before, and vice versa, and may make some factors 
scarce that were not so l)efore, and vice v<M*sa. Wlu'ii llu' (*necls of a 
technological change are of the second type (i.c*., wIkmi lh(‘y include 
changes in the lists of economical activities or scarce factors), we shall 
call them ^Mrigger elTects.” 

We consider first the income effects of technological changes of the 
firi^t type, using for this purpose our modid, (11) (12). (Quantifies 
before and after the technological change will Ix' designatcfl by unstarri'd 
and starred symbols, rcspcxdively, .rj and .r*, (*tc. 

If our technological change is contined to the first activity, i.(‘., 
7*1 ^ yjkh yt = 7 a« (fc = 1, 2, • • • , A'°; s = 2, 3, • • • , ./®), we shall have' 
the following equations for the reduced system before and after tlu' 
change: 

(5.1) X = E X* = 1: ynj-o (j = 1. • • • , .F) 

j = \ 

(5.2) nl=rik=E yki-rj = £ 7?;.** (A’ - 1. • • • . ./“ = K ' 

J--\ j I 

If we take px = 1, hav(‘, from (1.1), yoj = pj. Hence 

(5.3) A* - A ^ 2] 

J 

But from (4.1) and (4.2) we also have 

- E Pk^kj = 7>j = Vi - E f’hti, 

K^l A’ I 

X* - X = -E E U^ykFl - r,y,j.vj) 

J 

= -EH U’kykj-r* - l\ytj-f*) 

k J 

- -E y‘k E (ykj - ytjU'j] 

= -E f‘k(ykt - yktkt 

A- 

Vi = -Ey*ii\'> 

k 


(5.4) 

wlM'lHiC 


(5.5) 


We now define 

( 5.(0 
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that is, wc take as pi the price of the improved first activity in terms of 
the original factor prices and obtain 

(5.7) = -p,). 


The economic significaiu^e of (5.7) b(M*omos ck'arcr when we rewrite it 


(5.8) 

where 



Pi “ Pi J^i 
X Pi Xi 


- ^'iPil^ii 


^i — •'■i?>i/X, Pi ^ {pi — Pi)/p\, El = x^xi. 


Since T.^jPj = \ the first factor on the right-hand side of (5.8) meas- 
ures the magnitude of the first activity as a fraction of national income; 
th(^ s(*cond factor measures the r(»lativc magnitude of the tecrhnological 
change* (the nsnunr-sarinfi (jpei); and the third factor measures th(j 
change in level of the first activity r(*sulting from the technological 
change (the subsliluliou effect). 

I^iuation (o.tS) lends itself to empirical estimation (in advance of the 
chang<0 of tlie income (*rf(*ct of a technological change of known magni- 
tu(l(*. Tlie fa(*tor Ci is obtaiiUMl from production and price data prior 
to tlu* chang(\ and pi is obtained from an engineering estimate based on 
factor j)ric(*s prior to the change. The estimation of E\ presents some 
difliculties, as E\ is not in general uni(|uely determined by we can, 
howev(*r, expn'ss Ei as a functiiui of pi in certain special cases. 

Case A: Supi)ose that 


(5.0) 


ytx = (1 - {k , K°-, (X a < 1). 


This means that the technnldjiieal ehanf'e results in jrropoi tionate savings 
of all factors reciuiretl in the lirst activity. In this ease we madily liml 


to. 10) 

(•Til) 

wluMiec 

( 0 . 12 ) 


Pi = <f, 

•rt/-ri = 1/(1 - <r) = V (I • Pi), 


X* “ X ^ Pi 
X '‘l-Pi 


'I’alile 1 shows the values of (X* - ■ X) X for jiarlieular values of I'l and pi, 
as ealnilated from (o. 12). From this tahlc wc read, for example, that, 
if we had a cost reiluetion of 2.5 per cent (pi - 0.25) in an activity proihic- 
ing 10 per cent of national iiieome (r, =0.1), the i-csulting iiiercasc in 
national income would be 15.3 pi'r cent. 
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Tablk T. (X* - X)/X = viIpi/(1 - Pi)l 


PI 

Pi \ 

0.01 

0.1 

0.25 

0.5 

i 

0.75 

0.0 

0.05 

0 .!W 

0.01 

0.0001 

0.001 

0.003 

0.01 

0.03 

0.00 

0.2 

1.0 

0.10 

0.0010 

0.011 

0.033 

0.10 

0.30 

0.00 

1.0 

0.0 

o .2 r ) 

0.0025 

0.028 

0.0 S 3 

0.25 

0.75 

2.25 

4.8 

24.8 

0.50 

0.0050 

0.050 

0.107 

0.50 

IJiO 

4.50 

0.5 

40.5 

0.75 

0.0070 

0.083 

0.250 

0.75 

2.25 

6.75 

14.5 

74.3 

1.00 

0.0101 

0.111 

0.333 

1.00 

3.00 

0.00 

10.0 

00.0 


Case B: Suppose that 

(5.13) 7^1 = 7iti - rrjk (fc = 1, • • • , 0 < r < yk\/rik). 


'rhis means that the tcchnologieal change results in savings in all factors 
of production in the first activity proportionate to the factor avail- 
abilities. In this case wc find 


(5.14) 

(5.15) 
whence 

(5.15) 


TXi 

Pi } 

Vl 



\ - TXi 1 - ViPi 


X* 


“ X _ _P1 

X 1 — vipi 


Tablk II . (X* - X)/\ = t’ll/ii/il --- f^i)) 


\ 

\ PI 
Pi \ 

0.01 

O.IO 

0.25 

o ..5 n 

0.75 

O .'. K ) 

1 

O .'. li ") 

0.0!) 

0.01 

0.0001 

0.001 

0.003 

0.005 

0.( K )8 

0.00!) 

0.01 

O.OI 

0 10 

0.0010 

0.010 

0.026 

0.053 

0.081 

0.00!) 

0.11 

0.11 

0.25 

0.0025 

0.026 

0.067 

0.14 

0.23 

0.20 

0.31 

0.33 

0.50 

0.00.50 

0.0.53 

0.14 

0.33 

0.60 

0.82 

0.01 

0.08 

0.75 

0.0076 

0.081 

0.23 

O . IH ) 

1.3 

2.1 

2.5 

2.0 

0.< M ) 

0.0001 

0.000 

0.20 

0.82 

2.1 

4.3 

5.0 

8.2 

0.05 

0.0006 

0.11 

0.31 

0.01 

2.5 

5.0 

0.3 

15.7 

0.00 

0.010 

0.11 

0.33 

0.08 

2.0 

8.2 

15.7 

40.0 

1.00 

0.010 

O.ll 

0.33 

1.0 

3.0 

9.0 

10.0 

00.0 
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Since 0 < ^ 1, the income effect for given values of pi and Vi is 

greater in Case A than in C^ase B. Table II shows values of (X* — X)/X 
for particular values of Vi and pi, as calculated from (5.16). From 
this table we read that, if we had a cost reduction of 25 per cent (pi = 
0.25) in an activity producing 10 per cent of national income (^i =0.1), 
the resulting increase in national income would be 2.6 per cent. (The 
corresponding value from Table I was 3.8 per cent.) 

6. We are now in a position to examine the effects of technological 
changes of the second type — technological changes that cause the econ- 
omy to shift from one reduced system to another. We shall restrict 
ourselves to cases where the list of scarce factors remains the same and 
only the list of economical activities is altered. The effects of such 
(‘hanges, which we have called trigger effects, are of two kinds: 

(1) Through technological improvement of an activity, I' (i.e., 
changes in the 7jki'), this activity becomes economical and replaces a 
previously economical activity, 1, which now becomes uneconomical.^ 
That is, if I was the first activity in T®, we replace yic 2 = 7ai by 7J2 = 7Ar- 

(2) Through changes in the technological coefficients of an economical 
activity, I, or through changes in the relative availability of the factors, 
a previously uneconomical activity, 11', becomes economical and replaces 
a previously economical activity, II. That is, if II was the second 
activity in r°, we replace 7 a-2 = yni by 7*2 = 7fcii'- 

Changes of the first type are indistinguishable, both conceptually and 
as to their effects, from the changes discussed in the previous section. 
That is, we really cannot distinguish between (a) a technological change 
that improves the first activity but does not cause the economy to shift 
to a new reduced system (i.e., 7Jti = 7 at becomes 7 h = 7^), and (b) 
a change that substitutes a *hiew” activity for the first activity (i.e., 
= 'Yjj.j becomes 7*1 = 7jti0* In economic terms, if machine loading 
methods arc so improved that they replace hand loading methods in 
coal mining, it makes no difference whether we say that there has been 
an improvement in the activity of coal loading or whether we say that 
a new activity, machine loading, has replacetl an old one, hand loading. 
Fn)m the standpoint of estimation of the (effects, too, we proceed exactly 
as we did in the last section. That is, we replace the coeHicients in tin* 
first column of r° in the reduced system with the new coefficients and 
proceed to evaluate X*. 

* In what follows, wo shall usi* Roman sub-soripls to iloiioto tho coi^ffiL-ionts .)f a 
particular activity (o.g., but we shall conlinuo to use Arabic subscripts to doiioto 
the columns of V (e.g., Heiuv, when activity I becomes the hrst column oi 

r®, we have 7*1 = 7*1 “ f » • • * » 
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^Triggcr^^ changes of the second type are essentially (Uffrivnl. Ihiv 
the initial technological change, consisting of a change in a column of J’° 
or a change in 77 °, brings about a derived change in another (column of 1 ’° 
in the reduced system. (It may even change the numl)er of rows and 
columns of in the reduced system; c.g., a new activity may be added 
and a previously free factor may become scarce, or vice versa, but we do 
not discuss this case here.) Such a derived change in F®, if induced l)y 
an initial change in would not even l)e considered a technological 
change in the narrower sense, although it has gcnci*ally been so considered 
in economic history. An example of the latter phenomenon would be 
a (derived) substitution of machine methods for hand methods in coal 
mining through an increase in the supply of capital relative to labor, 
and without the int rodiKiiion of any activities not previously known 
and available. 

The procedure for estimating the magnitude of the income effcM^t of 
a technological change that produce's a derived trigger effect of this 
kind is more complicated than the estimation procedure set forth in 
Section 5. Our two-dimensional diagram (b'igure 2) suggests a method 
of approach. Let us suppose that, prior to the tc'clmological change, 



the minimum quantities of the factors rcciuirc'd to produ(*e one unit of X 
by the use of various activities and combinations of activities are given 
by the isoejuant A BC1)\ Then acti vit ies I and 1 1 will be economical and 
will ai)pear in the reduced system, whilcj activity III will not. 

Suppose now that we have a technological impi’ovement in the first 
activity, giving the new iso(|uant A7i'7/, with III now economical and 
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I I unoconomi(‘al. TIkj niovemont from the iso(|uant A BCD' with income 
X to the iso(iuiint A'B"D' with income X*** is equivalent to the product 
of thr(M' (liy])ollie(i(*an movements: 

(a) A BCD' to A BCD (X remains unchanp^ed). We may interpret this 
by imagining? a technological improvement in activity 111 which makes it 
just competitive with activity 11; and, in consequence, there is replace- 
ment of 11 by III without decreasing X. 

(b) A BCD to AB'D' (with income X** < X). This is e(pii valent to 
returning from tll(^ improved to the unimproved form of activity III, 
l)ut not replachig it with activity II. Hence we have a d(M*rease in 
income. 

(c) AB'D' to A'B"D' (with income X*** > X). This represents a 
technological improvement in activity I in an ('conomy that is employing 
activities I and III (the latter in its unimproved form). 

The m(\‘iniiig of th(‘se three movements may be further clarified by 
the following comments. Prior to the technological improvement in 
activity 1,11 was economical, 111 was not; subsequent to the improve- 
ment in activity I, 111 was economical, II was not. Step (c) gives the 
increase' in income from tlu' technological improvement in activity 1 
on the assumption that activity III was economical before the improve- 
ment. From this amount \w must subtract a certain portion because 

III was not economical Ix'fore the improvement and hence a solution 
involving a positive level of activity III was not optimal. This sub- 
traction is accomplished in steps (a) and (b) above. 

We now deliiK* as a column trantifurmntion of the matrix F® of the 
rrdural system the reidacenu'iit of the' 7 aj in the j\\\ column by new values, 
y*j. (jilumn transformations form a grou]) of transformations. The 
entire course of our technological change is represented by the product 
of the following column transformations: 

(a') We replace in (M)lumn 2 of F® the 7aii hy 7hii = 7Aiin/(l — r), 
where the 7 a n correspond to point C\ 7 aiii to point /), and 7 a-iii' to D' 
in Figure 2. Here IIP designates the actual coetlicients of activity III, 
and III designates the values of the c(H'llicients reciuired to make this 
activity just competitive with activity II. We shall later use the latter 
condition to find tin* value of t. 

(I)') We replace* in column 2 of F° the 7 aiti by 7 aiii'- 

(c') We replace in coinmn 1 of F° the 7 ai by 7 ai' = (I — <r^yki 
(c()rri‘sponding to .1 and .1', respectively). Hen' I designate's the 
coc'lficients of activity I before the technological improvement, I' the 
coeflicit'nts after tlu* improvement. 'Fhe parameter a nu'asures the 
magnitude of the improv(*menl. 

Transformations (b') and (c') correspond to Case \ of Section 5 and 
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can be evaluated by the method of that section. It remains to find t, 
and the effect on the j’s of the first transformation. We shall indicate 
how this can be done in one special case. 

We designate by F the original reduced matrix ® of the yjkj-; by F* 
the matrix after transformation (a'); by F** the matrix after transforma- 
tion (b'); and by F***, the matrix after transformation (o'). Further- 
more, we denote by | rf, F, | the determinant of the matrix obtained by 
substituting 17 for the jth column in F. Since the first transformation 
leaves X unchanged, we have 

yo JO 

( 6 - 1 ) ^ = 23 yojXj = 23 

i=i 

We take the 7 a r as the fii*st column in F, and 7^11, 7 aiit, and 7jnii' 
as the second column in their respective matrices. Then 

* *♦ 

7fcl = 7itl = 7ikl = ykl , 

*** / * ** *** 

7jfci = 7JfcI , yk2 = 7Air, 7jt2 = 7AIII, 7;fc2 = 7*2 == 7*lie; 

:|c ♦* 1 o\ 

ykj = 7*> = 7*i = 7*> U 1, 2). 

We also make the special assumption that 

(0.2) 7*111 = 7*2 = 7*2 + P ^ 7*2 - ~-%*^ (p > 0; A = 1, • • • , K°). 

This corresponds, in Figure 2, to the fact that III is “farther” from )' 
than is II. It can be shown that (6.2) implies (6.1). We find imme- 
diately that 

(0-3) |r*| = (i + p)lr| - 

A 


(fi.4) 

1 V, r* 

1 = (1 + P^l V, I’y 1 

U 2> 

(6.5) 

1 V, 

1 = U, >2 1, 


(0.6) 

* U.r*l 

. 1 

U 

Ir1 

I.X(I + p) — 7()2X2pJ 

(6.7) 

xt = X 2 

— - ‘ -4 

+ p) - 7t)2.f2pJ 



Since p is assumed to be known from (6.2), these eciuations permit us 
to find the z**s in terms of the Next we proceed to evaluate r. 

® To simplify notation wo n«)W omit the su|)erscript ® from the matrices anil v(*ctors 
of the reduced system. 
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(0.8) V2 = Z 7*2^ = Z 7te/^* = E Pfc, 

fc-l fc==l (1 — t) 

and it follows that 

Z 

(6.9) (1 - r) = 

V2 

That is, (I - t) is the ratio of the actual cost per unit level of activity 
III' to the cost per unit level of activity II. 

Now we may employ (5.7) to find X** in terms of X, and X*** in terms 
of X**. 

(6.10) X** = X + xT{p. - 7 ) 2 ), 

X*** = X** + j-r (pr - pT) 

*’■ = X + 4 *(p2 - P 2 ) + T***ipr - ;>r); 

where, in analogj’ with our pre\’ious definitions, p[* = 

P\ - ^ — (1 - <f)Pl , P2 “ Hk^iyk2^ ki V'Z = Zife-l7jt2A* 

= (1 ~ t)p 2 - Hence, from (l.l) and the fact that p** = pi, 

(0.12) X*** = X + xTpzt + a-rVia. 

Corresponding to (5.1 1 ), we have 


(0.13) 

4* = ^ 2/(1 - r); 

Xi = .ri (I - <r). 

But 1 77 , 

rri = (1 -r)| V, \1\ 

; and | F** | = (I - t)| T |; hence 

*>ie * 

J'l = Xi . 

Therefore we get 


(6.14) \*** = X + 4p 2 - + ^T/>i • 

I — T { — <T 

The .r**s in (0.14) can be obtained from (0.(5) and (0.7); the parameter 
(T is known, and r is obtained from (0.9). Hence (0.14) gives us a 
proccilure for estimating X*** in terms of (luantities that are known prior 
to the technological change in activity I. It should be observed that 
(I - t) > 1 , and hence t < 0. That is, the second term on the right- 
hand side of (0.14) is negative, as we should expect from the fact that 
activity 111 was uneconomical prior to the improvement in I. It should 
also be observed that the tliird term on the right-hand side of (0.14) 
corresponds to the right-hand side of (5.7). 
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7. The methods of the two preceding sections can be applied without 
essential alteration to a model where there is an intermediate activity 
(i.e., one not producing the final goixi) that undergoes technological 
change. In this model we take the first activity as an intermediate one 
(i.e., 701 = 0 , iji = 0 , and 7 ii = 1 ) and define pi = Pt = ykiPk- 
We designate by C the submatrix of V that omits its first row and first 
column. We employ ly to designate the (/v° — I ) vector consisting of 
all but the first component of i;, and yi to designate the vector with 
components 7^1 (fc = 2 , • • • , TiT®). 

W'e now assume that y* = ay\. This corresponds to Case A of 
Section 5. In this case we find that 


(7.1) 


X* = 1 r 

C\ 


u,fv|)Z(7j yuCj\) 
-«E(7o;| 7l,Q|)Z(7iy| V,Cj\) 

-E(7oyl 


«E(7o| 7.,Cyl)-|Cl 

If we further spc(!ialize to the case where 

(7.2) Z(7oy| V. Cyl) E(7iy| 7i, Cy |) = Z(7oyl 7i, Cy \) i:(7iyl V, Cy \), 
then (7. 1 ) reduces to 

^nyl V, Cj 1 
C I - aE7iy| 71, Cj I 
But (7.2) is satisfied under either of the following circumstances: 


(7.3) 


X* - 


(7.4) 

7l ^ W<7(), 

or 


(7.5) 

7i = nv, 


where m and n are arbitrary constants. 

Equation (7.4) corn^sponds to the cfise where the rcciuirernents of tlui 
first factor in the other (.7° — 1 ) activities are proportionate to tin' 
prices of tln'se activities. Equation (7.5) corresponds to the case where 
the requirements of the otherfactors in the first activity are proportionate 
to the factor availabilities. The economic meaning of (7.3) is suggested 
by its limiting value as the first factor becomes free (i e., as a 0 ), 
to wit: 


(7.0) 


X* = 


2 >oy| v, Cj I 

“ i^r 


The value of X* in (7.6) is the value it would have in an economy from 
wliich the first activity was absent and from which was also absent the 
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commodity represented by the first row of Y (i.e., the commodity 
'‘produced” by the first activity). Kquation (7.3) can now be rewritten 
as 


(7.7) 


\* = X'- 


1 - a£,yii 


7ii Cj 


1 + a|8 I + a)3 ’ 


where /3 = — StijI 71) Ci \I\ C |, and X' is the upper limit of X* for 
« = 0. 

The parameter /3 may readily be shown to be e(|iial to the value of the 
scarce factors used up by the first activity as a Tract ion of the total valu(» 
of the scarce factors ((‘xeJuding the commodity in the first row from the 
scarce factors). Since can generally be estimated and a is the known 
magnitude of the technological change in the first activity, (7.7) permits 
us to estimate X*. 


8. Although, because} of the very special nature of our models, we must 
not take too seriously th(} actual numerical calculation of the income 
effects of tiK’hnological change by the methods of Sections 5, 6, and 7, 
still these methods might indicate the order of magnitude of such effects. 
Their usefulness deriv(\s from the fact that they do not require a knowl- 
(Mlgc of the entire matrix F. We need to know only the equilibrium 
values of prices and (luantities prior to the change, the factor avail- 
abiliti(}s, and the estimated magnitude^ of the change. In the case where 
we wish to include trigger effects, we must also predict in advance which 
derived changes in the set of economical acclivities are likely to be brought 
about by the initial technological change. It would be desirable to 
establish (pialitative criteria, based on the general properties of the 
models, that would assist in such prediction. 


COMMENTS 
By Anslky Coalb 

My comments an; diviiled into two parts: first , a proposed terminology 
to be used in discussing technological change; and, second, a distcussion 
of new products aiul lu'w materials, which arc not, I feel, covered by 
SimoiFs model. 

I suggest that we distinguish between ways of doing things, which I 
would call “techniques,” and knowknlge of techniques, tor which I sug- 
gest the term “technology.” Any adoption of a new manufacturing 
process, for example, is a technical change. But this change may follow 
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from the spread of technology within or between communities or from 
a change in relative costs making a known but unused techniciue advan- 
tageous, as well as from the discovery of a new process — and it is for 
the first and last typi^ of change, especially the last, that I would reserve 
the term “technological change.” (current techniciuc in a community 
comprises the methods currently in use; the current technique of produc- 
tion corresponds, I believe, to Mr. Simon's reduced matrix. Curnmt 
technology, on the other hand, includes all known processes, not except- 
ing those at present unexploited. Current technology would determine 
his full matrix. 

The use of a definition of techniques as broad as “ways of doing things” 
is deliberate. Though the definition is no doubt too inclusive— since 
we are not directly concerned here with, for exiunple, the techni(|ues of 
poetry— the broadness of the definition has the virtue of calling attention 
to the fact that methods other than those defined by coefficients of 
production are of economic significance. Tlui (onsumer as well as th(» 
producer has techniques; and the introduction of a lujw consumcMs’ 
good is often a change in the way the consumer does som(*thing (or in 
what he does). 

Only a fraction of the technical change which actually occurs can be 
described by changes in the technical coefficients of production within a 
model characterized by a bill of goods of si)e(Mfied composition. Th(‘ 
examples of technical cluinges in the last half century which would occur 
most readily to a casual observer woukl surely include air travel, radio 
and televi.sion, and other novelties which have altered the consumers' 
bill of goods. In fact, I susp(X!t that those changes which at first thought 
are changes solely in process will on further consideration often provi* 
to entail a change in product as well. For cxamy)lc, when a new procc'ss 
of refining a raw material is discovered, the result is freciuently not only 
a cliange in the proportions of a fixed list of inputs, but also a change 
in the nature of the output (a higher octane gasoline or a ik^w useful 
by-product). To state the point in terms of Simon's mat rix; many actual 
technical changes have the salient feature of introducing new consunuM s’ 
goods — adding new rows as well as columns to the matrix; even those; 
changes which at first glance seem to be only a change in coefficients an*, 
in fa(;t, inseparable from new items in the bill of goods. For instaiur, 
oven if women’s nylon hose are regarded as the same commodity as silk 
hose, recognition of the manufacture of nylon as a possil)le input to the 
hose industry requires the intnxluction of a new row for nylon. 

This characteristic of technical change;- -that it is {Associated with 
changes in product and input materials— makes the constniction of a 
realistic model quite difficult. A concept such as “real income,” wliich 
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is sufficiently difficult to define satisfactorily anyway, becomes nearly 
meaningless when new items are introduced into the bill of consumers’ 
goods. Suppose, for exaini)le, that we describe the output of consumers’ 
goods in periods I and II by the following table: 



0 

1 


i 

i 

k 


w — 1 

n 











I 

I 

70 

71 


1 

7* 

7] 

ul 


0 

0 

11 

0 

0 


7!* 

7;" 

7" 


7" i 

7" 


Then the comparison of “real income” by the use of a sum of money 
value at fixed prices always an ambiguous and unsatisfactory device 
l)rcoin('s impossil)le. There are no prices in 1 for goods A; + I to ?i, and 
no prices in II for goods 0 to i. Thus, if we attempted to construct a 
Tnod('l of technical change wherein prodiutt changes were allowed, the 
meaning of “income effect” would not be clear. 

The basic difficulty may be that technical change— by altering the 
way in which things ari» done, by changing what consumers do and what 
they want as well— crc'atc's such a basieall}" shifting world that we can 
put very few restrictions on the matrix we design to describe it. 

COMMENTS 
By Vat.b Brozen 

1'he usual definitions of technological change fail to distinguish ade- 
(iual(dy l)(*l wec'ii change at. three different levels. Devising or perfecting 
a new technique which is economic for some resoiirce combinations adds 
to the tcclinolo(jic(iJ poasihHitics. The introduction of a previously un- 
used techni(iue n'presents a change at the level of the technological leaders. 
The spread of a new, efficient techniciue by imitation changes the average 
technology. The latter would ap]H'ar also as a change in the matrix 
represimting the actual input-output relationships of the economy. 

(’ha?ige in technological pos.'^ibilities can be dt^lined as the addition of 
a new column to the Koopmans model of |)roduction in which some or 
all of t he' technical coi'llicients except eaie would be largc'r, in the algebraic 
sense, than those* in an ohl column. One cix'fficiont would remam the 
same if a unit of activity were? iletined in terms of that one. An increase 
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in the negative coefficients would mean a decrease in the amount of 
factor required per unit of output or required U) cooperate with a unit 
of one factor, the alternative depending on the method of defining a 
unit of activity. An increase in the positive coefficients means an in- 
crease in commodity output per unit of activity. 

Whether all coefficients but one in the new column are larger than those 
in an old will depend on the unit selected for the definition of ii unit level 
of activity. A definition might be selected which would result in the 
new column having coefficients some of which are larger and some smaller 
than those in an old column. Since the new techniciuc must be more 
efficient for some resource combination than the old ones available if 
it is truly an addition to the technological possibilities, a unit of activity 
can be chosen for comparison with each of the old techni(iues that will 
result in some coefficients appearing larger in the new column and none 
smaller than in the old (u)lumn with which it is being compared. 

A change in technological possibilities or at the level of technological 
leaders — assuming that each leader has a n^latively small proportion 
of the rcsounics used in any one activity — would make littUj or no dilT(*r- 
cnee in the input-output coefficients of a Leontief matrix representing 
aggregate relations in the economy. Only the third form of change 
defined above would affect that matrix. Tnder some circumstaiKfes, 
there may be changes in this matrix which are not a reflection of tech- 
nological change in the sense that a spread of new techiiiciues is th(' 
original ing factor, t/hanges may be the result of an adaptive response 
to changes in the relative scarcities of n^soiirces there may lx* shifts 
from the use of one column in the ICooprnans model to another). Typi- 
cally, some Leontief coefficients will increase and others d(M*reast» if this 
is the case. Increased supplies of capital will causi^ a shift to morc^ 
capital-intensive pro('(?sses with an increase (algebraic) in labor co('ffi- 
cients and a decrease in capital coeflicaents. However, technological 
change may produce the same sort of shifts. For this reason, it is often 
difficult to distinguish between the processes of technological change and 
the processes of adaptation to changed nnsourcc? supf)lies. 

Fittiufj technological change into the linear programming framework. If 
technological cliange were solely a function of time, the coeflicients could 
be made a function of t ime. The rate of changes vari(\s, howcivcjr, accord- 
ing to the amount of resources devoted to develo|)ing teclinological possi- 
bilities (res(»arch activity), the amount devoted to introducing new dis- 
coveries (lead(!rship activity), and the amount d(wot(Ml to introdu(*ing 
changes into other firms (imitative activity). If we introduce these 
activities into the matrix as additional columns, the coellicients could 
be made a function of the previous levels of these activities. This, 
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however, would introduce nonlinearifios. If we introduce additional 
rows as well as columns for those; activities and treat the output of these 
activities as inputs to oUkt activities, line^arity can be maintained. 

In t(‘rms of Simon’s graph, changes in teeiinological possibilities of a 
cosi-saving type appear either as a mov(*ment> of the point representing a 
given level of output towarrl the origin along a ray, or as an introdiudion 
of a new ray with the point rei:)resenting a given raU; of output lying 
closer to the origin than any point on the old isocpiant. Rcsource- 
widenmg changes would appear as an increase in the upper limits of the 
available factors. Where an output using resources recently made 
available by improved tcchniciue is an input to otlau* act ivities, a resource- 
widening techniciue at one level of pnKluction may be interpreted as a 
cost-saving t(M*hni(|ue at other levels. A new method of drilling that 
makes accessible oil pools lying beneath hard strata may be regarded as 
widening the number of oil pools or as rcdu(*ing the effort required to 
obtain any given amount of oil. Other cases of r(\source widening, how- 
c;ver, such as the increase in labor of a given skill resulting from th(^ 
invention of a hearing aid, are not as easily interpreted in cost-saving 
terms. A third type of technological change, the invention of new 
products, is not easily interpreted in terms of Simon’s graph. If we 
regard the product as giving mon' services for a given cost, it may be 
int(M-proted as a cost-saving invention. This reejuires some torture of 
the conc(‘pt, liowever, in the case of consumer goods. 

Significance of technological change. If we regard change as activities 
capable of producing certain desired results or as inputs to other activi- 
ti(»s which produce such ivsults. the problem arises of determining the 
optimum level of these activities. How much research activity, leader- 
ship activity, and imitative activity should we uiulerlake? To make 
lh('S(» (ItH'isions we need more empirical information about the relation- 
shi]) betwecai inputs to and outputs from research, development, and 
application. \\v need measures of the usefulness of research results 
(inventions) and the cost of applying the results (spreading information 
to those who can use it, and motivating its use). Simon’s graph provides 
us with a method of nu'asiiring the usc'fulness of cost-saving inventions. 

Public* policy is being made at every level of technological change. 
Public funds are being spent on resi'arch (e.g., the atomic eiuagy pro- 
gram). Public, funds an* devoted to change at the level of leadc^rshij) 
(e.g., model farms) and to increasing imitation (e.g., (!Ounty agents). 
Not only arc these levels influenced by dir(H*t public activity, but also, 
indirectly, by public policy embodied in such items as tax and patent 
law. If linear programming can better formulate the criteria for optimal 
levels in these various programs, decisions can be more efliciently made. 
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THE ACCURACY OF ECONOMIC OBSERVATIONS ' 

By Oskar Mougenstern 

Applications of tlieorics such as those of linc»ar prof^rainniinp; use data 
that are subject to various erroi's. The significance of the far-reaching 
computations necessitated by these tlieories will d(^pc»nd on the knowl- 
edge of the errors. It is, therefore, necessary to form as precise* id(*as 
as possible about the accuracy of economie; observations. So far there 
have been no tangible results regarding the quantitative estimation of 
errors in economic statistics, although attempts to improve the statistics 
in a general sense are made continuously wherever they mv. (;oll(*cfed. 
But the accuracy actually rcciuired depends on the puipose of the 
statistics. Rough estimates may Ixj all that ar(* needed for one purpt)s(»; 
accuracy down to one-tenth of one per cent may be far too coarse for 
another. Accuracy of a given statistic can, therc'fon*, not be uniformly 
good or bad. It can be judged only from the point of view of the theory 
which interprets the statistics and directs further logi(*al and math(*- 
matical operations. Linear programming reciuires enormously large 
numbers of operations, and, at least for that reason, a high d(*gre(; of 
accuracy is re(|uired. As a nile, however, present economic: theory is 
not of a very fine-grain structure a condition that may gradually lx* 
overcome. Furthermoi-c, it is doubtful that th(*re are many fields in 
economics with a theory powerful enough to make use of more tlum 
three or four significant digits. Published statistics, howevea*, oftcai 
seem to indicate that many more digits would be available. In addition 
this being frequently (luestionable, there would hardly be any theory 
available now to cope with such fine measurements. 

It is noteworthy that little is known, except in an over-all way, about, 
the extent of the errors in economic statistics. In the natural science's 
a long tradition exists, and the study of errors has occui)ied a v(*ry 

* A mcnioniiKluni of this title; was prc.s(?ntt*(l at tlic Coiifon'iicc on linear Program- 
ming. In view of its h'tigth a separate pul)li<‘ation has Ixurn undertaken [.Morgen- 
stern, lt).50J. The following abstract «*rvc?.s only to indioatt; some of the main j)uiiils 
that are discussed in extenso in that monograph. 

Thw re.s(;arch i.s part of a project carried out under contract (NO ()NH27tX)l)) with 
the Office of Naval Uest'arch (Project NK 042080). 
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prominent place. Otherwise their progress would have been unthink- 
able. The difficulties of estimating errors of the data for the social 
sciences, however, cannot possibly be h^ss than for the natural sciences. 
In fact, the sources of error are more numerous and the statistical prob- 
lem is far more serious in the social sidences. Conse(|uontly the treat- 
ment of errors of observation has to be at least as rigorous as in the 
natural sciences. A factor not present in the latter field is unfortunately 
of great importance in social affairs: the delil^erate lie, and the hiding 
and suppression of information. Statistical theory will have to evolve 
methods accounting for such possibilities which at present are ignored. 

Space precludes a full enumeration of even Hk? main sources of errors. 
As long as no quantitative measure is available, (pialitativc description 
is important. In economic statistics one of the most troublesome errors 
arises from the inevitable use of (pK^stionnaircs. Furthermore, conflicts 
with the interests of private business arista when information is demanded. 
Sales prices and the volume of transactions are often closely guarded 
secrets, so that statements about these? are often worthless. This is 
particularly true if the industry is highly cartelized or a monopoly. 

Illustrations from various fields, such as foreign trade, employment, 
prices, indicate that the errors often are very large, even though they 
can be ascertained only in a rough manner. Variations in national in- 
come and especially in its composition are known only with a high degree 
of uncertainty. Figures such as these, however, enter significantly into 
input-output tabl(»s. Thus the uses to which the tables can be put are 
limited on two accounts: data and extent of numerical operations. The 
economic models that can be set up on the basis of information of this 
type (either with large known errors or with errors only imperfectly 
described) are naturally limited in scope and value. 

Linear programming, or any other similar utilization of great masses 
of (economic data, cannot l)e expected to make decisive practical progi’ess 
until there is satisfaction that the data warrant the implied extensive 
and costly numerical operations. Therefore current and future collec- 
tions of data suitable for linear })rogramming, whether for economic or 
logistic purposes, slioukl give particular attimtion to the numerical 
d(*tcrmination of the accuracy of the data. Ihis work, lurthermore, 
must be guided by the fact that large input-output tables are aimed at, 
and that their use, whether aggregations take placi? or not, will require, 
at any rate, many millions of numerical t)pcrations. these would lose 
all meaning unless performed with ilata of a standard of reliability that 
corresponds to the intricacy of the computations. Matrix inversions, 
for example, arc performed on matrices in which the entries in each field 
are subject to errors (as must be the case). Ihese errors often differ 
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widely from one field to another and in many instanecs are even un- 
known. They pose serious problems in addition to those of the inver- 
sion of large matrices themselves. Linear programming requires nu- 
merical operations of this kind. 

In addition to observations made in statistical form there arc eco- 
nomic events and phenomena that do not (as yet) lend themselves to 
statistical, numerical representation. An example is offered by expecta- 
tions, where whatever information becomes available is also affected by 
error components. Variations in these data often have a direct bearing 
on the accuracy of statistical information which also should be taken into 
account. Another type of difficulty lies with those, possibly highly 
“accurate,” data that lack functional meaning, such as official exchange 
rates of a country with exchange control. These would falsify, for 
instance, its foreign trade statistics and make them useless for input- 
output tables. 

h]conomic measurements are peculiar in that they are most frequently 
made of unique phenomena. Sometimes the same event is observed 
simultaneously by different obseiwers who arc, however, seldom scientific; 
observers. The great sharpening of measurements in the natural sciences 
is due primarily to the fact that the same event, say the velocity of light, 
has been measured time and again. But the transactions between two 
industries in a given year are ascertained only once by a single agency 
on the basis of questionnaires, with few internal checks that, if they exist 
at all, rest on the same type of data. It is chvu* that statistical theory 
has great tasks to accomplish in order to guide economists to tht* estab- 
lishment of information suitable for such vast and important und(M-tak- 
ings as linear programming. Apiilications to military data suffer perhaps 
less from these sources of errors, but this is probably compensated by the 
large number of different activities that ought to be rec«)gnized - for 
logistic purposes. 

In summary, it is clear that the development of theories of linear 
programming and the establishment of more tMde(|uate economic niod(*ls 
cannot progress very far without a thorough exploration of th(' nature 
of the observations at our disposal. 

* When tlu; number of adivitirs is too largo they have to be cM)ii(IcnsiMl to manage- 
able proportions. Tliis aggregation is il-stJ! a source of i*rror and as yet is little 
understood. 
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Chapter XVII 


CONVUX POLYHEDRAL CONES AND 
LINEAR INEQUALITIES * 

By David Gale 

A number of problems in econometrics are concerned essentially with 
solutions of systems of linear ineciualilies. A typical example is the 
“linear programming” problem in which it is desired to maximize a linear 
form subject to linear ine(iualities. Another is the problem of det(»rmin- 
ing the value and optimal strategies for a zero-sum two-person game. Be- 
cause of their importance in econometrics, therefore, it seems desirable 
to summarize the fundamental mathematical facts concerning such 
systems of inequalities. This chapter lepresents an attempt to present 
this material in as simple and unified a form as possible. 

As the title suggests, the theoiy of inecpialities is ecpiivalent to what 
we have called the theory of polyhedral cones. This theory is nothing 
more than a geometric interpretation of the inequality theory. In fact, 
the concept of i)()lyhedral cone bears the same relation to systems of 
ineciualities as the notion of linear subspace does to systems of homoge- 
neous equations. Indeed, systems of equations may in an obvious man- 
ner be considered a special c.ase of systems of inequalities, so the resem- 
blance between the two theories is not surprising. AYe shall emphasize 
the geometric, interpretation throughout, since it has been found that 
it is often helpful to be able to “visualize” results in some geometric 
form and that certain facts which secern ol)scui*c from the purely algebraic 
point of view become “intuitively obvious” when looked upon geometri- 
cally. For this reason we have tried whenever possible to state all re- 
sults twice, first geometrically, as theorems about polyhedral cones, and 
second algebraically, as properties of linear ine(iualities. 

We have not attempted to make this chapter self-contained as far as 
proofs are concerned. In particular, a large portion of the theoiy to 
be developed will be derived from a fundamental theorem of H. Weyl, 
the statement of which is given without proof. In this and similar 
cases references will be givi*n so that the reader desiring to derive all 

•Editor's Notk. For the relationship In'twren ChapliTs XVII and XVII I, 
scHi the Introduction. 
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results from the beginning may refer to the appropriate place in the 
literature. 

Although no attempt has been made at mathematical completeness 
as far as proofs are concerned, we have tried to list results in a logical 
order and particularly to arrange the material in a form that will be 
easy to remember. Section I is devoted to definitions needed for the 
cone theory; in Section 2 the main properties of cones are obtained and 
interpreted algebraically. The final section involves a few further re- 
sults of the theory, and some applications a?*e given to indicate how the 
theory may be used in attacking specific problems. 


1. Notations and Definitions 

We shall be dealing with an ?i-dimcnsional real vector space, F, which 
may be thought of as Euclidean n-space. The vectors of V will be 
denoted by small letters, ?/, y, J*, y, • • • , and will be thought of as column 
vectors, while row vectors will be denoted by primed letters ?/, v\ etc. 
The inner product of two vectors, u and Vy is then denoted by 

n 

U'V = V'll = UiViy 
1-1 

where i/j and i’* denote the ith components of u and v. Finally, we use 
inequality signs as follows: 


U > V 

means 

Hi > I’i 

for all iy 

U ^ V 

means 

Hi ^ t'i 

for all iy 

U > V 

means 

li ^ V 

but n ^ V. 


A. Convex cant a. A set, C, containcnl in V is called a convex cone, (\) 
if Vi + V2 is in C whenever Vi and V2 are in C, and ( 2 ), if wheiK^ver v is in 
C and X is a nonnegative real number, \v is in C. 

Observe that C is convex in the usual sense in that, if a pair of points 
lies in C, so does the segment connecting tluan. The cones as (k’fined 
here are all “homogeneous,” i.e., they have their vertices at tlu^ origin. 
Special cases of cones are linear subspaces of F, including the whole 
space and the origin alone. 

B. Sunij negativey interseclmiy aivd polar cone. If C\ and C2 arc con- 
vex cones, the sum C\ + C2 is defined to be the set of all vectors expressi- 
ble as the sum of vectors from C\ and C2. 

The negative of a cone, C, is denoted by — C and consists of all vectors 
whose negatives lie in C. 
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If Cl and C 2 arc convex cones, the inter spciion Ci fl C 2 is defined to 
be the set of all vectors belonging to both Ci and C 2 . 

Jf C is a convex cone, the pobir cone C* is defined ^ to be the set of all 
vectors u such that n*v ^ 0 for all v € C (for c read “belongs to”)- We 
may think of C* as the set of all vectors making a nonobtuse angle with 
every vector of C. 

We may verify at once that sums, negatives, intersections, and polars 
of convex cones are again convex cones. Also we can easily check the 
following simple relations: 

(I*) If C\ is contained in C' 2 , then C* i« contained in C^*. 

(2*) (c, + C2)* = cf n C?. 

We shall make use of these relations later on. 

C. Hays ami lialfspaces. Two special cases of convex cones arc of 
importance. We introduce them now. 

A conve^x cone generated l)y a singk^ vector v is called a ray or half- 
line and is denotcnl by (i’), where (v) is the set of all vectors which are 
nonnegativc multipk's of i». 

The polar cone of the ray (r) is called a halfspace and in our notation 
is denoted by (r)*. It consists of all vectors u such that a'r ^ 0, or, 
gcomt'trically, of all vectors making a nonobtuse angle with 

D. Polyhedral cones. We an* now prei)ared to introduce* the concept 
of a polyhedral cone. We shall give two definitions which look (luite 
different but will later be sc'cn to be eciuivalcnt. 

Definition 1: C is a polyhedral cone if il is the sum of a finite number 
of rays, ^ 

c = Z («'). 

1-1 


C thus consists of all nonnegative linear combinations of the vectom 

Definition 2: C is a polyhedral cone if it is the intersection of a finite 
number of halfspaces, 

c = n 

j=i 

' In Ch!i])ti*r.s 111 anil Will \\w notation C+ is usihI to designate the polar i-ono, 
along with tho nutation C ' = fnr tlu* nogativj* polar roiu’. 
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C is then all vectors making nonobtuse angles with each of the vectors 
• • • , u'". These two definitions may he stated algebraically rather 
than geometrically, as follows: 

Definition 1': Let A be an n by k matrix. Then C is a polyhedral cone 
if it consists of all vectors of the form v = Ax, where x ^ 0 is a vector of k 
components. 

We see at once the connection l)etween Definitions 1 and 1' by taking 
for the columns of A in Definition 1' the vectors v' of Definition 1. 

Definition 2'; Let B be an n by m matrix. Then C is a polyhedral 
cone if it consists of all vectors v such that B‘v ^ 0. 

Letting the columns of B in Definition 2' be the vectors ?d of Definition 
2, we immediately see the e(]uivalence of Definitions 2 and 2'. 

Polyhedral cones are, of coui-se, special cases of (‘onvcx cones, as we 
see at once from the definitions. 

E. Linear space, dimension, ami lineality of polyhedral cones. The 
smallest linear space containing a cone, C, is denoted by [C] and can 
also be described as the si^t of all vectors expressible as the difTercnce of 
vectors in C, i.e., [CJ - C + (“C). The dimension (rank) of C is the 
dimension of [C] or, equiv’^alently, the maximum number of linearly 
independent vectors in C. If C is described by the matrix A of Defini- 
tion 1', then the dimension of C is ecpial to the rank of A . 

We may also consider th(» largest linear space* contained in C, denotiMl 
by ]C[. It consists of all vectoi-s v such that both v and —v lie in C, i.e., 
]C[ = C n (— C). The dimension of this space is call(*d thi^ lineality 
of C. If C is given by the matrix B of Definition 2', it can be shown that 
the lineality of C is n minus the rank of B. 

The set of all vectors perpendicular to the polyhedral cone C is denoted 
by and consists of all vcHjtors u such that a'e — 0 for all y € C. Notice 
that is actually a linear subspace of V, rather than simply a polyhedral 
cone, and is the same as [C]*. 

F. Supporting halfspace and hyperplane, and extreme halfspacc. If C 
is a polyhedral cone and u e C*, thim (a)* is called a supporting half- 
space for C. Stated informally, (a)* is simply a halfspace (through the 
origin) containing C. The linear space (a) ^ is called a supporting hyper- 
plane for C. Now suppose that C is given by Definition 1, that is, 

c = i: 

and let C have dimension n. A supporting halfspace (a)* is called an 
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extreme halfspac£ if for n — \ linearly in<Jeperi(lcnt vectors from among 
the we have ii^u^ = 0. In other tenns, (w)* is an extreme halfspace 
if contains n — 1 linearly in(lepend(‘nt vectors from among the v\ 

With these definitions in mind we are prepared to discuss the prop- 
erties of polyhedral cones. 

2. Main Properties of Polyhedral Cones 

From this point on, since all cones discussed will be polyhedral, we shall 
omit the adjective and refer to them simply as cones. Proofs of most of 
the statements of this section can either be found in Weyl [1935 or 1950], 
or can be obtained as simple consequences of his theorems. Most of the 
results follow readily from the fundamental theorem (Hauptsatz) of 
WeyPs paper, which we now state in our own terminology.^ 

Theorem 1 (Weyl’s theorem): If C u an n-dimensional cone in 
n-space^ which is a sum of raysj 

c=Z (''*■), 

then it is the intersection of its extreme half spaces, 

A\'e restate this theorem in matrix form as follows: 

Theorem la: Let the cone C be all vectors of the form Aj*, where j ^ 0 
ami A has rank n. Then there exists a matrix^ such that C is the set 
of all V for which B'v ^ 0; and each column of B is orthogomil to n — 1 
linearly imlcpewlent columns of A, 

Notice that, if the cone C is the whole space, there are no .supporting 
halfspaces. On the other hand, if C is not the whole space, then, from 
the above theoix'in, it must lie entirely in some halfsi)ace. 

If w(? visualize Weyl’s theorem, say in three-space, the result should 
appear extremely plausible. Nevertheless, the proof given by Weyl is 
nontrivial. 

Referring to the previous section, we see that W cyl’s theorem shows 
that ev(uy /i-diiuensional cone which satisfies (the sum) Definition I 
also satisfies (the intersection) Definition 2. I he restriction that C 
be n-dimensional can easily be removed, roughly as follows. If dimen- 
sion C = k < n, we may apply AVeyls theorem in the linear subspace 
[C], obtaining a set of extreme halfspaces in [C] whose intersection is C. 
It can then be shown that [C\ is itself an intersection of halfspaces, and, 

* A new proof of this theorem by M. (lersteiihiiber will be fouiKl i*lsewhere in this 
volume IX VI II, Theorem 11|. 
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by combining; these two collections of halfspaccs, the desired result is 
obtained. Thus C is again the intersection of halfsiiaces (though not, 
in this case, of extreme halfspaces), and half of the eipiivalence of Defini- 
tions I and 2 has been established. In order to prove the other half we 
nee(f the following important fact 

TiiKoiiim 2: If C is a cone and C* is its polarj then C** (the polar of 
C*) is identical with C. 

"Die proof of this theorem is very simple and we give it here. 

Proof: First, C is contained in C**, for if j e C tlien for any yeC* 
we have x'y § 0; but this means x t C**, 

Second, C** is contained in C, for by Weyrs theorem the cone C is an 
intersection of halfspaces. Therefore, if v is not in C, there exists a half- 
space (y)* such that C lies in (y)* and v does not. Put since C lies in 
(y)* we have x'y ^ 0 for all a; € C; hence y e C*, whereas v'y < 0, so v 
is not in C**. 

The above may be thought of as a sort of duality theorem, showing 
that the relation between a cone and its polar is symmetiic. It is a 
direct generalization of the well-known theorem of vector spaces that 
the orthogonal complement of (he orthogonal complement of a liiuMir 
subspace is the original subspaco. At the same time, it has gcmu’aliza- 
tions to cones which are not necessarily polyhedral and which lie in 
spaces that are not necessarily finite dimensional. The proof given luue 
depends essentially on the fact that, given a cone, C, and a vector not 
contained in it, there exists a hypcrplane separating them, (lenerally, 
in any space where this statement is true, we can prove a theorem analo- 
gous to C** = C. Such exUmsions will he considered by M. (.h'rsten- 
haber in a forthcoming paper. 

As an important consequence of Theorem 2, we have 

Corollary: Let v^, v^, • • • , t;"* be ni+ ] vectors in n-space with the. 
property that whenever ^ 0 for i = 1, • • • , then ^ 0. Then 
is a nnnnegativc linear combination of the vectors • • • , t;"*. 

Proof: Let 

m 

C = Z («;•■). 

The corollary asserts that, for cveiy / « C*, x'v^ ^ 0. This means 
jjO ^ fC and is therefore cixprcissiblc as 

m 

w® = Z 

i=\ 


X, ^ 0. 
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Using Theorem 1, we easily show that every “interseiition” cone is also 
a “sum” cone as follows: Ixit C= (m')* fl-'-fl (u’")*. Then, by 
property (2*) of the previous section, 

r m 

e - E (»'■) 

Lj=i 

But, by Weyl’s theorem, Zj («') = («’)* D ••• fl (y*)* for some set of 
vectors y‘, • • • , Thus C = [(»')* D • • • D (y‘)*]* which again, by 
(2*) and Theorem 2, gives 

k “ 1 * 1 * k 

Z(y’) =E(0. 

1-1 J J /=1 

Wc have now shown the complete equivalence of Definitions 1 and 2. 

We next list the important relations between the operations of sum, 
intersection, and polar that now follow easily from the preceding results. 

(a) The set of all cones is closed with respect to the operations +, fl, *. 

This means that applying any of the operations to cones leads again to 
a (!one. This follows at once by using the appropriate definition, 1 or 2, 
of a cone. 

(b) (c, + c^)* = c? n 

This is simply the repetition of property (2*), which holds for general 
convex cones. 

(c) (c, n c-i)* = ct + cl 

(<1) c** = c. 

Property (d) is simply the statement of Theorem 2. Property (c) 
follows from (b) and (d), for 

(Cl n c.)* = {c** n cT)* = (cf + c*)** = c* + cl 

The cquivakmce of the two definitions of a cone together with prop- 
(u-ties (a)--(d) are the fundamental tools used in proving theorems about 
cones or linear inequalities. We can remember the four properties 
easily if we think of the polar operation as a “mapping” ol the set of 
cones onto itself which interchanges sums and intersc'ctions and which, 
when iterated, takes each cone back onto itself. Notice that the linear 
subspaees, as a subclass of the st't of cones, are carried onto themselves, 
and in this special case the operation * becomes the same as the opera- 
tion and the propcrtu*s (a) -(d) are classical properties of linear 
subspaces. 
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3. Further Properties and Applications 

A. Dimension arid lineality. We shall sliow the relation between the 
dimension and lineality of a eone as defined in Section IE. 

Theorem 3: dim C + lin C* = n = lin C + dim C*. 

I^oof: Let y belong to the largest linear space in C*. Then y and 
—y lie in C*, so that for any x€C,y'x^0 and (—yYx = — (y'x) ^ 0; 
hence y^x = 0, so t/ is in C^. On the other hand, if r/ e C"*", then y and 
—y are in C*; therefore the largest linear space in C*, that is, ]C*[, 
is exactly C"*". Hence, if dim C = p, then dim = n — p = dim ]C*[ = 
lin C*, proving the first equality of the theorem. The second equality 
follows from Theorem 2. (From this we got at once the expression in 
terms of rank for the lineality of a cone given in Secjtion 1 10.) 

B. Nonnegative cones. In the literature of econometrics and game 
theory we frequently encounter theorems wliich, when interprctcfl 
geometricall}^, are concerned with the conditions under which a cone 
contains a positive vector. We shall show how such results are easily 
derivable from our cone theory. 

Definition: The set of all vectors v ^ 0 is called the positive orthant 
and denoted by P. Its negative , — P, is called I he negative orthant. The 
interior of the positive (negative) orthant consists of all vectors v such that 
v>0{v <0). 

Theorem 4: If the cone C contains no vector v < 0, then C* contains a 
vector w >0. 

Proof: The cone C + P is not the whole space? V and in fact contains 
no vector interior to — P. For, if t; = Vi + ^2 < 0 Ji^d r 2 € P, theai 
V 2 ^ 0 and hence Vi <0; therefore is not in C. By property (2) 
of cones, (C + P)* = C* (1 7^*, which contains a vector w 0 by 
property (4) of cones. The proof is complete once we observe that 
P* == P. This is clear since P can be described as (i) the set of all non- 
negative linear combinations of the unit vectors of Y or (ii) the set of all 
vectors whose inner product with the unit vectors is nonnegative, and 
these two sets are the polars of each other. 

We obtain a simple geometric consiRpiencc of the above theorem as 
follows. The hypeiplanc is a supporting hypcrplane for the com; 
C + P (see Section IF). It is also a hypcrplane separating C from -- 
in the sense that C is contained in the halfspacc (?/’)* bounded by (w) ^ 
while -P is contained in the other halfspace, (-lu)*, bounded by 
(—w)^ = w^. Thus we may state 
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Corollary: If C is a cone which does not intersect the interior of the 
negative orthantj — P, then there exists a hyperplane separating C from — P. 

Tho mairix statement of Theorem 4 is the following: 

Theorem 4a: If Ax <0 for no x ^ 0, then w'A ^ 0 for some > 0. 

Stated in this form, the above theorem is essentially the same as the 
“theorem of the alternative for a matrix*' of von Neumann and Morgen- 
stern [1947, p. 141] and also Ville's lemma [Ville, 1938]. 

If we state the contrapositive (negative conv(;rse) of Theorem 4 and 
interchange the roles of C and C* — permissible because of property (d)— 
and P and — P, we obtain 

Theorem 5: If the cone C contains no vector v < 0, then C* contains a 
vector w > 0. 

This fact is used in some work of Koopmans [III], and a sharpened 
form is also used by Gale, Kuhn, and Tucker [XIX]. The reader should 
be able to verify that the geometric interpretation of the theorem is the 
following: 

Corollary: If the cone C does not intersect the yiegative orthanty — P, 
then there exists a hyperplane which separates C from —P whose normal 
is interior to P. 

In matrix form Theorem 5 becomes 

Theorem 5a: // < 0 for no x, then there exists a w > 0 such that 

w^A ^ 0. 

C. The main theorem of the two-person game. From the properties of 
convex cones we may quickly obtain a geometric proof of tho existence 
of a value and optimal strategies for a finite two-person game. In this 
sf'ction we shall describe the geometric proof. The reader should have 
little difficulty in translating tlie ideas back into algebra. 

Without concerning ourselves with the game theoretic interpretation, 
we state the main theorem in the following form: 

Theorem 6: If A is any m by n matrixy there exist a scalar Xq and vectors 
a: = (xi, • • • , Xm) and y = (//i, • • * , Un) that 

(1) > 0, 

in II 

S Ji = 2 !/i = ^ 

>=-1 


( 2 ) 
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x'Av ^ X for all v>0 such that X] = h 

J=i 

(^) 

u* Ay ^ X for all m > 0 such that ^ Ui = 1. 

i^\ 

To see how this theorem may be proved, let us denote by ai, • • • , 
the column vectors of the matrix A, These vectors can be located as a 
finite set of points in m-spacc. Let K denote the smallest convex set 
containing these points. This set consists of all points of the form 
''here the vj are nonnegative scalars whosfi sum is 1. Now 
suppose that we denote by [X] the vector in /n-space, all of whose com- 
ponents are ecpial to the scalar X. The set K\ then denotes the set 
obtained from K by subti’acting X from each point in K. Gcom(^tl•ically 
this corresponds to “sliding^* K a distance —X along the line making 
e(iiial angles with each coordinate line. For X large we s(‘e that K will 
lie entirely in the negative orthant, —P, while for X small K will lie in 
P. It follows that we may find a X = Xo such that “just touches” 
—P (i.e., Xo is the smallest value of X for which K\ intersects — P). 
Since Kx^ does intersect — P, there exists a ven^tor 

n 

«' = 

j=i 

and V can be written as Ay — [X], where y = (//i, • • • , //„ ) satisfies condi- 
tions (1) and (2) of Theorem 6. If then we have u > 0 and = 1 , 

we obtain 

u'Ay - a'[X] = u'Ay “ X < 0, 

or 

u^Ay < X, 

which is the second part of condition (3) of Th(?orcm 6. 

Now observe that Kxq cannot int(a*sect the interior of —P, for this 
would mean that we could decrease X an<l still preserve contact betwc'cn 
K\ and — P. Likewise, the cone C subtended by will not int(‘r.s('ct 
—P, Therefore, using the corollary of Theorem 1, we can find a 
hyperplane which separates C from —P. Let x hi a normal to this 
hyperplane directed away from —P, We then have /'(— p) < 0 for 
— p e — P or j'p > 0 for all p c whence x>0. We also have 
x'u > 0 for all u c A'xu or x^Av — x'[\] > 0 for all v satisfying condition 
(3) of Theorem 6. We may also assume that 

m 

Y , = 1 * 

f-=l 
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If this is not the ease, we may take a new normal, thus we obtain 

> X, which comi)let(\s tlie proof. 

D. A'pplicaiion to linear 'programming. A useful result on cones, 
which, however, docs not seem to follow from our previous results, is 
the following (essentially Theorem 2 of Weyl [1935, 1950]): 

T^heorem 7 : // C = YaL i{Vi) is a cone^ and v lies in C, then it is possible 
to write v as a positive linear combination of not more than n vectors from 
among the Vi. 

This theorem has applications to problems in linear programming. In 
particular, it is used by Dantzig to show that , if “feasible solutions” exist, 
one can be found depending on not more than n points. The proof is 
found in Chapter XXI. Stated in matrix form the theorem reads: 

Theorem 7a: If v = x^A^ where j > 0, and A is an m by n matrix^ 
m > n, then there exists an x>0 such that v — and at least m — n 
components of x are zero. 
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THKORY OF CONVEX POLYHEDRAL CONI^^S * 

By Murray GeustexNiiaber ' 

It is assumed that the loader of this chapter is familiar with certain 
fundamental topological concepts, such as those of open and closed sets, 
and with the elementary theory of finite dimensional vec.tor spaces. 
Only finite dimensional Euclidean spaces will he considered here; points, 
sets, and subspaces will be points, si^ts, and subspaces of finite dimen- 
sional I^ajclidean spaces, though the theorems and methods of proof are 
valid for some more general spaces. The reader who is unfamiliar with 
topology or vector space theory is referred to Lefscheiz [1919, Chapter I] 
and Ilalmos [1948]. 


1. Notations and Definitions 

1. A'" represents n-dimensional haiclidoan spa(*e. Points in A" will 
be denoted by lower-case italic letters, sets by ca|)ilal italic* letters, and 
real numbers (scalar multipliers) by lower-case (b‘(‘elv l(*tt('rs. 

2. 0 is both the real number 0 and the zero vector; the origin of A”. 

3. a € A means a is a member of A, 

4. a ^ A means a is not a member of . 

5. A C. B means A is contained in B. 

6. A < B means A is properly contained in B, i.e., A C B and 
A 7^ B. 

7. A n B is the inUrscctmi of A and A, i.e., the s('t of all points 
which are members of both A and B. 

* Editor’s Xotk. This chaptcT was orij^injilly submit IimI in si somcwhsit. longer 
version cont .'lining full proofs of tho sovcntl suminMii/iMl in Tlu'orcin 12 

below. The eoiidensut ion in tlie pre,soiit. version wiis niiule Ir) avoid du|)lir*;»lion 
bi;twe«3n chapters in this voluiiu*. For the rc'lationship of this chapter to Chapter 
XVII s(m; the Introduction to tliis volume. 

‘The author wish(!.s to e.xpross his imlebtedness to T. Koopman.s for many 
conjectures which have become theorems in this chapter and for the statement and 
I)roof of Tlieon-m 32. The author also wishes to c^xpn;ss his ind(d>tedneH.s to M. h. 
Slater for the .statement aiul i)roof of Thcorcm 25, the* idea of wliich has been <‘m- 
ployed to make tla* proofs of several thcon;ins (;on.siderably shorter than tho.si^ 
originally given by the author. 

2S>8 
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8. U B is the unum of A and B, i.o., the set of all points whicdi are 
members of either A or B. 

9. (a, b) is the inner {scalar) product of a and b. 

10. is the orthoffonal complement of A. 

11. A'^ is the positive polar of A, i.e., the set of all points b such that 
(6, a) ^ 0 for all a in A. 

\ 2 . A~~ is the m^gative polar of A, i.e., the set of all points b such that 
(6, a) ^ 0 for all a in A. 

The following statements arc obvious: C A'^‘; A^ C A“; A^ = 

A+ n A-; (-A)+ = -(A+) = A-; (-A)" = -(A“-) = A + 

18. XiAi H h X^A,. is the set of all points Xitti H \- Xr«r with 

tti 6 A,-. 

14. {aj is the set of all points Xa. Such a set will be callcil a line. 
If a is a point in and a 9 ^ 0 ^ then \a} is a one-dimensional subspace 
of B~. 

15. (a) is the set of all points Xa with X ^ 0. Such a set will be called 
a lialjline. 

By definitions 14 and 15, the scA consisting of 0 alone' is both a line 
and a halfline, and all lines and halflines contain 0. 

10. int A is the interior of A. 

We shall convene that in B® (which contains only 0), 0 is open and its 
boundary is vacuous. 


f positive 

17. a is a linear combination of ai, ••• , ar if o = 

I strictly positive 


XiUi 


■ + Xrttr with 


[X/ ^ 0 

lx, > 0 and all «, different from 0. 


\ convex , . r -e 

18. a is a linear combination of a^ ••• , Or 11 a = 

[strictly convex 


XiOi H h Xrflr with 


[X, ^ 0 and Xi H h Xr = 

lx, > 0 and Xi H \- K = 


1 

1 . 


19. a is a proper positive linear combination of ui, • * • » *f « a, 
strictly positive linear combination of <ii, • • • , (h and some a,- is not a 
positive multiple of a. 

20. a is a proper convex linear eonibination of ai, ■ • * , Or il a is a strictly 
convex linear combination of ui. * * ' > and some a,- is not ecpial to a. 

44ic set of all convex linear combinations of a anti 6 is the line segment 
joining them. The set of all proper convex lint'ar com))inations of a 
and b is the open line segmt'iit jt)ining them. 
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21. A set is convex if with every pair of points a and b it contains tlic 
linn segment joining them. 

It is obvious that the intersection of any number of convex sets is 
convex and that all sets of the form A~, or arc convex. 

22. The convex hull of A is the intersection of all convex sets contain- 
ing A. The convex hull of A is the smallc^st convex set containing A; 
any convex set containing A contains the (lonvcx hull of A. The convex 
hull of A will also be called the convex sot spanned by A. If B is the 
convex hull of A we shall say that A spans B. 

23. A convex cone is the convex hull of a set of halflines. 

It is obvious that, if a set A contains with ovciy pair of points a and 
h the point a + b and all poiiits \a with X ^ 0, then A is a convex cotk*. 

24. A convex polyhedral cone is t lui conve^x hull of a finite set of halflines. 

25. A is a subcone of B if A and B an^ convex cones and A C B. 

A siibconc of a convex polyhedral cone lu'od not be polyhedral. 

26. An extreme point of a convex set is one which is not a proper convex 
linear combination of any two points of the s('t. 

It follows immediately from the definition that an extreme point of a 
convex set is one which is not in any open Iin(» segment contained in tin* 
set. Therefore, if an extreme point is removed from a convex set, the 
set is still convex; an extreme point is not in the convex hull of the remain- 
ing points of the set. 

27. (a) is an extreme halfline t)f a convex v.onc if a is not a proper posi- 
tive linear (?ombination of any two points of the cone. 

A convex cone remains ctonvex after removing any extreme balfline; 
an extreme halfline of a convex cone is not in the convex hull of the 
remaining halflines of the cone. 

The convex hull of a finite set of points is the set of all their c.onv(^\ 
linear combinations. The convex huiI of halflines (wi), • • • , (ur) is 
the set of all positive lirH*ar combinations of «i, • • • , Ur, which is (u]) + 

h («r)- 

If A and B are (jonvex polyhedral cones, it is trivial that A + B 
(sec 13 for definition; X^ = X 2 = 1) is a convex polyhedral cone, but not 
trivial that A fl is a convex polyhedral cone. This is, however, iin- 
pli(Ml in Theorem 12 below. 

28. \ frame of a convex polyhedral cone is a finite set of halflines which 
span the cone and such that no halfline of the set is in the convex hull 
of the others. 

It is obvious from the; definition of a convex polyhedral cone that it 
always has at least one frame. Clenerally, however, the frame is not 
uniejue, as in the case where the cone is a whole lOuclidean space of 
dimension greater than one. Any frame of a convex polyhedral cone 
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must contain all extreme lialflines of the con(^ if there are any, but the 
halflines of a frame need not be extreme as the same example shows. It 
follows that a cionvex i)()lyhe(lral cone can have only a finite number of 
extreme halflincs. 

29. D{A1 denotes the intersection of all subspaces containing A. 
D{A1 is the smallest subspacc containing A; any subspace containing 
A contains DjAj. DjAj will be called both the fHmrnsiomlity space 
of A and the subspacc spanned by A . We shall say here too that A spans 
1){A ). When “span*^ is used, the sense will be clear from the context. 

30. L{A1 denotes the convex hull of all subspaccs contained in A. 
L{ A j is a subspacc such that any subspace contained in A is contained in 
HA}. If A is convex, L{A\ is contained in A. L{A] will be called 
the lineality space of A. 

31. '^riic relative interior of A is the interior of A when A is considered 
as embedded in D{yl|. The relative interior of A will be denoted by 
“rel int A.*’ 

It is obvious that if A is a convex set in then A has an interior if 
and only if I){ A | = E^. Hut if A is not empty, then rol int A is not 
emj)ty. 

32. Th(i relative boniulary of A is the boundary of A when A is con- 
sidered embedded in Dj A }. 

33. d|A} is the (hmenswn of n|A |. d|*l j will be called the dimen- 
sion of A . 

31. IjA} is the (limension of Lj.l |. 

It is easy to see that ldA“^| = Ii|A~l = A This may be demon- 
strated as follows: It is obvious that Id A"^ | = — LjA“i. Hut LjA"* } 
and L 1-^1” I arc linear spaces, hence eciual to their negatives. Therefore 
HA*') = L(A“1. Since A * and A~ are convex, LIA * } C A"^ and 
LIA"! C A“. Hut L{A+! = L|A~I, so HA+l C A+ H A” = A^ 
On the other hand, A^ is a subspace contained in A"*' and therefore 
A'*" C L{A * }. Hy comparing the inclusions, A^ = LjA“^|. 

35. If A is a convex polyhedral cone and IjA} =0, A will be said to 
be pointed, 

36. If A is a convex polyhedral cone embedded in and A = jK", 
then A will be called solid. 

To determine if a cone is pointed it is not necessary to consider the 
space in which it is einlx'dded; but to determine if it is solid, this is 
necessary. 

37. A halfspace is a set of tlie form a^ with a 0. 

If a 9 ^- 0, th(Mi the halfspace a * is bounded by a hyperplane to which 
(a) is a normal at the origin. This hyperplane is a'*'; if a c it is a 
f^ubspace of E^^ of dimension n — 1. 
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2. Interiors and Projections 

Let il be a convex set in A'” (with n > 0), a be a point of A, and Ui, 

• • • , Rn be any n linearly independent points in A”. Then u^, • • ■ , Un 

span A", and it is trivial to show that a is in the interior of A if and only 
if there exists a X > 0 such that the points a + Xwi, • • • , a + Xw„, 
a — Xui, • • • , a — \Un, are all in A. Since a = l^(a + \ui) + — 

X?^i), if a is in the interior of A then a is not extreme. All extreme points 
of A are on the boundary of A. If Pi, • • • , y, is any finite set of points 
and a € int A, tlien there exists a X > 0 such that a + Xvi, • • • , a + Xv*, 
a — Xf;i, • • • , a — X^s, are all in A. 

It is easily shown that if A is a convex cone then the following proposi- 
tions are equivalent: 

(a) 0 is in the relative interior of A, 

(I)) the relative boundary of A is vacuous, 

(c) A is a subspace. 

TiiKORKM 1 : 7/ A is a cmvcx polyhedral com ami (ui), • • • , (rir) is a 
frame of A, then the relative interior of A is the set of all points Xi«i + 
h Xrttr with X,- > 0 (i = 1, • • • , r). 

Proof: We may assume that. A is embedded in D{ A ) . Then we must 
prove that the set of all points XiRi d (- Xr^r 'vith X^* > 0 (/ = I, 

• • • , r) is the interior of A. Let d|A j = n, and assume that A is em- 
bcdde<l in A". 

It will be shown (1) that the set of all points XiUi H h X^a^ with 

Xj > 0 is contained in int A, and (2) that int A is contained in the s(it 
of all points Xi^i H h Xyflr with X,- > 0. 

(1) Since d|Al = n there must exist n linearly indefiendent points 

among the a,. Hy reordering the we may assume that ay, • • • , 
are linearly independent. Let a = Xiai H f- X^Rr with X; > 0 (i = 1 , 

• • • , r), and let X be the smallest of the X^. Then the points a + Xqi, 

• • • , a + Xa„, a — Xui, • • • , a — \a,^ are all in A . Therefore a e int A . 

(2) Suppose a e int A. Then there exists a X > 0 such that the points 

bi — a — hui {i = I, 1 r) are all in A. 'riien a = (X/r)tti H 

+ (X/rK + (1 //•)&! +• -+(1^)6^. But since (ai), ••• , (O i« a 
frame of A, bj (i = 1, • , r) can lie expressed as a positive linear (com- 

bination of the a,-, 'llierefore a has Ix'en express(Ml in the form a = 
XiOi H h X,.a,. with X* > 0 (i = I, • • • , r). 

'riiKORKM 2 (corollary): If A is a convex polyhedral cone in and if 
n ^ 2, then any extreme halflim of A is in the boundary of A. 
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Theorem 3 (corollary): If A is a convex polyhedral cone, a e rel int A, 
and b is any point in A^ then a + 6 c rel int i4. 

It is in fact easily shown that if >1 is a convex cone, a e rel int Ay and 
b is any point of A, then a + 6 € rel int A. 

Theorem 4 (corollary): If A and B are convex polyhedral cones such 
that B a Ay thm B intersects the relative interior of A if ami only ?/ D{fi} 
intersects the relative interior of A. 

Proof: If B intersects the relative interior of A, then certainly so 
does D\B], Conversely, snppcKse that D|/i} intersects the relative 
interior of A. Let ( 60 , • • • , (60 he a frame of By and (aO, • • • , M 

be a frame of A. Then Xi6i H h Xfir = H h f<H some 

set of X* and /ly, with My > 0 (j = 1 , • • • , s). If all the Xj are m^gative, 
then 0 = “Xi6i Xr6r + mi^i H h ami 0 is in the rela- 

tive interior of A . B contains 0 , so B intersects the relative interior of 
A. If some of the Xj are positive, we may suppose Xi, • • • , Xp > 0. 
Then Xi6i + • • • + Xp6p = miAi + • • • + m«« 8 “ Xp4.i6p_|.i — ... — Xr6r, 

and Xt6i H h Xp6p is in the relative interior of A, so B intersects the 

relative interior of A. 

If is an n-dimensional Kudidean space and S an r-dimensional sub- 
space, there exists a natural mapping from onto an (a — r)-dimeii- 
sional Euclidean space which maps S into 0 , is continuous, linear, and 
sends open sets into open sets. This (n — r)-(.limensionaI space may be 
taken to be S'^ and the mapping to be the projection on If A is any 
subset of E^y the image of A under this mapping will be denoted by A 
mod S. That the image of A has the property P and a relation R exists 
between the images of subsets A and B of A'" will be denoted; has 
property P mod <S, and the relation R exists between A and B mod S. 

If T is a linear subspace of A’” mod and if T is the set of all points 
of E^ that map into T', then T is a linear subspace of E", T contains *S, 
and the mapping which sends E^ onto E” mod S mod T' is the same as 
that which sends E" onto E* mod T. If, in particular, T is a hyper- 
plane of E” mod Sy then T is a hyperplane of E"'. 

If //' is a halfspace of E” mod S and // the set of all points of E” map- 
ping into //', then // is a halfspace of E”. 

If ai, • • • y Or arc points of E”, both the set of all their convex linear 
combinations and the set of all their positive linear combinations are 
closed. Therefore a convex polyhedral cone is closed. Its boundary 
is vacuous if and only if the cone is the entire space. If A is a convex 
polyhedral cone in E”, then .^1 iikkI <S[ is a convex polyhedral cone 
spanned by the images of the halflines which span A. These images are 
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halflinos in E" mod S. Therefore A mod S is closed. If A is not 
polyhedral, A mod S may not be closed. If (a') is any halfline of A 
mod Sj there is a halflinc (a) in A which maps into it. For, since A mod 
S contains (a'), it contains the point a'. Therefore a' is the image of 
some point a in . 4 , and (a) mod S = (o'). 

3. Relations between ("onvex Polyhedral Cones and Sdbspaces 

Theorem 5 : If A is a convex polyhedral cone, then A modLlA) is 
pohited. 

Proof: If A modLM} wore n(»t pointed, it would contain a linear 
subspace of dimension at least one. Hicrefore it would contain a pair 
of halflincs, (o') and — (o')» 'vith o' 9^ 0. Let Oi and 02 be points of A 
whose images arc o' and —o'. Then a\ + ay = 0 mod L|/ll, whence 
Oi + 02 € L{A|. Since Jj{A] is a subspace contairMul in ^ 1 , — oi — 02 c 
A. Rut then —Oi €A, Since both Oj and ~oi are in A, oj cL|/l}, 
whence oi mod Ljytl = 0 . But Oi mod LM} = a' 0, contrary to 
assumption. 

Theorem G (corollary): Let A be a convex polyhedral cone and a and h 
be points of A. Then a + 6 e L{yl } implies a e L\A 1 and b e L|-d j. 

Proof: Since a = — ?MnodL|i 4 }, and /ImodLMI is pointed and 
contains both a mod L{i 41 and b mod L{i 4 |, it must bo that a = 0 
mod L I A 1 . Therefore a € L { A [ . Likewise, 6 e L M ) . 

It follows immediately that, if a strictly positive linear combination of 
ai, • ■ • , Or is in L{i 4 ), then a*- e L{A1 (?’ = I, • • • , r). 

Theorem 7 (corollary) :// A is a convex polyhedral cone and (a\), • • • , 
(ar) is a frame of A, then L{ A 1 is the convex hull of those {ai) which are in 
L{A|. 

Theorem 8: Let A be a convex polyhedral cone, (aj), • • • , {ur) be a 
frame of A, and suppose {ai), ••• , (a^) f L{/ 1 ), (0*4.1), ••• ,(ar)cL{Al. 
Then (oi) mod L{A ], • • • , (a*) mod L(A } are all distinct and are extreme 
halflines of A mod L{A 1 . 

Proof: Set o* mod LfAj = 6,- (i = i, • • • , .'?). Suppose (b\) not ex- 
treme or not distinct from the othca- (b,). Then bi = Xibi H h X*b», 

with X/ ^ 0 and at least one of the Xi greater than zero. There arc? 
three cases to consider: 

('ase 1 : Xi < 1 . Then (1 — Xi)6i = X262 H h X*6*, whence (1 ~ 

Xi)ai = X2a2 d h X«a« + c, where c is in L{ A j . By Theorem 7 , c is 

a positive linear combination of 0*4.1, ••• ,ar. Therefore Oi is a positive 
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linear combination of the other at, which contradicts the assumption 
that (fli), • • • , {(ir) is a frame. 

Case 2: Xi = I. lh(*n X2?)2 “h* * ■"h = 0. Of the X2, * * * » X*, 

at least one is not zero. We may assume that it is X2 . TIk'H A mod 
L{i4. } contains both (62) and — (62) and is not pointed, which contradicts 
Theorem 5. 

(/ASE 3: Xi > 1. Then .4 mod Ll-dj contains both (b\) and —(bi) 
and is not pointed, whicJi again is a contradiction of TIuMjrem 5. 

Theokem 9 (corollary): A pointed convex polyhedral cone in npanned 
by its extreme, halflines. Its frame is therefore unique ami consists of the 
extreme halflifu:s of the cone. 

If i4 is a convex polyluHlral cone which is not pointed, the haHlines 
of a frame of .4, though not uniciiiely determined, are determined up to 
an clement of bj.l }. 

Theorem 10: Let A be a pointed convex polyhedral cone and (a) be an 
e.xlrenie halfline of A. Then 1{A — (a)| = I, L[/l — (a)} = la}, and 
A mod {(ij is pointed. 

Proof: Since* A — ( a ) contains jaj, IM — { a )\ ^ 1. Suppose 
1|/1 — {n)\ ^ 2. Then A — (a) contains a line |?)1 distinct from \a} 
and with b 9 ^ 0. Therefore there exist points c -I, and real num- 
bers Xi, Xo such that ax — Xta = by a> — Xoa = —b. Xeither Ui nor a^ 
may be zero or a scalar multiple of a, for then b would be a multiple of a 
and we would have {a\ = [h], contrary to assumption. Adding the 
equations, we have a I + ao — (Xi + X.jla = 0, orr/i + Ua - (^i + ^2)u- 
It must be the case that X| + X2 is positi\'e, for Oi + 02 is in .-1. Hiere- 
fore, if Xi + Xo were negative, —a would be in .4, and .4 would not l)e 
l)ointed; and if Xi + X2 w(*re zero, .4 would contain both ox and —ax 
and would not be pointed. But, if \\ + X2 is positive, a can be ex- 
pressed as a proper positive linear combination of «i and ^2, contrary 
to the assumption that a is extreme. Therefore Ij.l — (a)l = I. 

Since 11 A - (o)| = 1, and A - (a) contains |al, LjA - (a)} = 
jttl. Since (a) mod {al = 0, A mod |«1 = (A -- {a)) mod [a] = 
(A - (a)) mod HA - (a)]. Therefore, by Theorem 5, A mod {«! is 
pointed. 

It is easy to show in a similar manner that, if A is a pointed convex 
polyhedral cone and « < A, then A — (a) is still pointed, and, if a e A 
but (a) is not an extreme halfline of A, then 1{A -- {a)\ > 1. 

Theorem It (Minkowski, Weyl): Let A be a convex polyhedral cone in 
with d{ A } = n. Then A is the intersection of a finite number of half- 
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spaces such that the hyperplanes bounding them each contain at hast n — 1 
linearly iidependent points of A and are spanned by halflines of any frame 
of A. 

Proof: It will be shown first that, if the theorem is true for pointed 
convex polyhedral cones, it is tnic for all convex polyhedral cones, and 
then it will be shown that the theorem is true for pointed convex poly- 
hedral cones. 

Suppose that the theorem is true for pointed convex polyhedral cones, 
and let A be an arbitrary convex polyhedral cone in /?" with d{ A ) = n. 
Then the theorem is true for A mod H A [, which is pointed. Suppose 
1 {A 1 = s. Then there exist halfspaccs, //J, • • • , //^, in A"” mod L{ A [ 
such that n[ n • • • n III = ^ niod L|A }, and such that the hypcrplanes 
bounding the //,■ each contain n — s — \ linearly independent points of 
A mod L{ A } and are spanned by halflines of the frame of A mod L( A [ . 
Let //i, • • • , //r be the sets of all points mapping into //j, • • • , re- 
spectively, let be the hyperplane bounding III^ and let Si be the hyper- 
plane bounding //,• (i = 1, • • • , r). Then the Hi are halfspaccs in A’", 
each Si contains L{A), and Si mwl L{A | = Sl (i = 1, • • • , r). 

By assumption, Sl contains n — s — 1 linearly independent points of 
A mod L|A}; call them a,- !,•••, al n~H-\- Let a,-, i, • • • , Oi, 
be points of Si whos(i images arc a- i, • • • , a,-, Since 1 (A| = .s, 

L{ Aj contains s linearly independent points; call them • • • , a„_i. 
But L{A} czSi. Therefore Si contains all the points a,, i, ••• , 
a,-, On-a, • • • , This set of — 1 points must be linearly 

independent. For suppose Xia,-, i H f- Xn-.-iUi, n-«~i + X^ 

H h X„_ian-i = 0 for some set of \j not all zero. It cannot be 

the case that Xi = X2 = • • • = X„_g_i = 0, for then a-n-Hy • • • , 
would be linearly dependent, contrary to assumption. Since aj = 0 
mod L{A }, j = w — 5, • • • , n — 1, and mod L| A we must 

then have Xia' 1 H h Xn_«-ia', i = 0, whence a-, i, • • • , oj, n-. 1 

are not linearly independent, contraiy to assumption. 

Let (61), • • • , (bp) be any frame of A. By Theorem 7 we may assunu^ 
that (61), • • • , (bq) span L{A [, and by Theorem S mod L| A [, • • • , 
(bp) mod L{ A I are all distinct, extre^me, and span A mod L{ A j . A mod 
L{A) is pointed by Theorem 5 and then?fore has a unique frame by 
Theorem 9 ; therefore (hq^i) mod L|A), ••• , (bp) mod L|A} is the 
unique frame of A mod L{A [. Set (by) mod LjAl = (bj) ( j = p + L 

• • • ,5). Since the theorem is assumed true for pointed cones, »S, is 
spanned by a set of halflines from the frame of A mod LjA), say (b,',). 

• * 1 = (Plx) H h is clear that 
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Si = (bii) H h {bij + (6i) H h (5,,), whence Si is spanned by a 

set of halflincs from the given frame of A . 

Now suppose a € III (]•••(] Hr. Then a mod h[A\^Ui mod 
Ij\A] n • • • n Hr mod \a[A 1 = 7/1 n • • • n //^ = a mod L{A j. There- 
fore there exists a point h in A such that a = h mod L{A\^ora — b = c e 
LM }. But then a = b + ceA. Therefore II i fl • • • D Hr Cl A. But 
A mod L{A} Cl 77/ (f = 1 , ••• , r). Since Hi is the set of all points 
mapping into //•, C //» (i = I, • • • , r). Therefore A C 77i D • • • 
n Hr, whence A = 7/i fl • • ■ fl 77|.. 

It has therefore been demonstrated that, if the theorem holds for 
pointed convex polyhedral cones, it holds for all convex polyhedral 
cones. In the remainder of this proof it will be assumed that A is 
pointed. 

The theorem will be [)roved by constructing a set of halfspaccs such 
that the hyperplanes bounding them each (umtjiin n — I linearly inde- 
pendent points of A and an^ spanned by halflincs of the frame of A, 
and such that the halfspaces themselves each contain A ; but if p is a 
point not in A , at least one of the halfspaces does not contain p. Since 
there arc only a tinite number of halflines in th(' frame of A, the set of 
halfs])a(fes so constructed must be finite. It is clear that their inter- 
section is A. 

If A is embedded in Ii\ and d|*41 = I, the theorem is trivial. As- 
sume that the theorem is true if A is embedded in 77“^, and djAj = 

— 1. It will then Ix' proved true when A is embedded in and 
d{A) = 71. We may assume n ^ 2. 

Let p be a point not in A . Then it will be shown first that there exists 
a haltlinc (a) in the frame of A such that p i A mod |a|. Since p i A, 
A “ (p) is still pointed. IaA («) be an extreme halfline of A - (p), 
arul let {a) be dilTerent from — (p). I'lien (a) must in fact be in A and 
therefore in the frame of A. For a — c — jup for some c in A and dif- 
ferent from zero, and some p ^ 0. If p 0 then (a) is not extreme. 
Therefore a = cc A. But then pi A mod {u(. For pc A mod jn! 
implies that for some X, p + Xu = 6 c A. If X ^ 0, then p e A, which 
is a contradiction; and if X > 0, then (a) is not extreme in .1 - (p), 
which again is a contradiction. 

A mod |«1 is of dimension u 1, and is embedded in 7,’" mod ju|, an 
(n — l)-dimensional luiclidean space. By the inductive assumption, 
the theorem is true for A mod {«!. Since p iA mod («}, there exists 
a halfspacc 77' of 7i’" mod [a] such that A mod \a\ C 77', p mod [a] i 
77', aiul siu^h that the hyperplane bounding 77' is spanned by halflines 
of the frame of A mod \a\ and contains n - 2 linearly independent 
points of A mod |aj. By Theorem 10, .1 mod |«j is pointeil and there- 
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fore has a unique frame. Let (a), ( 02 ), • • • , {at) be the frame of A. 
Then ( 02 ) mod |a|, • • • , (a/) mod |a| must be the frame of A mod {aj. 
\Vc may suppose that the halflincs are so ordered that the hyperplane 
bounding //' is spanned by (a 2 ) mod {«}, • • • , (fln-i) mod (a). 

Let // be the halfspace of whose image is //'; 11 mod {a) = //'. 
Then the hyperplanc bounding // is spanned by (a), (a 2 ), • • • , (an-i). 
Since the hypcrplane bounding //' contained n — 2 linearly independent 
points of A mod {a}, the hyperpiano bounding // must contain n — 1 
linearly independent points of A, for it contains a. Obviously Ac//, 
and since p ill mod !«!, certainly p i 11. Since for every p i A such a 
halfspace 11 may be found, the theorem is proved. 

If A is solid, the arguments of the above proof do not hold. It is 
natural to make the convention that an intersection containing no factors 
shall be the whole space. Accordingly, if A is solid, A is the intersection 
of zero halfspaccs. 

If A is a convex polyhedral cone in and d{ A 1 < it is obvious 
from Theorem 1 1 that A is the intersection of a finitii number of half- 
spaces of such that the hyperplanes bounding tlaun each contain at 
least djAj — 1 linearly independent points of A, but it will no longer 
be th(‘ case that the hyperplanes arc spanned by halflines of a frame of A. 

Theorem 11 has numerous important corollaries due to Minkowski 
and Wcyl. These are given in Theorem 12 in forms due mainly to 
Gale. Most of their proofs may be found in Chapter X\TI, the re- 
mainder supplied by the reader. 

Theorem 12: (1) If A aiid B are convex polyhedral cojieSj Ihen 

(a) A C B implies B C A'*"; 

(b) A < B implies B"*" < A~^; 

(c) A = A; 

(d) (A + /i)+ = A+ n B+; 

(e) (A n B)-^ = A^ + B'; 

(f ) statements (a) to (c) hold when negative polars are substituted for 
positive polars; 

(g) A n A“ == 0. {In general A D A ‘ = 0 is false.) 

(2) If A is a convex polyhedral com\thenD{ A +L{Aj = whence 
d|A*l +11A1 =n. 

(3) (a) A is a convex polyhedral cone if and only if A is a convex 
polyhedral cone. 

(b) A is a convex polyhedral com if and only if A is an intersection 
of a finite number of halfspaccs. 

(c) The intersection of two convex polyhedral cones is a comex polij’ 
hf dral cone. 
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Theorem 13: Lei A and B be convex polyhedral cones. Then A — B 
= D{il + ^1 (= 1)|A) +T){B\) if and only if the relative interior of A 
intersects the relative interior of B. 

Proof: Suppose A — B = DjA + B]. Lei n\ be in the relalive inte- 
rior of A and bi be in the relative interior of B. Then, since -fli + bj c 
D{A + B]y there exist points 02 e A ami 62 € ^ su(;h that tt 2 - 62 = 
—tti + bi. But then + ^2 = bj + b 2 . Since ai + a 2 is in the rela- 
tive interior of A, and bi + 1)2 is in the relative interior of B, the rela- 
tive interior of A intersects the relative inb'rior of B. 

Suppose that the relative interior of A intersects the relative interior 
of B. Let (tti), , (ar) be a frame of ^1. Then, for some set of 

\i > 0, Xitti H h Xrttr € B. Therefore -XiUi X/j^ e A — B. 

But then —Xiai, • • • , —Xrfir are all in A — B, whence — ai, ■ • • , — 
are all in ^ - B. Therefore Dl^l| d A - B. likewise, D\B\ C 
A — B, whence D{i4} + l)jBlcA — B. Therefore, since D{A + B] 
= D{A\ + 1){B1, DjA + BI c A - B. But A - Be D{A + B\. 
Therefore, A — 7^ = DjA + B}. 

It follows, as a special case of Theorem 13, that, if A and B are convex 
polyhedral cones, and B intersects the interior of A , then A - 77 is solid. 

Theorem U (corollary): If A and B are convex polyhedral cones^ and 
if 77 C A, then a necessary and sufficient condition that B be in the relative 
boundary of A is that 1 1 .1 - 77 } < d | A | , i.e . , that A - 77 5 ^ D | A t , and a 
necessary and sufficient condition that 77 intersect the relative interior of .1 
is that l\A — 77} = d{A}, z.c., that A — B = D[A1. 

Theorem 15: If A is a convex polyhedral cone in B”, then the mapping 
which sends onto mod LjA] maps the. relative interior of A onto the 
relative interior of A mod L{A} and maps the relalive boundary of A 
onto the relative boundary of A mod HA j. 

Proof: It is suflicient lo :issume that A is embedded in D|A1, i.e., 
that D1 A } = E^. Then the relative interior of A is the interior of Aj 
and we shall prove that the interior of -1 is mapped on the interior of A 
mod LjAj and the boundary of A is mapped on the boundary of A 
mod LjAj. 

Since the image of an open set. under the mapping which sends E” 
onto B" mod L{A | is an open s(A, tlu* interior of A is mapped on the 
interior of A mod LjAj. 'llierefore it is only necessary to show that 
no point in the boundary of .^1 is mapped into the interior of A mod 
HAl. 

Suppose that a were a point on the boundary of A which is mapped 
into the interior of A mod L \A\. Set a mod L j A j = b, A mod L { A 1 = 
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B. Then, since h is in the interior of B, B — (6) is solid, or A — (a) 
modLjAj = B”rnodL{il}. But then yl — (a) + = B”. Since 

L{A} Cl Aj A — (a) = B". Hence a is in the interior of A, contrary 
to assumption. 

Theorem 16: Let A be a Comdex polyhedral cone in Then 

(1) if A is not solid, ?.c., if A 9 ^ E7, then 1j{A | is an the boundary of A; 

(2) if d{A } = n and 1{A} = a - 1, i.c., if A is a halfspace, then any 
frame of A contains exactly one halflhw which is not in L{A }. This half- 
line is in the interior of A; 

(3) if d\A\ < n, or l{ A] < w — 1, the7i all the halflines in any frame 
of A lie in the boumlary of A. 

Proof: (1) If 5*^ F7, then the dimension of F7 mod Ll-A} is at least 
one. Since A mod L { 1 is pointed, 0 is in the boundary of A mod HA}. 
Therefoi*e, by Theorem 14, LIA} is in the boundary of A. 

(2) ff d{A } = /?, and I] A ] = n — 1, then A mod L{A ) is a halfline 
in a one-dimensional space and has therefore a uni(|ue frame consisting 
of one halfline which is in the interior. Therefore, l)y Theon^ms 8 and 
15, any frame of A contains exactly mv halfline which is not in b{A |, 
and it is in the interior of A. 

(3) If (11 A} < n, tlu'n A has no interior. If 1{A 1 <n — 1, then F,” 
mod L{ A } is at least two-dimensional. The frame' halflinos of A which 
are not in Lj A | are mapped onto the exln'ino halflines (^f A mod L{*I 1 
by Theorem 8, and, in a space of dimension at l('ast two, these an' all on 
the boundaiy. Therefore tlu^se frame halflinc's of A which an^ not in 
LjAl are in the boundary of A. Since it was shown in (1) that LI A] 
is in tli(! boundary of A, all the halflines in any frame of -^1 are in the 
boundary of A. 

Theorem 17: Let A be a convex polyhedral cone in F7. Then A is 
poirded if and only if there exists a ludf space II of 17 such that, except for 
the origin, A is contained in the inteiior of II. 

Proof: Suppose that, except for the origin, A is contained in the in- 
terior of a halfspace II. II is a convex polyhedral cone. Therefore, 
by Theorem 16 (1), L{//) is contained in the boundary of II, whence the 
interior of II can contain no subspace of 17 of positive dimension. 
Therefore, 1{A| =0. 

Conversely, suppose l|Aj =0, then by Theorem 12(2), d{A * 1 = h 
and A"^ has an interior. Suppose b € int A"^. If n = 0, the theorem 
is vacuous, and, if n > 0 , then 6 5 ^ 0 and 6 "* is a halfspace such that 
except for the origin A is contained in the interior of 6*^. For suppose 
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a € A and o is on the boundary of b^. Since the boundary of is 
aeb^. Therefore (o, 6) = 0. Since ?Jeint A^, there exists 
a X > 0 such that b — \a e int A'^. Then, by the definition of A"^ , 
(a, 6 — Xfl) ^ 0. But (a, b — \a) = (a, b) — X(tt, a), and (a, 6) = 0 
by assumption, 'therefore -“X(a, a) ^ 0, or (a, a) g 0. But (a, a) ^ 0 
for any a, hence (a, a) = 0. Since (n, «) - 0 if and only if a = 0, it 
follows that a = 0. Therefore, except for the origin, A is contained in 
the interior of b~^. 

Theorem 18 (corollary to Theorem 13): TA A be a cmivex poly- 
hedral co7ie in JS”, and kt S be a mihspare of JK”. Then A mod *S = b){ A j 
mod S if and only if S interacds the relative interior of A. 

Proof: Since S is a subspace, S = -S = \)\S\, and Nmod S = 0. 
Suppose that *S intersects the relative interior of A. Then A - S = 
D{A1 + *S, whence A mod *S = DjA] mod N. Conversely, if A mod 
S = D{ A } mod Sj then A — S = D[ A t + *S, and S intersects the rela- 
tive interior of A. 

As a special case of 'riieorem 18 it follows that if A is a convex poly- 
hedral cone in d| A j - r, and S is a subspace of £”*, then A mod S 
is solid if and only if S intersects the interior of A. 

Theorem 19: fA A be a convex polyhedral rone in A’” and S an {n — 1)- 
dimeusional subspacc of which does not intersect the relative interior 
of A. Then «, ft c A, and a + ft € S imply f/, ft e S. 

Proof: Suppose a, 6 e A, a + ft ^ *S, and a t »S. Th(m, since a mod S 
9 ^ 0, and a = “ ft mod N, .1 mcxl S would not be pointed. But A’* mod *S 
is one-dimensional; hence if .1 mod S is not pointed it is solid. By 
Theorem 18 this implies that S intei’sects the relative interior of A, 
which is a contradiction. 


Theorem 20 (corollary): Let A be a convex polyhedral cone in A”, and 
S be an {n — \)-dimcnsional subspacc of E” which docs not intersect the 
relative interior of .1. Then (1) H-M ^ (2) o.ny frame of A con- 

tains a set of halflincs spanning A D S, 

Proof: (1) Suppose n € L} A j. Then a, — a e A, and a — a = 0 € 

whence a cN. (2) Suppose \\n\ H f- XrUr e8, where («0, • • • , (ur) 

are halflines in some frame of A, and X/ > 0, / = I, • • • , r. Then ai, 
• • • , e A’, whence (ni\ • • • , (sh) eS. Tlierctore, given any frame of 
A and an arbitrary point of A fl *S, the Irame contains a set of haltlines 
whose convex hull contains the point. 
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4. Facp:ts 

Definition: Let A he a convex polyhedral cone of dimension n. Then 
A shall have one 7}rfacct, itself^ and no r-faccts for r > n. If r < n, then 
F shall be an r-facvt of A if F is a snbconc of an (r + ^)•facet G and 
(1) F is contained in the ndalive boundary of Gy (2) no subcone of G con- 
tained in the relative boundary of G properly contains F, and (3) F is not 
empty. 

Conditions (1) and (2) state that F is maximal with respect to being a 
siibcone in the relative boundary of G. 

Thkohem 21: Let A be a convex polyhedral vonCy and suppose that 
d|Al = Uy and that A is not sotid. If B is a subcone on the relative 
boundary of Ay then A has an (n — \)-facet containing By and this facet 
is of dimetmon n — \. 

Pkoof: Since d{.4l = n, we may suppose that A is emluMldc'd in E^. 
Then the relative boundary of A is the boundary of d. U B is in the 
boundary of Ay then, by Theorem 18, .4 mod I) { B] is not solid. Suppose* 
d[/?} = r. Then /?" mod D{/^| is of dimension n — r. A mod D[/^| 
is an intersection of a finite number of halfspaces of /f" mod D\B\y 
each of which is bounded by a hyperplane of A’" mod T>\B\ containing 
n — r — 1 linearly independent points of .4 mod T>\B\. Let *S' be 
one of these hyperplanes and S the set of all points of A’" mapping into 
*S'. Then S is an {n — l)-dimensional subspace of E^ containing B 
and not intersecting the interior of A . 

We shall prove that A fl S is an {n — 1 )-facet of A containing B, and 
thatdlyl fl *S} = w — 1. A Cl iS is certainly a subcone of .4 contained 
in the boundary of A. Also, d{A fl *8) = a — I, since S' contains 
n — r — \ linearly independent points of A mod D|/^|, and d{/^l -- r. 
If C were a subcone of A properly containing A fl N, then C would c*)n- 
tain some point of A which was not in S. Ihit then C would contain 
n — 1 linearly independent points of S and at least one point not in *S, 
whence d { C } = n. C would then intersect the interior of A . Therefore* 
A n S is a facet. 

Theorem 22 (corollary): If A is a convex polyhedral cone of dimension 
n ami F is an (n — \yfacet of Ay then d|F} = n -- 1, arul F = A 0 
D{F}. 

Proof: By the preceding theorem, there is an (n — l)-fa(*et G of A 
which contains Fy and which is of dimension n — 1. G cannot contain 
F nroperly, by definition. Therefore W = F, and d(Fl=?i— L 
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Since F docs not inters(*ct the relative interior of A, by Theorem 4, 
l)\F\ does not interse(;t the lelat i vo interior of A . Therefore A (1 \)[F\ 
is in the relative boundary of A. Since F d {A fl and the 

inclusion cannot be proper by the definition of a facet, F A fl D\F\. 

Theokem 2Ii: Let A he a convex polyhedral cone and F he an r-faret of 
A. Then 

(1) d\F] =r, 

(2) F = An 1)!/'’!, 

(3) F ?\s a convex polyhedral rone, 

( t) in any frame of A there is a set of halflines spanning F, 

(5) b|Al CF. 

Proof: (1) By Theorem 22, if d{A} = n, then an (n — l)-facet of A 
is of dimension n — 1. It follows by induction that an r-facet is of 
dimension r. 

(2) By Theorem 22, if d | A 1 = n, and G is an (n - I )-facet of A , then 

G = A n make the inductive assumption that, if G 

is an (r + 1 )-facet of A, then G = A fl By definition, A has an 

(r + l)-facct, F\ of which F is an r-facet. Then F^ = .^10 D|^’t by 
the inductive? assumption, and F = F' D Dj/^'l by Theorem 22. 
Therefore F = A C\ 1){/'’'| fl \^{F\. But D{F\ C whence F 

= A n D\F\, 

(3) By (2) F is the intersection of two convex polyhedral cones and 
is th(»reforc a convex polyhedral cone. 

(1) and (5) If dj A \ = n, we may assume that A is embedded in B". 
'rhen, if F is an {n - l)-facet, (4) and (5) follow immediately from (2) 
and Theorem 20. But then (1) and (5) hold for all facets of A by a 
trivial induction. 

Tiieoue.m 24 (corollary): If A is a convex polyhedral cone and Fi and 
F 2 are facets of A, then Fi = Fo if and only if DjAM = 

Theorem 25 : If A is a convex polyhedral cone and F a facet of A, then 
A mod Dl^’t is pointed. 

Proof: If d{Al = then the theorem is true for //-fac(4s Ix'cause 
there is only oiu*, .4 itself. Suppose' that the theortmi for r-facets of A 
is true. It will then be |)rove(l true for (r - l)-facets of A, from which 
the theorem follows fen’ all facets of A by indiuition. 

Suppose that F is an (r l)-facet of A. By definition the're exists 
an r-facet, (/, of A, such that F is a facet of G. (It has not ye't been 
proved that, if G is any r-facet e)f A containint; F, then F is a facet of 
G.) If A mod were not pointeil, there would exist halflines («) 
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and (&) in A such that (a) = —( 6 ) mcxl and (a), ( 6 ) ^ 0. If (a) 
and (b) were both in G, then G mod 131/’} would not be pointed. Con- 
sider G as embedded in D{f/ 1 . Then G mod D}/’} is a one-dimensional 
cone in a one-dimensional space and is therefore either pointetl or solid. 
Since it is not pointed, it is solid. Then, by Theorem 18, Dl^} inter- 
sects the relative interior of G. But then, by Theorem 4, F intersects 
the relative interior of G, contrary to the definition of a facet. 

But, if (a) is not in G, then a is not in 13 {G}, (a) mod D{G1 5 *^ 0, 
and, since T){F\ C L3|G}, (a) = —( 6 ) mod 13 [G|. But then A mod 
DjGj is not pointed, contrary to the inductive assumption. 

Theorem 2G (Slater) : Let A he a convex polyhedral cone and F a suh- 
cone of A, Then F is a facet of A if and only if a, be A and a + beF 
imply ae F and b e F. 

Proof: If F is a facet, a^be A and a + beF, then a = —b mod 13 j /’} . 
If a 5 *^ 0 mod D(/’|, mod I3{/’) is not pointed, contradicting Theorem 
25. Therefore a = 0 mod I3{/’|, whence acDj/’}. Likewise, be 
13{/’l. But f = A n Dlf }. Therefore «, h e F. 

Let F be a siibconc of A such that a, b e A and a + he F imply a e F 
and b eF, Then, as in the proof of Theorem 20 , any frame of A contains 
a set of halflincs spanning F. F is therefore' a convex polyhedral cone. 
Let G be a facet of A of lowest possible dimension wliicli contains F. 
Then F must intersect the relative interior of G. For, if F is on the 
relative boundary of G, then, by Theorem 19, there exists a facet II 
of G which is of dimension one less than that of G and which contains 
F, Since F intersects the relative interior of G, by Theorem 13, G — F 
= D|G|. Let g l)e any point in G. Then there exist points gi eG 
and / e F such that g\ - / = -g^ or f/i + fif = /• But then, by hypothe- 
sis, g eF. Therefore G = F and F is a facet. 

Th?:orem 27 (corollary): If A is a convex polyhedral cone and G and 
F are facets of A such that F C G, then F is a facet of G. 

Proof: F is a subcono of A such that u, b e A, and a + beF imply 
a, beF. Then, in particular, a, beG and a + beF imply a, 5eF, 
whence F is a facet of 0. 

Theorem 28 (corollary) : Let A be a convex polyhedral cone and let F 
and G be facets of A. Then F fl G is a facet of A. 

Proof: Suppose a, be A and a + 6 € F fl G. I’hen A + 6 € F and 
a + beG, whence a, beF and a, beG. Therefore 0 , 5 c F fl G and 
F n G is a facet. 
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Theorem 29 (corollary) : Let A be a convex polyhedral cone and let F 
and G be facets of A, Then F intersects the relative interior of G if and 
only if F contains G. 

Proof: If f contains (r, then F certainly intcrso(!ts the relative inte- 
rior of G. 

Suppose that F intersects the relative interior of G, Then FOG 
intersects the relative intei ior of G. Hy Theorem 26, f fl G is a facet, 
and by Theorem 25 it is a facet of G. This is possible only if F 0 G = G. 
But then F must contain G. 

Theorem 30: Let A be a convex polyhedral com and F be a subcone of 
A, Then F is a facet of A if ami only if A mod D{F} is pointed and 
F = An D{F1. 

Proof: If F is a facet, it luus already boon shown that A mod I){F1 
is pointed and F = A fl 1){F1. 

Suppose that F is a subcone of .1 such that A mod D{F| is pointed 
and F = A fl DIFj. If a, b eA and a + be F, then a + 5 = 0 mod 
D{F1. Therefore, since .4 mod n{F| is pointed, a = b = 0 mod 
D{F!. But then a, beDIFj. Since F = .4 PI D1F|, a, 6cF and F 
is a facet. 

Theorem 31 : If A is a convex polyhedral cone and F a fmet of A^ then 
UA - Fl = DjFi. 

Proof: Since .4 — F contains F — F = 0{F1, I)[F} c Lj.4 - Fj. 
If the inclusion wore proper, .4 — F ’mod 1)|F) would not be pointed. 
But .4 — F mod DjFI = A mod I.)!Fj, whence .1 mod D{F1 would not 
be pointed, contradicting Theorem 23. 

Alternate Proof: Suppose reLj-1 — Fj. Then -cebjA — Fj, 
and there exist points «i, ao € € F such that c = Oi — /i, —c = 

f '2 — f 2 - Tlien 0 = «i + Of —fi — f 2 , + ^2 = /i + fi- There- 

fore Ri + R 2 € whence a\, ao e F. 'I’herefore c e 1){F1. Therefore 
L{A - Fl C DlFl. Since I)|F| c L|.I - F|, L|.4 - Fl = DIFl. 

Theorem 32 (Koopmans): IaI .4 be a convex polyhedral cone amt F a 
suheone of A. Then F is a facet of A if ami only if F = A PI L{A — Fl. 

Proof: Let F be a subcone of A, and G the lowest -dimensional facet 
of A containing F. Th(*n F intersects the relative interior of G, be- 
cause, if F were in the relative boundaiy of G, there would exist, by 
Theorem 21 applied to the cone (/, a facet of G of lower dimensionality 
than G and containing F, contrary to assumption. Let/c F PI rcl int 
G, and / 0. Then LjA - Fl D LIG ~/| = DjG} = LjA -- Gl, 

by Theorems 11 aud 31. Since also LI A — Fl C L|A — Gl, we have 
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L{A - F\ = L\A - (71. Hence A fl h[A - F| = A fl L{A - G| 
= A n D|G) = G, by Theorems 31 and 30. Therefore, if = A fl 
L|A - f 1, we conclude that F = G. 

Conversely, let F be a facet of A. Then, by Theorems 30 and 31, 
= A n D|/^} = A n L(A -F|. 

Theorem 33: Let A he a convex polyhedral cone in /?". Then (1) if S 
is an (n — \)-dimensional snhspace not intersectmg the relative interior 
of A, then A fl is a facet of A, and (2) if F is an r-facet of A with 
r <n, then there exists an (n — l)-dime?isional subspace S of such 
that F = A 0 S. 

Proof: (1) If S is an (r — 1 )-dimensional siibspace of 5”, then 
A n S is a facet of A by Theorems 19 and 26. (2) Let F be an r-facet 
of A with r < R. Then djA’j = r by Theorem 23 (1), and the dimen- 
sion of mod D|F1 = R — r ^ 1. By Theorem 17, A mod T)\F\ is 
contained, except for the origin, in an open halfspace of E^ mod D\F\. 
Let be the boundary of this open hulfspace. Th(»n is an (r — d { A’ j 
- l)-dimensional subspace of E ^ mod I)[i^), and (A mod T )\ F ]) fl *S' 
= 0. Let S be the set of all points of A’” which map into S\ Tlu'ii S 
is an (r — l)-dimensional siibspace of A”, S contains Y )\ F \ and A D 
S C D{F\. Therefore A fl S = A fl *S fl D\F\ = A fl DIAj = 
the last e(|uality by Theorem 23 (2). Therefore A fl S = A, and (2) 
is proved. 

Theorem 31: If A is a pointed convex polyhedral cone and (a) a half- 
line in the frame of A, then (a) is a facet of A. 

Proof: By Theorem K), (a) satisfies the criterion of 'Fheorem 30. 

Theorem 35: Let A be a convex polyhedral cone. Then every point of 
A is contained in the relative interior of one and only one facet of A. 

Proof: Let a be a point of A and F the faciit of least dimension con- 
taining a. Since A itself is a facet of A, such an F exists. Then a 
is in the relative interior of F. For if a were in the relative boundary of 
A, (a) would also be in the relative boundary of F. Applying Theorem 
21 to the convex polyhedral cone F, F has a facet G of dimension il 1 F) — 

1 which contains (a) and hence a. Since G is a facet of A, this is a 
contradiction. 

Suppose that a is in the relative interior of facets Fj and F 2 . "llien F\ 
intersects the relative interior of F 2 , and Fo intersects the relative interior 
of Fl. liy Theorem 29 it follows that Fi C F 2 and F 2 C Fi. There- 
fore Fl = F 2 , and a is contained in the relative interior of exactly one 
facet. 
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LINEAR PROGRAMMING AND THE THEORY OF GAMES » 
By David Gale, Harold W. Kuhn, and Albert W. Tijckkj{ ^ 

The basic; “scalar” proWem of linear programming is to maximize (or 
minimize) a linear function of several variables constrained by a system 
of linear inecjualitics [Dantzijr, H]. A more general “vector” problem 
calls for maximizing (in a sense; of partial order) a system of linear func- 
tions of several variabl(;s subject to a system of linear ine(|ualities and, 
perhaps, linear equations [Koopmans, TTIJ. The purpose of this chapter 
is to establish theorems of duality and existence for general “matrix” 
problems of linear programming whicli (;ontain the “scalar” and “vector” 
problems as special cases, and to relate these general problems to the 
theory of zero-sum two-person games. 

1. Notation and Introductory Lemmas 

Capital letters, A, B, C, etc., denote rectangular matrices; lower-case 
letters, &, c, }/, j, etc., denote vectoi-s, regarded as one-column matrices; 
and Greek letters (lower case) 5, X denote scalars - all quantities being 
real. A prime is used to denote transposition: thus A' denotes .1 trans- 
posed, and V denotes a one-row matrix obtained by transposing the 
vector b. The number of components of a vector or the numbers of 
rows and columns of a matrix are not specilied, but of course there are 
some implicit r(*Iations: thus the pnxhict Ax implies that the number of 
columns of A is the same as the number of components of x. V^ector 
ecpiations and ineciualities an' based on the following notation: 

= 0 means that all components of arc zero; 

7/^0 means that no components of u arc negative; 

> 0 means u ^ 0 with u = 0 excluded ; 

?/ > 0 means that all components of u are positive. 

Other usages follow naturally: thus 7^ < 0 means -7^ > 0, 77i ^ 772 
means Ui - U 2 ^ 0, etc. It should be noted that the inner product 

^ThLs chapter was prcscntt'cl in a piH'liminary form by A. \V. Tucker at a inw'linK 
of the Kc()noin(?tric Society at Boulder, Colorado, SepleiubiT 2, 1049. 

* Under contracts with the Olfice of Naval llesi'arcli. 
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6'w > 0 if 6 > 0, M > 0; of course, 6'w ^ 0 if 6 ^ 0, u ^ 0. Matrix 
equations and inequalities use the same niles: thus A > D means 
A — D > 0 (i.e., each element of A — D is nonnegative, and at least 
one element is positive). 

The following lemmas provide the basis for the theorems in this 
chapter. Lemma 1 expresses a fundamental propci*ty of homogeneous 
linear inequalities observed by II. Minkowski [1896, p. 45]. Lemma 2 
is an immediate consequence of Lemma 1, and Lemma 3 is a generaliza- 
tion of Lemma 2. 

Lemma 1: In order that a homogeneous linear inequality Vu ^ 0 hold 
for all u satisfying a system of homogeneous linear inequalities A*u ^ 0, 
it is necessary and sufficient that h = Ax for some x ^0. 

For proofs the reader is referred to J. Farkas [1901, pp. 5 -7], II. Weyl 
[1935 or 1950, Theorem 3], and in this volume David Gale [XVII, 
corollary to Theorem 2] and M. Gerstenhaber [XVllI, Theorem 11]. 

Lemma 2: In order that Vu < 0 for no u ^ 0 such that A^u ^ 0, it is 
necessary and sufficient that Ax for some x ^ 0. 

r ‘ 

X 

Proof: In Tjemma 1 replace A by [/I /] and x by , wiiore I dt*- 

t 

notes an identity matrix. Then, in order that Vu ^ 0 hold for all u 
satisfying A*\i ^ 0, w ^ 0, it is necessary and sufficient that b = Ax + t 
for some j ^ 0, < ^ 0. That is, in onler that Vu < 0 for no 7^ ^ 0 such 
that A'u ^ 0, it is necessary and sufficient that Ax ^ b for some 

X ^ 0. 

Lemma 3: In order that B'u <0 for no u^O such that A'u ^ 0, it is 
necessary and sufficient that Ax ^ By far some x ^ 0, 7/ > 0. 

Proof: To show that the x, y-condition is implied by (he 7/-condition, 
we proceed as follows. I^et bk denote the A:th column of the matrix B. 
Then the w-condition implies that b^u < 0 for no ^ 0 such that 

\^k 

A'w ^ 0, —B^u ^ 0. Hence, substituting [A —B] for A and 

IVk. 

for X in Lemma 2, we have Axk — By^ ^ b^ for some Xk ^ 0, yit ^ 0. 
Then, summing for all columns of fl, A (^Xk) — B(Ylyk) ^ Hh- But 
'^bk = Bjj where j denotes a vector whose components arc all Fs. So 
^ B{j + Zuk)- ITiat is, since ^ 0 and j + Zl/k ^ J > 
0, we have 

Ax ^ By for some x ^ 0, y > 0. 

This shows that the x, y-condition is implied by the ?/-condition. 
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lo show that the x, y-condition implies the w-condition we assume, if 
possible, that 

B'uo < 0 for some Uq'^Q such that A'uq ^ 0. 

Then 

y^Ax ^ 0 > for all j ^ 0, y > 0. 

But, by the x, y-condition, 

i^Ax ^ u^By for some j- ^ 0, y > 0. 

This contradiction shows that the denial of the ?/-condition implies the 
denial of the j, 7/-eoiidition. Therefore the x, y-conditiori implies the 
w-condition. This completes the proof of Lemma 3. 

2. Linear Programming Problems 

Two general dml problems of linear programming are stated below. 
Each is based on the same given information — three matrices, A^ /i, C — 
and in each a matrix D is to be determined. A matrix D having a certain 
property is said to be maximal or minimal (under partial ordering by the 
rules of matrix inequalities explained in Section 1) if no other matrix 
A possessing the property is such that A > /) or A < /), respectively. 

Problem 1 : To find a maximal matrix D having the property that 

(1) Cx ^ I)y for some x ^ 0^ y > 0 such that Ax ^ By. 

Problem 2; To find a minimal matrix D having the property that 

(2) B^u ^ lyv for some a ^ 0, i; > 0 such that A' a ^ C'v. 

It will be shown (in Th(*orem 4) that there exists a matrix D providing 
solutions for both problems if the follou ing existence conditions both 
hold: 

(3) Ax ^ By for some .r ^ 0, y > 0, 

(4) A'n ^ C'r for some a § 0, v > 0. 

It will also be shown (in Theorem 2) that. Problem 1 admits a particular 
matrix 1) as solution if, and only if, IVobleni 2 also admits this I) as a 
solution. 

If the matrix B consists of a single column, h, and the matrix C consists 
of a single row, c\ then I) becomes a scalar, 6, and y and v become positive 
scalars that may be eliminated by dividing through by them. In this 
case the two general matrix problems reduce to the tollowiiig two simple 
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scalar problems: (a) to find the ordinary maximum, 8, of the linear func- 
tion dx constrained hy Ax ^ bj x ^ Oj and (b) to find the ordinary 
minimum, 5, of the linear function Vu constrained by il'w ^ c, w ^ 0. 

Problem 15: To find a maximal sadar 5 having the property that 

dx ^ 5 for some ^ ^ 0 sinJi that Ax ^ h. 

Problem 28: To fiml a minimal scMlar 8 having the property that 

Vu ^ 8 for some u ^ 0 such that A'u ^ c. 

The “diet problem” of Cornfield and Stigler [1945] furnishes a typical 
example of Problem 28; another, more specialized, example occurs 
in the “transportation problem” of Hitchcock [I941| and Koopmans 
[XlVj. Fundamental methods for attacking such scalar problems havx* 
been developed by Dantzig [II, XXI, and XXIlIj. The duality and 
existence theorems for Problems 15 and 25 are contained in the corollary 
to Theorem 2 (at the end of Section 3 of this chapter) and in the remark 
following the proof of Theorem 1 (in Section 4 of this chapter). 

If the matrix B consists of a single column, 6, but C consists of more 
than one row, then I) becjornes a vector, rf, and y becomes a positive 
scalar that may be eliminated by division. In this case the two general 
matrix problems reduce to the following vector problems. 

PjtOBLEM Id: To find a maximal vedor d having the properly that 

Cx ^ d for some j ^ 0 such that Ax ^ b. 

Problem 2d: To find a minimal vedor d having the property that 

Vu ^ d'y for some a ^ 0, y > 0 such that A'u ^ C'y. 

A representative vector problem is the “efficiemt point” problem of 
Koopmans [111] from which the general matrix problems in this chapter 
have evolved. The following equations relate our notation to Koop- 
mans^ partitioning of his technology matrix A, commodity vector y, 
and price vector p, as regards primary and final commodities: 

A = -djiri, b ^ 

c = dfi„, d = yfi„, V = Pfi„. 

The extension to include intermediate commodities is indicated at the 
end of Section 6 of this chapter. 

Of course, there* arc also vector problems, Id' and 2d', that occur 
when the matrix C consists of a single row c' and v becomes a positive 
scalar that may be eliminated by division. 
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3. Duality 

In preparation for the duality theorem (Theorem 2), we will now prove 
that the following new forms of Problems 1 and 2 are eciuivalent to the 
original forms. 

Problem 1 (now form): To fnid a mairix D having both of the following 
properties: 

(1 ) Cx^Dy for some j ^ 0, y > 0 such that Ax g %, 

(2*) Cx > Dy for no x ^ 0, y ^ 0 such that Ax g % 

Problem 2 (new form): To find a matrix D having both of the following 
properties: 

(2) B*u ^ D'v for some u ^ 0, v > 0 such that A'u ^ C% 

(I*) B'u < D'v for no r ^ 0, t? ^ 0 such that A'li ^ Cv. 

Properties (1) and (2) occur also in the original statements of Prob- 
lems 1 and 2. The new properties (2*) and (1 *) are so denoted because 
they are equivalent to (2j and (1), respectively, as will be shown in the 
course of the proof of Theonan 2. It is to be remarked that a matrix D 
having both properties (1) and (2*) must produce equality, Cx = Dy, 
in property (1), and similarly that a mati ix D having both properties 
(2) and (I*) must produce equality, /?'« = D'i\ in property (2). 

Theorem 1: The new forms of Problems 1 and 2 are equivalent to the 
original forms. 

Proof: To show that a solution D for the ik^w Problem 1 is maximal 
as regards matrices having property (1), let us assume, if possible, that 
there is a matrix A> D having property (1). That is, 

Cx ^ Ay for some x ^ 0, y > 0 such that Ax ^ By. 

Then C/ ^ Ay > Dy for the same x and y— thereby contradicting prop- 
erty (2*) possessed by D as a solution for the new Problem 1. Conse- 
(jiiently, D is maximal as regards matrices having property (1 ). A simi- 
lar argument shows that a solution D for the n(»w Problem 2 is minimal 
as regards matrices liaving property (2). 

To show that a solution D for the original Jh*oblem 1 possesses prop- 
erty (2*), lot us assume, if possible, that 

C.ro > Dyo for some xo S 0, yo ^ 0 such that Axq ^ /iyo- 
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Adding this to (1), we get 


C(x + xo) > D(y + yo) for some J + J*o S 0, y + i/o > 0 
siK^h that A(x + Xq) ^ B(y + ?/(,). 

In the system of inequalities C{x + Xq) > D{y + y^) there must be at 
least one individual inetiuality containing > , and so any clement in the 
corresponding row of D may be increased slightly without disturbing the 
inequality. Then D is not maximal as regards matri(;es having prop- 
erty (1) — thereby contradicting the hypothesis that D is a solution for 
the original Problem 1 . Hence D must possess property (2*). A similar 
argument shows that a solution, D, for the original Pi’oblem 1 possesses 
property (1*). This completes the pr(K)f of Theorem 1. 


Theorem 2 (duality theorem): A matrix D is a solutimi for Problem 
1 if, and only if, it is a solution for Problem 2. 

. . r 

Proof: It follows directly from Lemma 3, by substituting j for 


^ 1 , 



for B, and 



for u, that a matrix /) has property (1) if, and 


only if, it has property (1 *). Then, replacing A, B, C, I), x, y, u, v in (1 ) 
and (1*) by —A\ —C', —B\ —IV, u, v, x, y, respectively, it follows that 
a matrix D has property (2) if, and only if, it has property (2*). In face 
of Theorem 1, this compU?tes the proof of Theorem 2. 


(^Iorollary: Problems 15 and 25 have a unique common solution, 5, or 
else no solution at all. 


Proof: From Theorem 2 it follows that both probhmis have a com- 
mon solution 5 if either admits 5 as a solution. Suppose that 5i provides 
another solution for cither problem. Then, by Theorem 2, 5i providc's 
also a solution for the dual problem. (Clearly, 5i cannot exceed 5 due 
to the maximal property of 5, nor can 5 excoad 5i due to the maximal 
property of 5i. So 5i = 5, which completes the corollary. 


4. ICXISTENCE 

In preparation for the existence theorems (Theorems 4 and 5) we 
introduce a third problem based on the same data as IVoblems 1 and 2 
and employing jointly the two properties involved in the original forms 
of Problems 1 and 2. 

Problem 3: To find a matrix I) that has both the following properties: 
(1) Cx ^ Dy for some x ^0,y > 0 such that Ax ^ By; 

(2; B'u ^ D'v for some u ^ 0, v > 0 such that A'u ^ C'v. 
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A problem of this symmetric sort was formulated by von Neumann 
[1947] for the case in which D reduces to a scalar 5, corresponding to 
Problems 1 5 and 23. 

'^^rHEOREM 3: A matrix D is a sohdion for Problem 1 or 2 ?/, and only 
if, it is a solviionfor Problem 3. 

Proof: It is an immediate consequence of the e(|uivalcnce of prop- 
erties (1) and (1*), and of properties (2) and (2*), established in the 
proof of Theorem 2, that a matrix I) has properties (1) and (2*) or 
(1*) and (2) if, and only if, it has properties (I) and (2); and of course, 
by Theorem 1, a matrix I) has properties (1) and (2*) or (1*) and (2) 
if, and only if, it is a solution for the original Problem 1 or 2. This com- 
pletes the obvious proof. 

Remark: Problem 3 is not changed if the leading incijualities in prop- 
erties (1) and (2) are made e(iualiti(\s: C.r = Dy and = D'v. This 
follows from the obvious facts (pointed out in sentences just preceding 
Theorem 1) that a matrix D having properti(*s (1) and (2*) must give 
C.r = Dy and that a matrix D having properties (2) and (1*) must give 
B'u = D'v. 

Theorem 4 (existence theorem): There exists a solution, D, for Prolh 
Icm 3, and so for Problems 1 and 2 also, if, and only if, thefollomng exist- 
cnee conditions arc both satisfied: 

(3) Ax $ By for some ^ 0, y > 0, 

(4) A'u ^ C'v for some u ^ 0, r > 0. 

Proof: Let h = Byo, and c = where yo and I’o are the values of 
y and v in any particular set of .r, y and u, v that satisfy the existence 
conditions (3) and (4). Then (3) and (4) imply that 

(33) Ax ^ b for some j ^ 0, 

(43) A'u ^ c for some u ^ 0. 

[These two conditions are denoted by (33) and (43) because they are the 
counterparts of (3) and (4) for the scalar prol)Iems, 13 and 23.) 

By Lemma 2, (33) and (43) are eiiuivalent to 

(33*) 6'r < 0 for no u ^ 0 such that A'n ^ 0, 

(43*) c/x > 0 for no x ^ 0 sucli tliat .Lr ^ 0, 

where in the case of (43) and (15*) we must replace -4 , b, u, x in Lemma 2 
l)y — A', — r, X, //, respectively. 
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The inequality Vu ^ c'ar holds for all X ^ 0, m ^ 0, x ^ 0 such that 
Ax ^ \hy A^u ^ Xc. For, if X > 0, \vc have 

Wu ^ \~^u'Ax ^ c'x, 

and, if X = 0, we have 

Vu ^ 0 ^ c'x, 

by (35*) and (45*). Consequently, 


■ O' 

/ 

■ X ■ 


X' 

b 


U 

< 0 for no 

U 

. — c . 


_ X , 


- X .. 


such that 


So, by Lemma 2, 


- V 

-cr 


X 

0 

A 


fl 

.-A' 

0. 


. X .. 



Multiplying these out, we get 

Vuq ^ c'.ro, -4/0 ^ h, A^uq S c for some ?/o ^ 0, Jq ^ 0. 
But Vuq S tix^Axo ^ r/xoj so 
(5) Vuo = mU/o = c'xq. 


That is, replacing b and c by By^ and C'^o, we have 


Let 
D = 


CxpU^jB 

I^AXq 


or 




hioB ^ Cxof 
V(> fyo 


according as 


?/i-4/n 7*^ 0 or = 0, 


h and j denoting vectors all of whose components are Fs. Then, in 
either case, 

Dyo = C'/o, and VqD = 

This means that our D has properties (1) and (2) for the t/o, *^’0 tak(*n 
initially and the jo, Uq arising in the course of the argument (see remark 
below). Consequently, D is a solution for Problem 3 — and so, by 
Theorem 3, for Problems 1 and 2 also. 

Conversely, it is obvious that (3) and (4) must hold if there exists a 
D having properties (1 ) and (2). This completes the proof of Theorem 4. 
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Remark: It is to be noted that the gist of the above proof — namely, 
the part from conditions (35) and (45) to equation (5)-~amounts to 
showing that Problems 15 and 25 have a common solution, 

5 = 6'ro = ^Axq = c'jo, 
when (35) and (45) both hold. 

Theorem 5 (existence theorem): A solution, I), exists for Problem 1 if, 
and only if, the following existence conditions both hold: 

(3) Ax ^ By for some x t 0, y > i), 

(4*) Cx>0 for no j ^ 0 such that Ax ^ 0. 

Similarly, a solution, D, exists for Problem 2 if, ami only if, the following 
existence conditions both hold: 

(4) A'u ^ C'v for some ii 0, v > 0, 

(3*) B'u < 0 for no 0 such that A'?/ ^ 0. 

Proof: By Lemma 3, conditions (3*) and (3) are cciuivalent. Like- 
wise, replacing A, B, u, x, y in Lemma 3 by -A', ~C', x, u, v, we see 
that (1*) and (4) are equivakmt. Hence (3) and (4*) or (4) and (3*) 
hold if, and only if, (3) and (4.) hold. And, by Theorem 4, a solution, 
I), exists for Problems 1 or 2 if, and only if, (3) and (4) hold. This 
completes the proof of Theorem 5. 

Remarks: It is to be noted that each of the four existence conditions 
(3), (4), (3*), (4*) is ruTessary and suflicient that there exist a matrix D 
having the corresponding one of the four properties (1), (2), (1*), (2*). 
Thus (3) or (4) is implied by the existence of a matrix D having property 
( I ) or (2) ; and conversely, if (3) or (1) holds, we can construct a mat rix D 
having property (1) or (2) merely by taking large enough negative or 
positive elements, respectively. The eciuivalence of (1) to (1*), etc., 
then shows that (3*) or (4*) is necessary' and sufficient for the existence 
of a matrix D having property (1*) or (2*), respectively. 

It is to be noted also that the existence conditions (3), (3*), (4), (4*) 
can be interpreted in terms of special “null” problems, Id', 2d' and 2d, 
Id, in which c' = 0 and 6 = 0, respectively. For, with C = v! = 0, 
property (1) or (1*) is held by /) = d' = 0 if, and only if, condition (3) 
or (3*) holds, while property (2*) or (1) is held trivially; and, with 
B = 6 = 0, property (2) or (2*) is held by D = d = 0 if, and only if, 
condition (4) or (4*) holds, while property (I*) or (2) is held trivially. 
Hence the special “null” problem, Id', 2d', 2d, or Id, admits a null solu- 
tion (d' = 0 or d = 0) if, and only if, the corresponding existence condi- 
tion (3), (3*), (4), or (4*) holds. 
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5. PllOGUAMMlNG AND GaMES 

Let A be the ‘‘payoff” matrix of a zero-siim two-person game [von 
Neumann and Morgcnstern, 1944, Chapter III]. Then, to solve the 
game, we must find the value, X, of the game and optimal (or good) 
mixed strategies, u and x, characterized by the following relations; 

A*u ^ Xt, u ^ 0, g^u = 1, 

Ax ^ Xgf, x ^ 0, i^x = 1, 

where g and i arc vectors whose compoiionts are all l‘s. The fact that 
such X, u, X always exist — the main theorem for zero-sum two-person 
games — can be established as a by-prcxluct of Theorem 4. To this end, 
assume that A > 0— not an essential restriction, since the same arbitrary 
constant k can bo added to all the elements of a game matrix without 
affecting the game (except to increase the value? of the game by k). 
Then X must be positive (if it exists), and the relations ab(jvc can be 
divided throughout by X. The divided relations may be rewritten in 
reverse order, as follows: 


(la) 

i'x = 5 

for some 

x^O 

such that Ax ^ g, 

(2a) 

II 

for some 


such that A'u ^ i; 


where now 5, r, u replace the previous 1/X, x/\, u/\. This amounts to 
Problem 3 for the special scalar case A >0, /i = r/, C = i\ D = 5. 
(See remark preceding Theorem 4 concerning the use of ecpiations involv- 
ing 5 rather than ineciualit ios.) By 41ieorem 4 this scalar problem has a 
solution, 5, because the existence conditions, 

Ax ^ g for some j* ^ 0; A*n ^ i for some u ^ 0, 

are easily satisfied by taking = 0 and u sufFicicntly large. We carry 
the solution back to the initial game relations by dividing (la) and (2a) 
throughout by 5, which is clearly positive —and uniciue, by the argument 
of the corollary to Theorem 2. Hence we conclude that the game with 
payoff matrix A has a unicpie value, X = 1/5, and at least one pair of 
optimal mix(‘d strategi(?s, w and x. Such reduction of games to program- 
ming problems is treated in this volume by Dantzig [XX] and Dorfman 
[XXI 1]. 

It will now be shown that Problems I and 2, in full generality, an* 
related through Problem 3 to a zero-sum two-person game. 
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Tueobem 6; A rrudrix D is a solution fw Problem 1 or 2 if, and only 
if, the game with the payoff matrix 

r A -«n 

\-c d\ 

has vahie zero and optimal mixed slralcyies 



such that y > 0 and y > 0. 
Proof: Substituting 



for A, Uy Xf Qy iy respectively, in the basic relations for a zero-sum two- 
person game stated at the beginning of this section (//, h, iy j being vectors 
whose components are all Ts), and re([uiring X = 0, y > 0, y > 0, we 
get 

A'u ^ C'Vy B'u ^ D'Vy M ^ 0, y > 0, g'u + /i'y = 1; 

Ax ^ Byy Cx ^ Dyy / ^ 0, ?/ > 0, I'i* + fy = 1. 

But these amount to properties (2) and (1) of Problem 3, coupled with 

the “normalizations” g'u + /i'y = 1 and i'j + j'y = 1, which can always 

be achieved in Problem 3, because the inecjualities y > 0 and ?/ > 0 
assure that (2) and (1) can be divided by g'u + h'v and i'x+/y, 
respectively. Therefore Theorem 6 is a direct conseciuence of Theorem 3. 
This completes the proof. 

One further theorem relating linear programming to games is stated 
below. It follows out an ingenious idea of Dantzig [XX] and Brown 
[XXIV]. There does not seem to be any natural generalization for 
Problems 1 and 2. 

Thkoukm 7: solutiotiy 5, exists for Problems 15 or 25 ify and only 
ify the symmetric game with the payoff matrix 

0 A -b' 

-A' 0 c 

V -c' 0. 

has an optimal mixed strategy whose last component is positive. 
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Proof: We will not. give the proof explicitly, but it is contained in 
the proof of Theorem 1. (Sec the remark at the end of Theorem 4.) 

Remark: Theorems 6 and 7 do not exclude necessarily the possibility 
that there also exist optimal mixed strategics lacking the specified posi- 
tiveness. 'J^hus the symmetric game above may also possess an optimal 
mixed strategy, 


even when Problems 15 and 25 have a solution, 5. In this particular 
event, Vu = c'j = 0 due to conditions (35*) and (45*). 

6. Problems with CJonsiiiaint Equations 

The following dual problems present themselves when a system of 
equations, 

Ex = Fy, 

is added to the constraints Ax ^ By, x ^ 0, y > 0 in Problem 1. 

Problem 4: To find a maximal tnairix D having the properly that Cx 
^ Dy for some x ^ 0, y > 0 such that Ax ^ By, Ex = Fy. 

Problem 5: To find a minimal matrix I) having the property that B'u 
+ F^w ^ D'v for some u ^ 0, v > 0, w, such that A'u + E'w g C'»', 
the vector w being unrestricted in sign. 

These problems can be regarded as arising from Problems 1 and 2 by 

r ^ 

substituting E for A, F 

.-e\ L-F 

Wi — W 2 is a vector whose components take all values, unrestricted in 
sign, as the vectors Wi and ?t ’2 vary subject to the constraints Wi ^ 0 
and 1 V 2 ^ 0. Conversely, any vector w can be expressed as the differ- 
ence Wj — W 2 of two vectors ^ 0, say, by taking 2iCi = | ic | + le, and 
2 u ?2 = \w \ — w, where [ le j is the vector whose components arc the 
absolute values of the components of w. 

There are exact analogues of Theorems 1-7 for these two problems, 
which the reader may easily formulate for himself. 

If the matrices B anrl F consist of single columns, b and /, then D 
becomes a vector d, and y becomes a scalar that may b(^ eliminated by 




m 

division. In this case the general problems, 4 and 5, reduce to vector 
problems that bear on Koopmans* treatment of “efficient points” in the 
presence of mlermediaio commodities |lll]. To (;ovcr this extension the 
following line should be added to the table of corresponding notations 
near the end of Section 2: 

E = / = 0, w = Pint. 
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A PROOF OF THE EQUIVALENCE OF THE PROGRAM MINC 
PROBLEM AND THE GAME PROBLEM * 

By George B. Dantzig 

J. von Neumann first pointed out that a game problem can be reduced 
to a program problem. He was also the firet to point out that a problem 
con(;erning the maximizing of a linear form whose variables are subject 
to a system of linear inecpialities could be replaced by a solution to an 
extended system of linear inequalities. 4^lis result depends on the use 
of an important lemma on inequalities stated in the last section of this 
chapter. 

George W. Brown demonstrated that the technicpie of reducing the 
game problem to a program problem could not be readily reversed. 
Gale, Kuhn, and Tucker at Princeton showed that a program was 
equivalent to a game in which the maximum value of the linear form 
occurs as an unknown element in the game matrix. When the program 
is suitably combined with its dual, there results a linear form with upper 
bound zero. This forms the basis of the present proof. Tucker is 
responsible for the skew symmetric form of the game matrix as it appc'ars 
here in the solution of the program problem. Brown independently 
arrived at the same result. 

1. Consider a zero-sum two-person game with the payoff matrix A, 
where A = [a,y] (f = 1, • • • , m;j = 1, • • • , The expected payoff 
for player 1, if he engages in a mixed strategy, Ji, • • • , is given by 

n 

M = min a,;Xy, 

where J^Xj =1, Xj ^0. It is well known [see, e.g., von Neumann, 
1948, Theorem IV] that the optimal mixed strategy is given by deter- 
mining the Xj that maximize the value of M. We are thus looking for 

* The author wishes to acknowledge the assistance of Major Dalton 11. Wright 
in the preparation of a previous version of this chapter. 
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the largest M for which there exists a solution to the system of inequalities 

"ttii ain]ra:il I’M 

(1) Ax ^ My w g • 

-^ml *** ~M 

where M = maximum, = 1, and xj ^ 0. 

We may rewrite (1) in the completely equivalent form 

a*iaii + H h - Vi = M, 

( 2 ) • 

iTiaml + :r2Uw,2 H h — V,n = M, 

^1 + -^2 + * * • + J'n = 1 , 

where Vi ^ 0, Xj ^ 0. 

By subtrac^ting the first e(iiiation of (2) from the second, third, etc., 
the resulting system is eiiuivalent to the linear programming problem 
of maximizing a linear form of nonnegative variables subject to a system 
of linear restri(!tions, that is. 


XiOu 


‘ * ”1“ 3* ndi n 

- fl 

= M = max. 

3-1 ((121 ■ 

- nil) +• 

■ • + 3-„(ff2n 

- am) - (i-2 

- I’l) = 0, 


(3) 

- ail) H + J-ziKin - a\n) - {Pm - Vi) = 0, 

H h J*!. = 1 , 

where Vi ^ 0, ^ 0 (j = 1, • • • , n). 

It is obvious that solutions to (3) exist and that max ^f of (3) is equal 
to max M of (I ). Thus a game problem can be “reduceil” to a program 
problem. 

Another, more symmetric way of effecting the “reduction” to a pro- 
gram problem is obtained by substituting JtjM = xj in (1), thus obtain- 
ing the system 

^1^11 "i” ■ ■ ’ ”1” = 1> 


where xj ^ 0. 


Xittmi H h ^n^mn = 1> 

X, H + x„ = (1/il/) = min, 
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Thu substitution is valid only if the value of the gamCy M, is known to be 
positive. However, since all the elements of the payoff matrix can be 
made positive by adding a suitable constant without affecting the mixed 
strategy, the restriction ^/ > 0 presents no diffiendties. 

2. Conversely, a linear program problem can be expressed in terms of a 
solution to an associated game problem. In fact, we shall transform a 
linear program problem into a skew symmetric game problem and show 
that the solution of the former, if any, is eipiivalent (except for one side 
condition) to the solution of the latter. Consider a program problem in 


the form 


• •+ a\nXn ^ b\y 

(4) 

Omiri + • ■ 

’ * "f* ^ 

(5) 

CiXi +• 

■ • + CnX. ^ M, 


where Xi ^ 0, and M = minimum of the linear form (5). The set of all 
?i-tuples, Ji, • • • , Xnj satisfying (4) constitute the s(‘t of so-called feasible 
solutions to the program problem. The one which minimizes the linear 
expression (5) is termed an optimum feasible solution and is the one 
sought. 

'J'he close relationship between (4) and (5) and the dual system (6) 
and (7) below, obtained by int(?rchanging the role of rows and columns 
and reversing the inequalities, will now be considered. We have 



auVi +• 

■ * + 

^ Cl, 

m 

a\ny\ + • 

■ * "i" UiniiUm 

^ c,„ 

(7) 

hy\ +• 

' * “h bffiym 

^ M', 


where yi ^ 0, M* = maximum of the linear form (7). 

It will be assumed that solutions to (4) exist and that the greatest lower 
boundf ilf, of the lim^ar form (5) for Xj satisfying (4) is finite. There 
exists in this case at least one set of Xi satisfying (4) which attains the 
lower bound M. By the lemma which appears at the end of this paper 
it follows that there exists also yi satisfying the dual system (6) and that 
A/', the least upper bound of (7), is also finite. The value M' is attained 
for at least one set of yi satisfying the dual system. 

Letting (ji, X 2 j ••• j Xn) be any solution to (4) and (yi, y 2 , ••• j Vm) 
any solution to (6), then, by weighting the first inequality of (4) by yi^ 
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the ssecond by 1 / 2 , • • • , the last by and summing the inequalities, we 
have 


(8) 6i?yi H h h^ijn 

where, applying (6), 



Xl^ h 



Xnj 


^\y\ H h KiVm ^ CiXi + C2X2 H h CnXnf 

from which it follows by the observations made in the above paragraph 
that l\r g M, 

The relationship between M and il/', by the lemma on linear in- 
equalities to be discussed in the last section of this chapter, is, however, 
stronger than this indicates, namely, one of strict equality, 

(10) M' = M. 

This lemma is a fundamental property of homogeneous linear inequalities, 
proved by J. Farkas [1901] and II. Weyl [1935, 1950). An equivalent 
proof is given by M. (Icrstenhaber [XVIII, Theorem 11]. 

Consider now the reverse inequality to (9), written in the form 

(11) —(ci^l + C2^‘2 H h CnXn) + {bilji H f- bw^m) ^ 0. 

A simultaneous solution to the system of inequalities (4), (6), and (11) 
will, because of relation (9), be an optimizing solution. We may rewrite 
the system (4), (G), and (11) in homogeneous form by setting bi = biZ, 
Cj = CjZ. It is desired to solve this system for Xi ^ 0, ?/y ^ 0, 2 = 1 . 
To transform the system into a game problem, we shall look for a solu- 
tion to the homogeneous system under the assumption 

n m 

(12) Z + L + 2 = i, 

1=1 

with the additional restriction that z> 0. By dividing through by z 
a solution to the original system is obtained. 

Consider now the game problem given by th(^ ('(juations 


flllJl +• 

-biZ 

amlJ’l +• 

' (^mnX n b^Z ^ M , 

(flnyi +•• 

• + amlVm - ClZ) g M, 

(.ainVi +• 

■ ■ + a„nym - C„z) 5 


•“ (Cl^Ti + • • • + CnXn) + (hyi + • • ■ + b,nlj,n) ^ M , 
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where M = maximum. A solution to (13) with M = Ois equivalent to 
(4), ( 6 ), and (11) in homogeneous form. 

The payoff matrix associated with (13) is skew symmetric and may be 
written 


0 A - 6 “ 

(14) -A' 0 c 

b' -c' 0. 


where A' is the transpose of A, and b' and c' are the row vectors obtained 
by transposing the column vectors b and c. 

The value of a game with a skew symmetric payoff matrix is always 
zero. If a solution to (4) and (5) exists, a solution to (13) with Af = 0 
can be obtained. Thus an optimum mixed strategy exists for (14) with 
z ^ 0. It is also clear that a solution to the game matrix (14) always 
exists, but not necessarily with z > 0. If one exists with z > 0 , a 
solution is obtained to the system (4), ( 6 ), (11). Hence a program 
problem can be “reduced^' to a game problem with a skew symmetric 
payoff matrix. 

The following lemma was used to justify (10). No proof will be given, 
but its relation to the dual will bo discussed presently. 

Lemma: // there exists one or more sobdioos to a system of N linmr 
inequalities, Li ^ e,*, whore t = 1 , 2 , • • • , N, ami if, whenever the system 
Li ^ Ci is satisfied, a linear inequality Lq ^ cq is satisfied, then Lq can 
be formed as a positive linear combination of Li\ that is, 

(15) Lq = ^^iLi ^ C(). 

Corollary: min Lq = A- ^ 

We now rewrite (4) and (5) in proper form to apply the lemma: 

(16) :r *^0 (i=l, •••,n), 


aii-Ti + 012^:2 +• — h wiwAt 


(17) 


+ am2^2 H h ^ 


(18) C\Xi + C 2 X 2 H h CnXn ^ Af , 

where AI = minimum of the linear form (18). 

It is clear that, if there exist solutions to (16) and (17), they will 
always satisfy (18). Hence, by the lemma and corollary, (18) is a 
positive linear combination of (16) and (17) provided Af 5 *^ — qo. Let 
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^ 0, W 2 ^ 0, • • • , Mn ^ 0 be weights applied to inequalities (16), 
and ••• weights applied to (17); then 

H h “ wi = Cl, 

(19) 


®ln?/l ’ * * “f" dmnym — C^, 

(20) hiyi H h hfnym = 

By dropping Ui ^ 0 from (19) we obtain (6). Relation (9) may be 
iis(m 1 with (20) to obtain (7) and M' = M, where it should be noted that 
yi satisfying (19) and (20) arc optimum y,-, Avhile any yi ^ 0 satisfying 
(7) and (9) were considered initially. This completes the setting up 
of the dual. 




PART FOUR 

PROBLEMS OF COMPUTATION 
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MAXIMIZATION OF A LINIOAR FUNCTION OF VARIABLIOS 
SUBJECT TO LINEAR INECJUALITIES » 

By Geojige B. Dantzig 

The goncral prohlnni iiiili(^atccl in tlu! title is easily transformed, by any 
one of several methods, to one which maximizes a linear form of non- 
n(?gative variables subject to a system of liiK^ar eciualities. For cixarri- 
ple, consider the linear inc(|uality nx + by + c > 0. The linear in- 
ccpiality can be replaced by a linear ecjuality in nonnegative variabl(\s 
by writing, instead, a{xi - x^) + - 2/2) + c - 2 = 0, where 2*1 ^ 0. 

;r2 = Oj y\ = 2/2 ^ 0, 2 ^ 0. 'rh(‘ basic problem throughout this chaptcu- 

will be considered in the following form : 

Pkoblem: Find tfie v<ducs of Xi, X2, • • • , \n which maximize the linear 
form 

(1) XiCi + X2C2 H h XnCw 

subject to the conditions that 

(2) Xy^O 0 = 1,2, ,n) 

and 

Xittii + X2ai2 H h X,ifii,t — bi, 

(3) Xia2i 4* X2a22 H — • + ~ bzj 


Xl^ml + X2a„j2 H h 

wliere a,j, hi, Cj are constants (i = I, 2, • • • , m; j = 1, 2, • • • , /i)- 

‘ The aulhor wishi-s to jicknowli'dgc that liis work on this suhjcct stoniiiu'd from 
discussions in the spring of 1947 with Marshall K. Wood, in connection with Air 
Force prograniiiiing methods. The general nature of the “simplex” approach (as 
the methixl discussed here is kntiwn) wius stiniulatt?d by discussions with Leonid 
Ilurwicz. 

The author is indc^blcd to T. C. Koopmans, whose constructive observations 
regarding pn)|)ertics of the simplex led dircMrtly to a proof of the mi’thod in the early 
fall of 1947. Emil D. Schell assisted in the preparation of various versions of this 
chapter. Jack Ladennaii has written a sot of detailed working instructions and has 
tested this and other proposed tcjchniques on several examijles. 
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Each coliunn of ax^fJicicnts in (3) may he viewed as I’cpresenting tho 
coorilinatos of a point in Euclidean space. Let denote the jtli 
column of cocflicicnts and J^o the constants on the rij^ht-hand side, i.e., 
by definition, 


(4) 

[^1, P 2 , • 

• , Pn, Po\ = 

«!! 

021 

«12 

022 ■ 

• ain 

* ®2n 

bi- 




■^ml 

<im2 

O'nin 

bm- 


The basic; probhun tlicn is to detei*mine nonnegativo Xy ^ 0 such tliat 

OV + X2/*2 H h = l\)i 

(h) XiCi + X 2 C 2 -| h = z = max. 

A set of \j which satisfy (5) without necessarily yi(‘lding the maximum 
in (6) will be termed a fraaiblc solution; one which maximizes (6) will 
be called a maximum fcasibk solution. The; purpose of this cliapt(»r is 
to dis(;uss the so-callcd ^^sirnplex^' tcchniciue, whic;h (;onsists in construct- 
ing first a feasible, and then a nuiximum feasil)l(;, solution. In many 
appli(;ations, of course, f(*asibl(; solutions arc easily obtained by inspc'c- 
tioii. For this reason, and because; an arbitrary fc'asible solutic)n can 
be obtained in a manner amdogous to the construction of a maximum 
feasible solution, we shall consider first the construction of a maximum 
feasible solution from a givcui feasible solution.^ 

Assumption (nondegcaicracy): Erenj subnet uj m points from the set 
(Poi Ply Ply * ‘ , Pn) k linmrly indcpnulvnt. 

The theorems given in S<;(;tions 1 and 2 below come about naturally 
in the construction of a feasible and a maximum feasible solution to (5) 

2 Tim nondi'KC'nrrjicy assuiiipl ion has hccii iimdc* lo simplify tho d(*v«*lopmont that 
follows. Thon; aro ohviou.s ways in which this assiuni)! ion (rouUl bo weakoned. 
For oxainplo, tho m tMpiations iin))Iiod in (5) may not all bo liiu'arly indo|)ond('nt, in 
which caso k < m indo])ond(!nt ofpiations could l)l^ chosc'n and tho roinaindor droppod. 
When this is done; it may still bo tna; that is linearly dependent on less than k of 
tho Pi. Olio way to avoid this ty|x; of '‘doReiK'niey” is to alter slightly the vahu\s of 
tho components of Pq. 'fhis method is oxli'iisively employc'd in the transportation 
probkmi |XXIII|. Uocently a workable mimeri(;al proe(?duro has bimn dovoloiK'd 
for tho general case as well. Tho procoihiro augments tho original sot of points, /*/, 
by a sot of unit vectors F, wh(?ro tho r, for maximizing form (1) aasocaated with the 
TKiints Vi are assumed “small.” By clumshig either Ft or — F*', a hjasibh; solution 
can bo obtained by ins[i(;ction rather than through tho method of Section 2 of this 
])aper. This cuts tho computations in half. Moixtover, tho rank of the system is 
automatically m, i.c*., k == 7/i, so that by this approach all problems connected with 
degeneracy art; solved. 
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and (6). Ihoy may bo used to prove the following important proposi- 
tions (actually, the proofs of "riicorems A and B do not rcciuire the non- 
degeneracy assumption): 

TiiEOiiEM A: If one feasible solution exists ^ then there exists a feasible 
solution {callf'd a basic feasible solution) with^ at most^ m points Pi with 
positive weights Xj and n — 7/i, or more, points Pi with X» = 0. 

Theorem B: If the values of z for the class of feasible solutions have a 
finite xipper bound, then a maximum fensibk solution exists which is a basic 
feasible solution. 


1. CoNsriiiJOTioN OF A Maximum Feasible Solution 

Assume as given a h^asihlo solution <*onsisting of exactly m points, 
Pi, with nonzero weights; that is, 

(7) \lP\ + X2/^2 H h KnPm = A), X,‘ > 0. 

(8) \lC\ + XoCo H h \,nCm = Sf). 

In establishing the (conditions for and th(^ construction of a maximum 
feasible solution, it will be iKurssary first to (*xpn»ss all points, Pj, in 
terms of a basis consisting of m points which form th(' above hvisibh? 
solution; that is, 

(9) + X 2 jP 2 H h r„,jP„, = Pj (j = 1,2, • ■ • , n). 

We now detine zj by 

(10) .rijCi + ^* 2/2 H 1- = Zj (j = 1, 2, • • • , n). 

Theorem 1 : If, for any fixed j, the condition 

( 11 ) Cj>Zj 

holds, then a set of feasible solutions can be construetrd such that 

(12) 2 > 2o 

for any member of the set, where the upper bound of z is either finite or 
infinite. 

Case 1: If finite, a feasible solutian consisting of exactly m points with 
positive weights can be constructed. 

(^ASE II: If infinite, a feasible solution consisting of exactly m + 1 points 
with positive weights can be constructed such that the upper bound of z 
= + 00 . 
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Proof: Multiplying (9) by 6 and subtracting from (7), and similarly 
multiplying (10) by 6 and subtracting from (8), we get 

(13) (Xi - exij)P, + (Xa - ex 2 j)P 2 + • • • + (X,„ - ex,nj)Pm + ePj = Po, 

(14) (Xi — dxij)cx + (Xa ~ dX2j)C2 H h (Xm — BXmj)Cm + OCj 

= zo + e{cj - zj), 


w here the term Ocj has been added to both sides of (14). 

Since X,- > 0 for all i in (13), it is clear that there is, for 0^0, either 
a finite range of values 0o > ^ ^ 0 or an infinite range of values such 
that the coefficients of Pi remain positive. It is clear from (14) that 
the z of this set of fejLsibIc solutions is a strictly monotonically increasing 
function of B, 

(15) 2 = 20 + B{Cj - Zj) > 2o, B> 0, 

since Cj > Zj by hypothesis (1 1), thus establishing (12). 

(.ASK T: If Xij > 0 for at least one t = 1, 2, • • • , m in (13) or (9), 
the largest value of 0 for w’hi(;h all coeffieiemts in (13) remain noniM^gativc 
is given by 

(16) Bo = min (X,/j,y), Xij > 0. 


If i = U) yields in (15), it is clear that the coefficient corresponding to i'q 
in (13) and (14) will vanish, hence a fvasibh solutiony given by B = Bo, 
has been amslrucied with exactly m positive weights; vntreover, z > 2o- 
It w'ill be not(id that this new' set of m points consists of the new'^ point, 
Pjj and (m — 1 ) of the m points previously usihI, niis, then, is a desired 
solufiion for Case I of Theorem 1. 

The new set of m points may be used as a new basis j and again, as in 
(9) and (10), all points may be expressed in terms of the new basis jind 
the values of cj compared with newdy computed z/s. If any cj > Zj, 
the value of z can be increased. If at least one Xij > 0, another new 
basis can be formed. We shall assume that the pro(!ess is iterated until 
it is not possible to form a new basis. This must occur in a finite 


number of steps because, of course, there arc at most 



bases and 


none of these bases can recur, for in that case their 2 -valucs would also 
recur, whereas the process gives strictly increasing values of z. Thus 
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it is (?loar that the iteration must eventually terminate, either because at 
some stage 

(17) Xij ^0 for all i = 1, 2, • • • , m 
and some fixed j, or because 

(18) Cj g Zj for all j = I, 2, • • • , n. 

(.ASE II: If (17) holds (i.c., for all f, Xij ^ 0), then it is clear that 0 
has no finite upper bound and that a class of feasible solutions has been 
constructed consisting of m + 1 points with nonzero weights such that 
the upper bound of z = +oo. 

In all problems in which there is a finite upper bou/ul to 2 , the iterative 
process 7nust necessarily Ica/l to condition (18). We shall prove, however, 
that the feasible solution associated with the final basis, wliicdi has the 
property cj ^ zj for all j = 1, 2, • • • , w, is also a maximum feasible 
solution (nicorcm 2). lleiKJe, in all problems in which there is no finite 
upper bound to z, the iterative process must yicecssarily lead to condition 
(17); moreover, by rewriting (9) as 

(19) Pj + {--xu)Px + {-X2j)P2 + • • • + {-x„,j)P,, = 0, a-o- g 0, 

for the fixed j of (17), we have shown that a nonnegative linear combina- 
tion of {m + 1) points vanishes if the upper bouml of z is + 00 . In many 
practical problems physical considerations will dictate the impossibility 
of (19). 

As a practical computing matter the iterative procedure of shifting 
from one basis to the next is not as laborious as would first appear 
because the basis, except for the deletion of one point and thi? insi'rtion 
of a new point, is the same as before. In fact, a shift of a basis involves 
less than mn multiplications and an equal number of additions. It has 
been observed empirically that the number of shifts of basis can ha 
greatly reduced not by arbitrarily selecting any point, Pjj satisfying 
Cj > 2 j, but by selecting the one which gives the greatest immediate 
increase in 2 ; from (15) the criterion for choiiie of j is siudi that 

(20) So^Cj - Zj) = max, 

j 

where 0o is given by ( 16) and is a function of j. A criterion that involves 
considerably less computation and apparently yields just as satisfactory 
results is to choose f such that 

(21) {cj - Zj) = max. 
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Ify the use of cither (20) or (21) approximately m rhan{ 5 (?s in basis are 
cncountcrecl in practice, so that about multiplications are involved 
in getting a maximum feasible solution from a feasible solution. There 
exist further refinements of computations by which 2wi^ + n computa- 
tions arc required per shift in basis if criterion (21) is used, or roughly 
2//i*^ + mn in all. However, to obtain a feasilile solution will also re- 
quire about 2iri^ + mn multiplications if one such solution is not readily 
available, and the? s('lcM;tion (jf an original basis will r(j(|uire 7/r* more - 
hence the method involves about + 2mn multiplications.® 

Theorem 2: //, /or all j = 1, 2, • • • , n, the condition Cj g zj holda, 
then (7) and (8) constitute a maximum feasible solution. 

Proof: Let 


(22) Ml Pi + M 2 P 2 H h MnPn = Po, M; ^ 0, 

(23) Ml^l + M 2 C 2 + h =2*, 

constitute any other feasible solution. We shall show that Zq S 2 *. 

15y hy[)othesis, cj ^ zy, so that replacing cj by zj in (23) yields 

(24) Mi^i + ^2^2 H h Ml ^ 2 ** 

Substituting the value of Py given by (9) into (22) and the value of 
Zj given by (10) into (24), we obtain 


(25) 

{ X) My^’iy i 

1 Pi + ( 2 My*»‘2y) P 2 + • 

n^j’^'mj j Pfn — P 0i 


Vy=i > 

Vy-^i / 

\ .1 / 


/ n \ 

L / " \ 

/ « \ 

(2(5) 

(Emjj 

1 Cl + + • • 

* 4“ ^ fttjj C'wi = 


According to our assumption of nond(*generacy, the cori(*sponding coeffi- 
cients of Pi in (7) and (25) must be c(|ual; h(*iic(j (20) becomes 

(27) XiCi + X2C2 H b XwC/rt ^ z*; 

or, by (8), 

(28) zo ^ 2* 

In order that another maximum feasible solution exist it is necessary 
that Cj = Zj for some Py (not in the final basis). It will be noted, how- 
ever, that in this case the extended matrix 

Pi P2 ••• Pn 

(*'1 C2 ••• c„ 

>Scc footnote 2 on page 3U). 
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[soo (1) above] has at hnist one sot of m + 1 columns which are linearly 
(U'pendcnt. Thui^ a sufficient condition that the vuixinnnn feasible solution 
constructed from the given feasible, solution be unique is that every set of 
{m + 1) poinlSj defined by columns in (29), be linearly imlependent. 


2. CoNSTKUCTlON OF A FkASIHLIO SOLUTION^ 

We l)egin by sekjcting nn arbitrary basis of (m - 1) points, Pj, and 
Denote this set by (I\u * * * , Any Pj can be expressed 

in terms of this basis by 

GIO) ?yn>/*o + ijijPi H h y(n,-i)jPm-\ = Pj (j = I, 2, • • • , ///). 

Tiikohkm 3: A sufficient condition that there e.rist no feasible solulinn is 
that yuj ^ 0 for ail j. 


Proof: Assiinio on the contrary that th(‘re exists a h'asible solution, 

(31) XiP, + X 0 P 2 + ■ • • + \J\ = X; ^ 0. 

Substitute the expressions for Pj given by (30) into (31): 


(32) Po (Z VA.; - l) + (Z M/i) + • 


*i" Pm~\ 0. 


In view of the assumed independeiK'O i»f (/*o; P\^ • • • , P^ -i) it is clear 
that each c(K4licient in (32) must vanish; in particular, 


m) 


ZX;7/U/- 1 =0. 


This is impossible if simultaneously Xy § 0 and //o^ ^ 0 for all j. 

To construct a ft'asible solution we first define a fixc'd referimce point, 
f/, given by 

(31) C = U\P\ + ^’2^2 H f’ lA«-.| “ P0^^)J 

where %l\ > 0 (f = 1, • • • , w? — I) and po > 0 are arbitrarily chi)S(»n. 
For convenience we rewrite (3 1) in the form 

(35) 0 + p()P() = + <^ 2/^2 + ■ • • ‘h 

In tho development that follows, po will piny a role analogous to -to. 

* St't* footnote* 2 on page 340. 
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By Theorem 3, if there exists a feasible solution, there exists at least 
onej (which w'e shall consiVIer fixed) such that 

(36) t/oj > 0. 

Multiplying (30) by 6 and subtracting from (35), we obtain 

(37) G + (po + Oyoj)PQ 

= ePj + (wi - eyij)Pi + • • • + (?e,„_i - dy(^ni-\)i)Pm-\- 

For a range of ^ > 0 "o can construct, in a rnaniuw analogous 
to (13) and (14), a set of points of the form G + p/\), each given by a 
positive linear combination of points Py. Since p will play a role 
analogous to 2 , we are interested in the highest value of p for which this 
is possible. It will be noted that 

(38) P = Po + %()j > Po 
since yo; > 0 has been assumed. 

If, in the representation of Pj in (30), all yij ^ 0 (f == I, • • • , w — 1), 
the coefficients of Pj will be positive and p — > +oo as 0 +oo. At 
the same time it will be si^en, by solving (30) for 

(39) Pq = 0/yoj)Pj+ (•~?/u7?/oi)Pi + ••• + (— ?/(w-i)y/ 2 /oy)Pm-i, 

that a fc'asible solution has been obtained (i.e., Po has been expressed 
as a positive linear combination of P^, P 2 , • • • , P,,, ...i and Py). If at 
least one ?/,y > 0 (/ = 1, • • • , — 1), the larg(*sl value of 6 is given by 

(10) ^0 = min {wi/yij)j ya > 0. 


Setting B = 0n, the coefficient of at least one point, /\, will vanish and a 
new point, 

G + piPo, 

will be formed from (34) which is expressed as a positive linear combina- 
tion of just m — 1 points, P^-, where 

(11) Pi = Po + ^o^oi > Po- 

lOxpressing all points Py in terms of the new basis, the process may be 
repeated, each time obtaining a higher value of p (or an infinite value, 
i.e., a feasible solution). The process must terminate in a finite number 
of steps. For, otherwise, since there is only a finite number of bases, 
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the same combination of (m - 1) points would api^ear a second time; 
that is, 

(42) G + p'P„ = w[Pi + lo'Pj +----hw„^ 

(43) G + p"Po = w'l'Pi + W 2 P 2 H h tp"_,P,„_i, 

whore p" > p' . Sublraciinj? (42) from (43), we obtain a nonvanishing 
expression giving Po in terms of {in — I) points P,-, eont.radieting the 
nonrlogenonKiy assi i m pti ( > 11 . 

Thi^re are, howcn-cM*, only two conditions which will terminate the 
process; i.e., after a finite nnmber of iterations either 

(44) 7/(,j ^ 0 for all j = 1, • . • , n, 

in which case, by Theorem 3, no feasibh* solution exists; or, for some 
fixed j, 

(45) yij ^ 0 for all i = 1 , • • • 

in which case, by solving (30) for as was done in (40), we obtain the 
desired feasible solution. 

The term “simplex” techniciue arose in a geometric version of this 
development which assumes that one of the ni eejuations (3) is of the 
form 

(40) Xi + X 2 H h Xn = 1* 

A point, /^y, is defined by the* remaining coonlinates in a column includ- 
ing Cj from (1) as an additional “s”-coordinate. We may interpret (1) 
and (3) as defining the center of gravity of a system of points Py with 
weights Xy. The problem consists, then, in finding weights Xy so that 
the (;(*nter of gravity lies on a line L defined by m — 1 of the rtdation- 
ships xi = hij X 2 = ^ 2 , • • • , .r„i = su(*h that th(^ s-coordiiiate is 

maximum. A basis, Pi, Po, ••• , Pm, niay be considered one of the 
faces of a simplex formed by P\, Po, • • • , P,n and Pj, The ^-coordinate 
of Pj is Cj] the 2 -coordinat.(^ of the jirojection parallel to the s-axis of tlu' 
point Pj on the plane of the face forincul by the basis is Zj. He(\aus(' 
Cj > Zj by (11), all points in the simplex lie “above” the plane of this 
face. The lino L cuts the kise in an int.(»rior point whose >value is 20 , 
hence it must inferseet another face of (he simplex in a “higher” point 
(i.e., a point whose c-value is greater than .iri))- 
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APPLICATION OF TUE SIMPLEX METHOD TO A 
GAM 10 THEORY PROBLEM » 

By Robert Dorfman 

This rhaptor Avas pn'sont^l at the Conference on Linear Programming 
becfaiise there seems to he a sliortage of small scale? examples of the 
calculations involved in computing an o})tinium program. 'I'lie chapter* 
is coneierned, to be sure, with working out the optimum strategi(?s of 
two opponents in accordance with tlic princijiles of game theory. But, 
as is shown in the first s(?ction, such a problem in game tlieoiy is (?(|ui va- 
lent to a problem in linear programming, and the transformation from 
game form to programming form is easy to mak(\ Another (kanonslra- 
tion of the (?([uival('ncc of game and programming problems is given by 
Dantzig [XX]. 

It will be noted that when a game is reduced to linear programming 
form there n'sults a special type of matrix, part of wliose columns form 
a negative? identity matrix. Sucli spc^cial matrices are also charaetter- 
istic of some genuine linear programming problems. They arise when- 
ever disposal activiti(?s arc us<*d. 

In problems of game th(?ory there is n(?ver any difficulty in finding a 
feasilde solut ion from which to begin the optimizing firocess. Such diffi- 
culties may 1)C en(?()untered in a genuine linear programming problem, 
hoAvever, and this is the principal difh'rence betwcnai the two as far as 
computational problems arc concerned. 

The first part of this chapter will show how any game situation may 
be put in proj)(?r form for the simplex method. In th(? s(*cond part the 
calculations involved in solving a specific? game will be outlined and 
explained. 

1. Reduction of a Game to Simplex Form 

Consider a constant-sum two-p(?rson game where X, the maximizing 
player, has m strat<»gies, 1, 2, ••• , F, the minimizing player, has 

‘Th(? iissislaneo of (jt*org«» H. Dantzig in the pn'paration of tliis chaptor is gralo- 
fiilly aoknowh'dged. Thanks are due also to M. 1 j. Slater for a number of helpful 
suggest ions. 

:m8 
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n stratcKics, 1,2, • • • , and Qij is tho value of t he game to -V if he plays 
his ith strategy and Y plays his jth. The payoff matrix is then 


an 

021 


A ^^*2 

«22 • 

• «m2 

A == 



Ji\,i 

* 



Without loss of generality it ean be assumed that every element of 
this matrix is grcatijr than zero. If this is not true of tluj game as origi- 
nally formulated, a sufHcieiitly large eonstant can be added to tlui ele- 
ments of the matrix to make them all positive*. The additiem e)f siiedi a 
eemstant will leave the optimum strategies une*hangcd. 

Suppose that X plays the mixed strategy eledincd by giving wedght Xi 
to the ith pure strategy, = 1. Then the value of the game will be 

n 

= 52 + “2^2 -I 1- (ImiXm), 

jv-I 

where yj is the weiKlit given to tlie jth strategy ojK-n to 7. Let 
Bj(x) = afjX] + a 2 jX 2 H H 

ami let 

= min Bj{r). 

J 

Then X ean anticipate that, if his strate*gy is found emt, Y will e*he)ose 
//;.) ” Vj = 0 ^ in), J^o that the value of the game to A' is w = 

mill; Bj{x) = 14ius A must (»ndeavor to select j*i, X 2 , • • • , r,,* 

so that miny Bj(x) is as great as possible, subj(H*t to the condition 

srA = i. 

The liiK'ar programming problem e(|uival(Mit to this will now be con- 
st, ructed. Consid(»r any set, x, of weights, and let Bj),(x) = miiiy Bj(x). 
Also let 

(1) = ‘n/Bj,{x). 

Since we have assumed that all the elements of the matrix are positive, 
Bj^,{x) must also be positive, and then 

(2) Bj{ii) = Bj{x)/min Bj{x) ^ 1, 

3 

m m 

s = 22 “i = 52 
1=1 1-1 


( 3 ) 
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Ea(;li set of weights, x, determines a game-value, a set of u defined 

by equation (1), and a sum *S defined by euuation (3). By virtue of 
equation (3), the set of x which determines the smallest S will also deter- 
mine the largest Bjjix). This set of x can be found in two steps: 

(a) Find a set of values, Mi, U 2 , ••• , Umy • • • , Um+n, satisfying 


(4) 

Uk ^ 0 

(fc = 1,2, • 

• • ,in + 7 i ), 

(5) 

Bj(u) - Um+j = 

1 (i=i,2, •• 


(6) 

S = Ml + M2 ^ h M,« = 

minimum. 



This is the problem in the form for the simplex method. 

(b) Compute j* from 

(7) Xi = Ui/B (i = 1, 2, • • • , m). 


2. Application to a Specific Game 

'I'his method of computation will be illustrated by solving the game 
specified by the payoff matiix of Table I. 

Table I. Pavopp Matrix 




Player A’s Strategy * 


Player /P.s 






Slrate^y * 







1 

2 

3 

4 

5 

1 

5.31 

S.52 

12.05 

10. (K) 

20.00 

2 

2.70 

3.77 

0.30 

!).70 

13.40 

3 

3.04 

2.70 

3.00 

5.'H 

8.99 

4 

5.91 

3.(K) 

2.70 

3.(14 

0.02 

5 

9.70 

0.30 

3.77 

2.70 

4.04 

6 

10.00 

12.05 

8.52 

5.31 

2.70 


* A ia the iiiuxiinizing iilaycr, B the iiiiiiiinizing player. 


The matrix for determining the u is obtained by appending to this 
matrix the negative of the identity matrix and prefixing a column-vector 
of Fs, as in Table II. Appending the negative identity matrix amounts 
to introducing n “dummy strategies” for the maximizing player. I<]ach 
of these dummy strategies corresponds to one of the real strategies of 
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the minimizing player, the one in whose row the nonzero element 
occurs. 

Each of the columns in this matrix is regarded as a point in six- 
dimensional Euclidean space. The simplex method makes use of the 
fact that any point in an n-dimensional space can be expressed as a sum 
of n linearly independent points. 

Table IT. Matrix for Determining u 


/'o 




/'4 






/’lo 

/'ll 

1 

5.31 

8.52 

12.05 

16. (K) 

20.00 

-1 

0 

0 

0 

0 


1 

2.70 

3.77 

6.30 

0.70 

13.40 

0 

-1 

0 

0 

0 


1 

3.G4 

2.70 

3.60 

5.01 

8.00 

0 

0 

~1 

0 

0 


1 

5.01 

3.60 

2.70 

3.64 

6.02 

0 

0 

0 

-1 

0 


1 

9.70 

6.30 

3.77 

2.70 

4.04 

0 

0 

0 

0 

-1 


1 

16.00 

12.05 

8.52 

5.31 

2.70 

0 

0 

0 

0 

0 

— 1 


The first step in the solution is to s(de(;t six points on the basis of which 
all twelve points can be expressed. The only rei|uir(^ment on this scd. 
is that flic point with unit coordinates, should be expressible as a 
linear combination in which the points in the set appear with positive 
weights. We note that all the elements in the Px (column are great(»r 
than unity. Hence a si'lection such as /^, Po, /^s, will 

satisfy the recjuirement. This is the original basis whii^h was, some- 
what arbitrarily, selected. The n»sult is shown in Table III. For 
example, the A) line in Table HI is e(]uivalent to 

To = 0.370/^ + 0.9()7Po + 0.31S/^s + l.lS9/^9 + 2.583/^o + 4.926/^1. 


Table HI. The Twelve Points on the Ohhjinal Basis 


Biisis 

Po 

"i 

Pt 

Pi 

Pi 

Pi 

Pi 

Pi 

Pi 

/•» 

Pm 

Pu 

i\ 

0.370 

1 

1.396 

2.333 

3.502 

4.<Mi2 

0 

-0.370 

0 

0 

0 

0 

i\ 

0.%7 

0 

-1.107 

0.338 

3.073 

6.348 

1 

-1.065 

0 

0 

0 

0 

i's 

0.348 

0 

2.382 

4.802 

7.164 

0.071 

0 

-1.347 

1 

0 

0 

0 


1.180 

0 

4.650 

11.088 

17.588 

23.:K)5 

0 

-2.187 

0 

1 

0 

0 

Pw 

2.503 

0 

7.241 

18.8(K) 

32.142 

44.001 

0 

-3.580 

0 

0 

1 

0 

Pn 

4.020 

0 

10.286 

28.808 

52.162 

76.602 

0 

-5.020 

0 

0 

0 

1 

s 

0.370 

1 

1.306 

2.3.33 

3.502 

4.062 

0 

-0.370 

0 

0 

0 

0 
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In matrix notation, tliis may bo written 



This checks with the Po column of Table H. Similarly, from Table III, 
P 2 = I. 396 P 1 - 1.107Pg + 2.382Ps + 4.C50Po + 7.2 1 IP, „ + 10.28G/*ii. 
In matrix notation, 



This checks with the P 2 column of Table 11. 

In this manner, (iach column of Table I IT shows one of the twelve 
“points’^ of Tabic TI as a weighted sum of the six s(4e(ited points which 
form the “basis.” 
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In '^Pabln III cii(;li of the twelve points under consideration has been 
expressed as a linear function of six of them. Two aspects of this 
table should be noticed. First, all the coeflicients in the column, 
which corresponds to the right-hand side of ccpiation (5), arc positive. 
This shows that a set of u satisfying ecpiation (4) has been found. A 
basis which fulfills this reciuirement is known as a fea,siblc solution. 

It should be remarked that in a matrix of this sort tlicrc is iKJver any 
difliculty in finding a feasible solution. All that is necessary is to find 
a column all of whose elements arc at least eciual to unity. If no such 
c.olumii exists, the situation can be remedied by adding unity to each 
of the elements of the game matrix. I'liis will not alt(‘r the solutions 
obtained, though it does iiKMcase by unity the value of th(^ game. 

Secondly, att(Mition should be drawn to the AJ-liiui at tlu^ foot of Tabk* 
III, which is related to the*S of cciuatioii (6). This line is defined to be 
tluj sum of the (Mitries on th(^ lines corresponding to points /^i, * * • » 

/V, in each of the columns. In the present instance, sinccj only /^| and 
])oints beyond 7^5 oc.cur in the ba.sis, it is simply the entry on the /^i line. 
\Vc shall denote by Si the entry on the N-linc of the point Pi. The entry 
in the P{) column of this lirui is the *S of e(|uation (6). The use of the 
other (uitries on this line will be explained below. 

Now, to each set of six points constituting a feasible basis, there will 
correspond a cci’taiii value of N, which will appear at the bottom of the 
Pq column. The problem, as set forth in etjuation (6), is to find th(‘ 
feasible basis to which corresponds the smalkvst possible value of S. 
This is done by starting with the basis already found and substituting 
one of the excludc'd [loints for oiui of the points in the original basis, 
thus obtaining a new basis which has live ])()ints in common with tin; 
old one. The formula for shifting tlu^ basis is givt*n in the Appendix to 
this chajiter. 

Naturally, the |)oint to be deleted and i\m i)()int to be added must hv 
selected in such a way that the revised basis satisfies two retiuirenients, 
namely (i) it is a h^asibk? basis, and (ii) it corresponds to a smaller value 
of S than the original basis. This is accoini)lislied by the following 
procedure: - 

(a) Introduce into the basis the point selected as follows: 

(1) For points Pij • • ■ , Prt compute N,- = Si — I (7 = 1, • • • , 5). 

(2) For points 7^r„ • ■ • , /^i take S; - Si (/ = G, • • • , II). 

(3) Introduce the point with the larg('st value of S', provided that 
it is i)()sitive. If there is no positive value of S\ the basis at 

2 The imitliLMUiiticjil jusliliwitioii of this pnwodiirii ]i:is lurii given by Diintzig 
IXXl]. 
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hand is the best possible one and constitutes the desired solu- 
tion. In the case under discussion, point 7^, is to be intro- 
diKJod. 

(b) Delete from the basis tlie point selected as follows: 

(1) Divide the values in column P5 (the point to be introduced) 
by the values on the corresponding lines of column Po. 

(2) Kind the row that has the largest ratio. The point corre- 
sponding to this row is the one to be dropped. In this case 
it is the point Ps- 

(c) Calculate the change of basis by the formula given in the Appendix 
to this chai)t(T. 

(d) Repeat tlu*. process of (Jianging the basis one point at a time until 
there arc no positive values of *S'. 

(c) The weights of the points in the Po column are then the d<'sirc*d 
values of u, and the /S-value of the I\) column is the minimum possibh? 
value of S. 

The work in the present instance requiriul four changes of basis. 
Each change of basis reciuired n(m + 1) = 6(5 + 1) = 36 multi|)lica- 
tions and a corresponding numlwr of subtractions. 'I'lius tlu! total 
computation rccjuinMl 144 of these bjusic operations, finally nvsulting 
in the weigliting shown in Table IV. 

Table IV. The Twki.ve Points on the Finai^ Basis 


Basis 

Po 


Pi 

Pi 

Pi 

Po 


Pi 

Ph 

Po 

Pm 

Pi 

h 

0.057 

I 

0.077 

0.330 

0.045 

0 

0 

0 

0 

0.115 

-0.174 

0 

/'5 

0.10!) 

0 

-0.000 

0.115 

0.502 

1 

0 

0 

0 

-0.270 

0.170 

0 

Ps 

1 .405 

0 

-0.257 

-7.038 

-4.533 

0 

1 

0 

0 

-4.050 

2.478 

0 

h 

0.()45 

0 

-2.83S 

-3.842 

-2.058 

0 

0 

1 

0 

-3.420 

1.811 

0 

/'» 

o.itn 

0 

-0.820 

-1.314 

-0.002 

0 

0 

0 

1 

-2.074 

0.801 

0 

Pn 

0.215 

0 

-1.303 

-2.750 

-3.083 

0 

0 

0 

0 

1.100 

-2.324 

1 

.S 

0.106 

1 

O.OIL 

0.454 

0.007 

1 

0 

0 

0 

-0.104 

-0.004 

0 


This tabic indicates that strategies I and 5 arc the only ones which 
occur in the optimum mixed strategy for player x, and they occur with 
weights 

X, = 0.057/0.166 = 0.313, x., = 0.109/0.166 = 0.657. 
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This application of the simi)lox method rests on two assumptions. To 
disc\iss the first, let u represent the number of strategies available to the 
minimizing player, l^jach of the maximizing player’s st rategies may then 
be represented by a vector of n + 1 components. The tirst of these 
components would be unity if the strategy being n^prescmtc'd were real, 
and zero for a dummy straU'gy. The n'rnaining elements of thc^ vcujtor 
would be the entries in a column of the payolT matrix, such as the one 
illustrated in Table 11. In tliese terms, the simplex method assumes 
that every set of n d- I of such vc'ctors constitutes a linearly indep(^ndent 
set. The procedure is valid even if this assumption is not satisfied, but 
then the optimum solution is not necessarily uni(|ue. In fact, there 
may be an infinite number of mixed strategies all yielding the maximum 
value of the game if the vectoi^s are not linearly independ(mt. 

The second assumption is more critical. It states that the first column 
of Table II, tlie column consisting of Ts, is linearly indepcMident of 
cvciy set of Ji — 1 of the following columns. If this assumption is vij)- 
lated, the line of reasoning behind the simplex method fails. It appears, 
nevertheless, that, if the? simplex m(»thod is applu^l in such a case, it 
will lead to the correct solution. A satisfactory proof of this assertion, 
however, remains to be found. 

3. The Minimizing Player 

At the Linear Programming Conference, I hu man Rubin pointed out 
that this calculation, which is made from the viewpoint of the maximizing 
player, yields simultaneously an optimum strategy for the minimizing 
player. In fact, the entries on the »S-linc of Table I\' arc proportional 
to the probability weights in the minimizing player’s optimum mixed 
strategy. 

This Ix'comes evident once it is noticed that the essence of the simplex 
calculation is to select the set of ‘‘good” strategies for the maximizing 
player and to attach probability weights to those good strategies in 
such a way that, no matter which pure strati'gy the minimizing player 
uses, the value of tin? game will be at least e(]ual to a (*ertain amount. 
The good strategies are the real strategies which appear in the final basis. 
The real strategies which do not- appear in the final basis are not. good 
strategi(‘s and, of course, receive ziu'o weight in the optimum mixed 
strategy. 

The computation at the same time reveals the good strategies for the 
minimizing ])layer. This can be seiui as follows: Let us assume that 
the maximizing player has /•■ good stratc'gies (in the example, k — ‘2\ 
and for convenience led us assume that the stratc'gies have been numbered 
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in such a way that the first k are the good ones. Then all the maximiz- 
ing player's strategies beyond the first k may be disregarded; they will 
never be used. The simplex computation has produced a ifc-component 
vector of weights, Mi, U 2 f • • • j Uk such that 


1 

§ 


'Ux 


i ■ 

ai2 (l22 • • * 0>k2 


U2 


1 

-Oin <l2n ' * • 


- 


.1 . 


The result of the multiplication on the left side of this expression is a 
column vector. The first element of this vector is proportional to the 
value of the game if the maximizing player uses his optimum mixed 
strategy and the minimizing player uses his first pure strategy. The 
second element is proportional to the value of the game if the maximiz- 
ing player uses his optimum mixed strategy and the minimizing player 
uses his se(;ond strategy. Each line of the inequality thus gives a value 
proportional to the value of the game for one of the minimizing player's 
strategies. The set of good strategies for the minimizing player consists 
of those of his strategics for which the element in this vector is as small 
as possible, namely equal to unity. Now, the final basis found in the 
simplex calculation included n strategies, real and dummy together, of 
which we assume that k arc real and n — k arc dummy. Since there 
was a total of n dummy strategies, k of them were excluded from the 
final basis. But the exclusion of a dummy strategy from the final basis 
requires that the eciuality, rather than the ineciuality, hold on the line 
in which its nonzero element oc(airs. Thus the etiuality holds on k lines 
of the expression just given. This indicates that the minimizing ifiaycr 
has k good strategies, and these are the ones for which the corresponding 
dummy vectors arc excluded from the final basis. 

In the example under consideration the excluded dummy vc(;tors arc 
Pi and PiQ. The nonzero element of Pq occurs on the line corresponding 
to the minimizing player's strategy 4, and the nonzero element of Pio 
occurs on the line corresponding to the minimizing player's strategy 5. 
These arc the two strategies which make up the minimizing player's set 
of good strategies. 

Now, just as the mjiximizing player uses only good strategies in his 
optimum mixed strategy, so docs the minimizing player. And just as 
only columns of the basic payoff matrix which correspond to good 
strategies for the maximizing player occur in the final solution, so only do 
rows which correspond to good strategics for the minimizing player. It 
will be assumed also, for convenience, that the good strategics for the 
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minimizing player eoiistituU^ his first k. Sinire the eiiiiality sign holds 
for all rows eorresponding to the minimizing player^s good strategies, 
the reiiuirement on th(^ ?.(-vector may now be written 



The pun' strategies which ('liter into the minimizing player^s optimum 
mixed strategy have now Ixien identific'd. lla'y are the ones c.orix'sjiond- 
ing to dummy strategies excluded from the maximizing ])layer’s final 
basis. But the probability weights to be assigiu'd to tlu'sii stralegic's 
rt'inaiii to be d('l(n*miiied. Theses weights arc determined from the 
following condition: If the minimizing player adopts his optimnm mix(Ml 
stratc'gy, the expected value of the game must be independent of which 
j)ui (^ sti‘at('gy the maximizing player selects from his set of good strategies. 
This can b(j (expressed algc'braically. Let \V ■= iV 2 f • • • , WkY be a 
vector proportional to the minimizing playcr^s optimal mixed strategy, 
and let A * denotes the k by k submatrix of A which corresponds to the 
sets of good strategies for both players. Then tlui reciuirernent is that 
\y'A* = Ijfc, where U* is a column vector of k ('lenu'iits all cijual to I. 

It will now be shown that the line S of Table IV salisfii's [\n\ ri'ciuiny 
ment on tlic vector ]V. The simpk'X solution consisted in ('xprc'.ssing 
tlu! strategies excluded from the final basis in Umiiis of those straU'gics 
included in that basis. In so far as the real strategies included in the 
basis and tlui dummy strategies ex(*Iud(;d from it (then* arii k of ('ach) 
arc conceriuHl, it consisted in solving A*Q — —/a-, where /*• is the 
A'-rowed identity matrix. Evidently Q - —A*~\ and the SAinv, of 
Table IV is simply S' = \'kQ, wlu'nce 

If -S be substituted for the ir-v(H;tor it is seen that the rcciuiremc'iit 
is satisfi(Ml. Thus the negatives of the entricis on the N-linc of Table IV 
in the columns corresponding to the dummy stratc^gies excluih'd from the 
final basis are proportional to the weights in the minimizing jilayer's 
optimal strategy. In tlu? example the entry at the foot of the /^) column 
is -0.164 and the ('iitry at the foot of tlie /ho column is -0.004. Thus 
the probability weiglits for the minimizing player are 

1/4 = 0.1G4/0.1G8 = 0.976, yr, = 0.004/0. IGS - 0.024, 
since 0.164 + 0.004 = 0.168. 
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APPKNDIX 

Formula for changing basis. Siipfiusii that, thorc arc *S points expressed on the 
ba.sis of n of th(‘m, n < aS, and suppose, for sinipli<‘ity of notation, that the n points 
in the basis arc those numlwn*d 1,2, • • • , ?i. TIkui each point is expressed in the 
form 

Pi = + C2iF2 + ‘ + Cni}\ (1-1,2,..., aS). 

Now let it b(? desiri'd to dt*lete the i)oint Pj from the basis, j ^ n, and substituU; the 
point Pki n < k S The calculation is as follows: 

(1) Pi = CiiPl + • • • + CiiPi + . . . + CniPn (1 = 1,2,..., N), 

( 2 ) 0 = CxkP\ + • • • + CikPi + ■ • ■ + CnkPn - Pk. 

Multiplying equation (2) by Cji/Cjkt we get 

(3) 0 = Ctk l‘i + • • ■ + Ciil'i +■■■¥ (U ^ P*. 

Cjh Cjk Cjk 

Subtracting this from equation (I) gives 

(4) l> = (c,. - Cu /'i + • • • + 0 . P, + • • • + (Cm - P„ + “ Pi. 

E(|uation (4) is the formula for the a ))ointK on tluj new basis, 1, 2, ... , j — 1, 
j + 1, • • • , n, k. 
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APPLICATION OF TllK SIMPLFX MpyiTIOI) TO A 
'riiANSPoirrA'rioN problism • 

liY Gi:ou(sk B. Dantzk; 

A number of years before the Air Force general izcnl the work of 
Tieontief to make it appli(*al)le to highly dynamic situations, llitchcocik 
[1941] and Koopmans [XIV, 1947] indepemlently considered an interest- 
ing special case: A homogeneous product is to be shi[)p(Ml in the amounts 
• * • » rcsi)e(‘tively, from each of 7n shipping origins and re- 
ceived in amounts foi, 62 , • ■ * , Kj respectively, by each of n shipping 
desli nations. The cost of shipping a unit amount from the ?th origin 
to jth destination is Cij and is known for all combinations (?, j). The 
problem is to determine the amounts Xij to be shippcnl over all routes 
{iy j) so as to minimize the total cost of transportation. In Table I 
it is clear that Xij must be chosen so that the rows sum to the marginal 


Tarle I. Program of Shipments 


\ 


l)estination.s 


Total 


V 

t\ 

(1) 

(2) 


in) 


ai 

q 

(1) 

i'll 

JI 2 


Xln 

fll 

a 

•C 

(2) 

/2l 

J 22 


X2n 

(12 

0 



... 

... 

... 



(m) 

Xml 

Xm2 

. . . 

Xmn 

a,H 




! 



m n 

Total 

hi 

/>2 

... 

hn 

<-l J-l 


* The author is imlebted to Emil D. Schell for assistance in preparing earlier versions 
of this chapter. 
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totals Ui and the columns to bj. The basie i-olations that must be satis- 
fied are 


n 


(0 

T, = «»■ 

>-l 

(*■=1,2, • ■ 


(2) 

m 

X=1 

(J = l,2, • 


(3) 

o 

All 

*•:? 



(1) 

m n 

1=1 




Iho linear programming problem eonccms itself with minimization 
(maximization) of a linear form whose variables sjitisfy a system of linear 
inequalities. Usually in practice this problem is encountered in the 
above standard form, namedy, as the minimizjition of a linear form of 
nmirwgative variables subjecit to a system of linear equalities. 


1. ArpLrcATioN of tiik Simplkx Mkthod 

According to the general theory [XXT], if there are k independent 
equations in I variables, a solution (provided onc^ exists) which minimizes 
the linear form can be obtained that involves at most k variable's with 
positive value while the remaining I ~ k variables vanish. Chapter XXI 
establishes this under the condition that every determinant of A^th order 
is nonvanishing. This condition is not satisfied in the transportation 
case; however, an earlier version of this chapter contains a direct proof 
of this theorem which can be slightly altered to remove this restriction 
[XXT, Theorem A; see also XV [. The method of i)roof is to show that, if 
any feasible? solution involves more than k variables with positive values, 
the number can be reduced. 

It is not difficult to show that the m + w equations (1) and (2) con- 
stitute m + n — ] independent eejuations in mn unknowns. Thus ihe 
minimizing solution requires at most m n — ] routes with positive 
shipments. 

It is useful to reformulate the transportation problem in terms of a 
system of activitic'S that have various items in common. The activity 
of shipping the homogeneous pnxluct from i toj will be denoted by yl/y. 
To sustain a unit level of this activity, one unit of the product at fhe 
ith origin is reepnred as input, and one unit at the jth destination will 
be made available as output. We shall by convention use + to indicate 
flow toward an activity and — to indicate flow away from an activity 
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of an item. Thus, if m “origin” items and “destination” items are 
defined, a unit of activity Aij is characterized by a vector with +1 
(input) for origin item z, — 1 (output) for destination item j, and 0 for 
all other items. We shall use the same symbol to denote an activity 
Aij and the ve(;tor associated with unit amounts of the activity Aij. 
'fhe elements of the vector Aij are shown in Table II. 


TaHI.K II. lOl.KMKNTS OF Aq 


Itiim 

(A a) 

= i^i) + ivi) 

Bo 

Oritrin 





1 

0 

0 

0 

«l 

2 

0 

0 

0 

«2 

i 

II 

+1 

0 

(li 

m 

0 

0 

0 

am 

Destination 

1 

0 

0 

t) 

-In 

2 

0 

0 

0 

-k 

i 

-1 

0 

■1 

-bj 

n 

0 

0 

0 

-lln 


It will be noted that, if a dummy activity, is defined with +1 for 
origin item i and 0 elsewhere, and similarly r\j is defined with — 1 for 
destination item j anti 0 elsewhere, all mn activities have a simple 
representation in terms of this basic scit of m + n duiiimy activities: 

( 5 ) Aij - + rij. 

A foasibl(! solution consistiuR of m + n - 1 combinations is easily 
obtained provided only a; ^ 0, bj ^ 0, and ^Ui = For example, 
All can be chostm first and xu units of this activity performed, where 
Xu = min (ai, i»i). If «i ^ hi, then obviously all otlier x,-,- in the firet 
row of Tabic 1 vanish, and the corresponding n — 1 activities arc ex- 
cluded from the fciusiblo solution. Deleting the row and replacing hi 
by h| — U] reduces the rectangular array in Tabic T by one row. (If 
tti > hi, the other elements in the column would be deleted.) Continu- 
ing this process, a row or column will be deleted and one activity selected 
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at each step until only one row or column is left. Thus, if, for example, 
in k steps vi — 1 rows and k — {m — 1 ) columns have been determined, 
the remaining n — [fc — (m — 1)] activities in the last row will be used 
to (jomplete the set of activities in the feasible solution. Accordingly, 
k + n — \k — (;?i — 1)] = m + n — 1 activities have been chosen. 
The possibility of one or more Xij = 0 in the set of m + ri — I activities 
is not excluded. 

Moreover, An is followed by A12 (or A21) and A\2 followed by A13 
(or A22), etc. In general. A, 7 is followed by or Aaj^nj- 

thus a simple matter to express the dummy activities in terms of the 
activities of the feasible solution. If A 1 1 , A 1 2, A22, A 32, A 33, etc. , appear 
in the solution, then we obtain, by taking dillciiences of activities as they 
are generated, 

1?2 = Ai 2 — All, 

?2 ~ fi = A22 “ Ai2, 

( 6 ) 

& “■ = A32 ~ A22, 

V'Ji ~ = A 33 — A 32, 

SO that f2, • * * , fw — fw-i will be determined in turn, as 

well as 1/2 — );i, • • • , W<i may thus direcAly express any 

and rij in terms of the activities of the feasible solution. Denoting 
the activities of the f(?asible solution by i^i, /^2> • • ‘ n-i, making 
use of the relation rn = Bi — Ji, it is a straightforward matter of sum- 
ming dilTerences on either f j or r}j to obtain a solution of f or rfj as a linear 


combination i 

of the vc(!tors 7^, ' 

' ' * ) B„i i-u_i 

and : 



m+w- 1 




li = + 

^ikBk 

(i= 1,2, •• 

• • , 



k^\ 



(7) 


m } »— 1 




VJ = -?1 + 

22 Nkfh 

O' = 1, 2, • 

■ • , m), 




where \ik and njh are constants. Moreover, from ( 5 ) any A ij is given by 

m |-n— 1 

(8) Aij = (X,fc + 

k-^i 

The fundamenlal approach of the simplex technicjiie is to express all 
activities in the system in terms of a basic set of activities constituting 
a feasible solution. This has just been done. There are thus two ways 
t-o accomplish an activity Ajj, either directly or indirectly as a linear 
combination of activities Z?jfc. In (8), however, the coefficients can be 
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positive or negative. This is intc'rprctcd to moan that one unit of Aij 
can be done by doing (X^ + /Xj,) units of Bi, (X|2 + My2) i*nits of /?2, 
etc. When the coellicieiit of B\ is negative, it means to (Jecreasc the 
number of units of Bi by this amount, if possible ^ in some system in 
which 7 ^ 1 , B2f ••• , Bm+n-i are being performed at some positive number 
of units. 

The next step of the method is to “cost” the direct versus the indirect 
way of doing one unit of A ij. The direct cost of one unit of A ij is c,;, 
the direct costs of Bij B2 j • • * , B„t^n-i will lx* dimoted by ci, r2, • • • , 
Cw4n li if 7^1 = All, then ci = Cu. The indirect cost of Aij will 
be (hmoted by Cij, 

m-\-n — 1 

(«) Cy = Yj 0-ik + = Ui + 

k=i 

wliere tu and Vj “cost” the dummy ac?tivities {,• and i/y, 

w* ~ “h * * ‘ > “l~Xj (7=1,2, • • • , 7w), 

( 10 ) 

~~ H” * * * ) m-| n— iCM-f-w— 1 {j — 1; 2, • • • , 7t). 

'Fhe general tluniry states that if 

(11) Cij<Cij 

it pays to introduce Aij and to drop one of the activities /?i, Boy • • • , 
B„i^n-i fr^>ai the feasible solution. Which one to drop will now be 
discussed. 

Let Ji , .r2, • • • , :r„,+„_.i be the number of units of /ii, 712 , * • • , 71 ^ 4.„_i 
in the feasible soluti<jn; then 

( 12 ) ^iTli “f“ “("*’’“ 1 “ i 71 m-i -«— 1 71 () (.r; ^ 0 ), 

where B^ is the column vector ai, • • • , a„„ — 6 i, • • • , —h,, (see Tal)lc 
TI). It will be noted that .r/ is assumed positive. The case where one 
or more .r,- = 0 will be considered degenerate and will be discussed later. 
The total cost of the solution given by ( 12 ) will be denoted by Zq; 

( 13 ) Jp'i + JI' 2<'2 t“ ’ * * I ’L'T/H-j-M — — 1 = So* 

Assume Cij < Cij for some A ijy and rewriU* (S) and ( 9 ) as 

(14) Aij — (viBi + V 2 B 2 H h n -\B,„.^ n-\) = 9, 

(15) Cij — {v\C\ + P2^^2 H 1“ Pw-I »-lOw-|-«-l) = ^ o), 

where 

(IG) Vk \k + MjA- 
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By multiplying equation (14) by 6 and adding this to (12), other 
feasible solutions are obtained jirovidcd 0 > 0 and 0 is not so large that 
any cooflieient of Hi is negative. By multiplying (15) by 6 and adding 
this to (13), the corresponding cost, zi, of the new feasible solution is 
obtained; 

(17) zi = Zo - eicij - Qj), 

which by (1 1) is clearly less than Zq. 

Now there is a very simple rule for evaluating the largest value of 6. 
Referring back to (6), (7), and (8) it will now be shown that the values 
of }iik and njk are either 0, +1, or —1. Jf X/fc = +1 for any Ra-, then 
Hjk = 0 or — 1, because in (6) the Aij clocks not app('ar with the same sign 
for (lilTercnces involving f and ly. To put it another way, (joeflicients 
in (8) arc cither 0, +1, or —1. Moreover, if (8) is used to eliminate 
any Bk from (7) in order to exprc'ss f,- and rij in terms of the remaining 
Bk and the new Aij^ it is clear from the structure of A,; that the same 
properties will hold after the elimination. Thus ixW coeflieieuts in (M) 
are +1, —1, or 0. Any vj = +1 in (14) will automatically place a 
restriction on the size of 6, 4'he maximum 0 is thus tlu^ minimum .r; 
in (12) whose corresponding vi = -f I in (1 1). Therefore 

(18) 6 = m\nxi, p,* = +1. 

If the minimum occurs for i = fc, then Bk will be eliminated, and the 
new solution consists again of w/ + ai — I activities. 

'riie n(nv feasible solution has .r,- incroas<Ml by 0 for Vi = -- 1, decrc'ased 
by 0 for Vi = +1, untouched for vi = 0. There will be 0 units of 
introduced. The cost of the new solution is given by (17). The “cost’’ 
of the dummy activiti(vs J,- and rjj given by (10) will be decreased or 
increased by +(cjj — Cij), or remain unchanged accordingly as the coi'f- 
ficients of Bk in (7) or of Ck in (10) appear C(iual to +1, — 1, or 0, resjiec;- 
tiv(4y. It should be noted that, if any is increascMl, no Vj can bci 
increased and conversely. 

The selection of Aij to improve the feasible solution depcndcid on 
('ij < The improvement in z, however, may hv, small or larger 
depending on which A,j is chosen. It has been found empiri(?ally that 
selection of A,j such that 

(19) Cii - Cii = max (i = 1, • • • , m;j = 1, • • • , n) 

will seldom introduce or eliminate an activity that is not in the final 
solution. Other (aiteria for selection of Aij an^ discussed in (yhaptca* 
XXI. 

The process des(!ribed is itcirated, each iteration producing a new 
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feasible solution involving m + n — 1 aetivitic's. For each iteration the 
value of Zy the total cost, is decreased. In a finite number of sU'ps an 
optimum solution is obtained, since the? solution at each iteration is 
uni(|ue, and tliere is only a finite number of ways to choose a basic s('t 
of m + n — 1 activities. 


2. The (^ase of Deoeneracy 

If for any iteration several Bk are eliminal(*(i, the general rule is to 
treat only one as eliminated and leave the others formally in the solution 
even though they appe^ar with zero weight. A criterion will now bi^ 
developed for the determination of the Bi, with zero w(‘iglit to b(' dro|)ped 
from the basic solution. 'Fliis is necessary, be'cause* it is not known 
whether an arbitrary selection will lead to a decreases in total cost in a 
finite number of iterations. In empirical example's arhilrary se'k'ction 
has proved to be a good working rule. However, for a slight amount of 
additional effort, one can protect onest'lf against possible failure of th(^ 
method in degenerate cases. The fundamental idea is that by slight 
modifications of the marginal totals, a,* and bjy in Tal)le I, degenc'racy 
can be avoided in a family of eepRitions whose marginal totals dilT(*r 
uniformly from the' (!orn'sr)onding n,- and bj by less than any desired e} 

Any basic solution consists of m n — I combinations, and, in case 
of (k'generacy, it involves one or more coml.)inatioiis with z(*ro weights. 
When this occurs, it implies that a partial sum of the u/s {'(|ua.ls a. 
pai’t.ial sum of the b/s. The proof can be argued as follows: 

Let in ^ /?; then there is at least one row in Tabk? I which (;ontains 
exactly one B^ from the basic solution (there must always, of course, lx; 
one or more for each column or row). Otherwise the number of Aij 
in the basics solution would be at le:ist 2///, which would re(|uire 2m g 
m + ^ — 1, or ni ^ n - 1, i.e., a contradiction. 'Fliiis one of the rows 
yields Xij = n*. D('leling the dh row and replacing hj by hj — aty the 
process may be repeal'd with the reduced ariay. With each iteration 
the new row or column totals differ from the previous ones by one dilfer- 
eiR^e, Hi — bj or bj - «/; in terms of the oiiginal a,- and b/s the new n* 
and bj are differences of partial sums of the original and by. Tims, 
if at any stage an = 0, this implk's the vanishing of both th(^ ir'w 
ttj and by. 

* The specific way to alter the marginal tot.als by f to avoid “dcgcmcracy” problems 
hsis bi'cn introduced in this version, although it wjis indicated as possible in earlier 
papers. Tliis extension was stimulated by Uolx^rt Dorfman and Merrill Flocxl, as 
well as by Tjalling C. Koopmans and M. L. Slater, the referees of this manuscript, 
who have insist c*d that the status of degi'iieracy be ^•larified. 
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Thus degeneracy can be avoided if we can prevent any partial sum of 
the a/s ecpialing a partial sum of the 6 /s. Consider a class of problems 
with unspecified e in which 

di = fli + € (i = 1, 2, , m), 

(20) ._j6y (i=l,2, ,n-l), 

^ \bj + me (j = ^0- 

Assume € > 0 . It will lie shown that there exists an €o such that for 
any c in the range 0 < e < €n then* can bc^ no partial sum of u/s eciual 
to a partial sum of 6 /s. There are a finite number of possible eciualit ies 
of partial sums of a/s to partial sums of 6 y’s. Consider the kih of these 
possibilities; it will be shown that there exists a range 0 < 6 < c/t in 
which where €fc depends on the partial sums in (luesfion. 

The sum of the (coefficients of 6 associahed with thcc d/ cannot b(c (Mpial 
to the sum of the (coefficients of e associated with the 6 ;, for the sum on 
the d side has a minimum of 1 and a maximum of m — 1 , while the sum 
on the 6 side is either 0 or 7n. Since the coefficients of e a?e not equal, 
by setting ™ ^A)r €. If e ^ 0, set ek = +«>, 

and if € > 0, set ek = «. There are a finite number of €a-^s. Lot cq be 
the small(}st of them; then for 0 < € < fo, there is no partial sum of 
d/s equal to a pari ial sum of 6 /s. 

For any basis, the general solution \xk] to (di, d 2 , • • • , d,„] 6 i, 62 , 

• • • , bn) can be repiesented as the sum of two special solutions; me 
first, IjaI, for (ai, aa, ••• , a,„; 61 , 62 , ••• , 6 ,J, the sofcond, {. 4 }, for 
the coefficients of c, where fc = 1 , 2 , • • • , m + n — 1 . 'riius 

( 21 ) Xk = Xk + Xk€ (fc = 1, 2, ••• + 1). 

In the shift from one basis to the next, the use of Xk constitutes a small 
additional effort over just working with Xk alone. This device may now 
be used to resolve all ti(cs (i.c., equalities, that give rise to degenera(cy). 
Supptjse, for exarnpke, that in (IS) 6 = Xk = xi) then the min [xkj xi] 
is chosen by comparing th(3 value of 'vith xi^ 

® It has Ixion provtMi by A. Ordcii that tho following prooodurc for assigning a fix(*d 
valiio to e n‘mov(!S dc^goniTacy and is convonu^nt for com])utat.ion. Tj(H< 5 (;(pial tlu; 
Ic^ast .signifi(cant digit in the Khipiiients Ui and hj. Take e (H{iia1 to the larg<^st signifi- 
cant digit in 6/2tn. This e used in (20) ijerniits no e(|iialiti(3s of partial sums. All 
computations are done* on th<* basis of di and 6,-. 'rhese artificial shipments havt^ mon? 
significant digits than tho original problem. Upon comjdt'tion of the computations, 
th(^ final Xij values are rounded off to the* same nuiniKT of significant digits as in the 
original Ui and 6y, and the msults anc then an (exact minimum cost solution to Mk; 
probli'in. 
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A solution which minimizc^s the total cost will he reached in a finite 
number of iterative steps because the removal of degeneracy by the e 
technique makes it impossible for a basis to jippcar more than oru^e. 
With degeneracy mmoved, the total cost must decToasc at each stage of 
iteration, which would not be true if a basis were to recur. Since the 
number of possible bases is finite, a minimum cost solution must be 
n;achcd in a finite number of iterations. 


3. Rules for Computinc an Optimum Solution 

(a) Construct a unit cost table giving tlu^ cost, cij, to ship a unit 
amount from shipping origin i to shipping destination j. Inf ho oxanlI)l(^ 
(Table III), the cost to ship from origin (2) to destination (I ) is 5; from 


Table III. Direct Unit Costs, aj 



Dc'stiiiat ions 



(1) 

(2) 

(3) 

(4) 

(fl) 

(1) 

3 

2 

1 

2 

3 

(2) 

5 

4 

3 

-1 

1 

(3) 

0 

2 

3 

4 

5 


origin (2) to destination (4) is —1. No interpretation is given to nega- 
tive cost, except to show that there is no restriction on the sign of 
A constant amount may be added or subtracted uniformly from all C£j 
without affecting the values of appearing in the solution. In Table 
IV the total amount to be shipped is 13. If all C/j were increased by 2, 
th(i total cost of transportation would be increased by 2-13 = 26. 


Table IV. Amounts to be SiiirrED 


\ 



Di^stinations 


Total 


\; 

* \ 

(1) 

(2) 

(3) 

(4) 

(5) 

«i 

CO 

a 

’bh 

(1) 

xn 

J|2 

•TlS 

■ri4 

■Tin 

1 + . 

•c 

O 

(2) 

•**21 

J*22 

X23 

jr2i 

^23 

7+ _;r 


(3) 

•r.^i 

^32 

•**33 


JTSb 


Total 1 

f;| 

3 

I 

CO 

3 1 

2 1 


13 + 3( 


1 1 

1 




* 
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(b) The basic problem is illustrated in the shipping table of the exam- 
ple (Table IV). Unknown values, Xij ^ 0 , arc to be selected so that 
the row totals sum to ai = 1 , 02 = 5 , 03 = 7 , and the column totals to 
61 = 62 = ^>3 = 3 , 64 = 65 = 2 in such a manner that 

is a minimum. For computation purposes Table IV should be set up 
leaving the boxes for Xij blank. To avoid degencra(iy, and bj are 
considered the limits of ttj and bj as € — > +0, where (1) a* = + c 
for i = 1 , 2, • • • , m, and (2) for j = 1 , 2, • • • , n — I and 

bj = bj + me for j = n, 

(c) An arbitrary basic solution is obtained (Table V) by assigning a 


Table V. Aubituaky Basic Solution, Xij 


\ 



DcsUnatioiis 


Total 


V 

t\ 

(1) 

(2) 

( 3 ) 

( 4 ) 

(6) 

di 

•n 

d 

(1) 

1 +« 





1 + . 

‘C 

c 

(2) 

2 — € 

3+06 

0 + 26 



5 4 - . 


( 3 ) 



3-2. 

2 + 0. 

2 + 3. 

7 + . 

— - 

Total 

sr 

3 

3 

3 

2 

2+3. 

13 + 3. 

* 













value, X\\ = min (di, hi) as c — > + 0 . In the (LX'amplc 3 + Oe > 1 + €. 
If di is minimum, all other Xij in the first row arc zero; if bi is minimum, 
all other % in the first column arc zero. Deleting then, the evaluated 
row or column, the procedure is now repeated with the remaining rows 
or columns where the marginal totals arc reduced by the evaluated part. 

Actually there is no need to carry along the e part of this solution unkss 
at some stage there is an equality when taking a minimum. In the example 
such an ecpiality took place in the third stage in evaluating j*22 = 3 . 
'nius then' appears to be a choice whether to have ( 2 , 3 ) or ( 3 , 2 ) included 
as next ])oint in the basis. However, by going back and including the 
e part of the solution, it is clear that (2, 3 ) is the next combination to be 
introduced into the basis. 

(d) Step I, part I of the iterative process, consists in determining 
the indirect unit cost table, c/y, associatcid with the basis. For any (i, j) 
appi^aring in the basis, Cij = c,*;. Any other Cij is olitaincd through the 
relation Cij = m, + Vj. In the example, start with any cij from a basis 
((?.g., Cij = ciii). Arbitrarily set lu = dj and Vj = 0 ; thus 


W3 = C34, 


V4 = 0. 
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Consider next all Cki from the basis that have a subscript in common 
with C34; these are C33 and C35. From this and can be evaluated by 

*^3 “ *^4 = C33 C34, 

*^5 "■ *^4 = Csr* ^’ 34 - 

Consider next all cu that have subscripts in common with C33 and car,; 
this set consists only of C23, whence 

^2 — W3 = C23 — C33. 

Consider next the ch with subscripts in common with C23; these are C21 
and C22, whence 

“ *^3 = ^21 — C23, 

V2 — *^3 = ^‘22 ““ C23. 

Finally, the only Cki with subscripts in comrnort with C21 and C22 is cn, 
whence^ 

Ui — 112 = Cn — f2i. 

The indirect unit cost table, Vij = ?/,• + may now be formed. Tn 
Table VI, step I, the (/, j) combinations occurring; in the basis are given 
in bold-face type; for th(\se, Cij = Cij. 

(e) Compare the indirect cost table, Cij = ?/,• + Pj, with the direct 
costs, c,;, in Table III, and form 

M = max (c,7 - c,y) = Cki - Cki. 

There are two possibilities: At > 0 or ilf = 0 . If M > 0 , selec^t any 
combination (At, 1 ) such that Cki ~ (^ki = This means that as many 
units as possible, 0 = 6 \, of combination (A’, 1 ) are to be introduced into 
the transportation scImhIuIo, and the remainder* is to be made up from 
combinations in the basis. If M = 0, it means that the basis n'liiesents 
the final solution, and no units of any other combination arc' to be intro- 
duced. In Table VI, step 1, the idement ("21 is boxc'd to indicate M = 
C24 — C24 = 5 . This is an arbitrary selc'ction since, also, M = C31 — t*3i 

(f) Step 1 , part II of the iterative process, consists in determining the 
solution of the transportation problem in terms of the? c*onibi nations oc- 
curring in the basis under one of two assumptions: It M = Cki — Cki > 
0 , an unknown number of units 0 = di^ of combination (t, /), will be 
assumed to octcui* (if M = 0, no units of any other combination will be 
assumed to occ;ur). The shipping table is soivc'd in terms of the basis 
by seeking a row or column in whicli only one elemcmt appears in the 
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Table VI. Tteiiative Process op Cost Minimization 


Step i 

cii Xij 
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liiusis (th(MO is always one such in the larger dimension). Thus Jn = 1, 
X22 = **^1 = 2 — = 2 . These variables arc eliminated, and 

the i)rof*(\ss is i(^peat(Hl with the remainder. The maximum value for Bi 
that can b(j introduced ciiuals the minimum Xij in which a term Xij — Bi 
occurs. In the example, min Xij = x^h = Q = Bi. Thus shipping com- 
bination ( 2 , 3 ) is to be dropjicd; this combination is the one boxed in 
th(' right-liand table. The case where there is a multiple choice of com- 
binations to be dropiKid is discussed in (g) below. 

(g) If il/ >0 in any step k, the prociiss (d), (e), (f) is repeated for step 
k + A new basis, consisting of all the combinations occurring in 
the basis for step fc, is formed by deleting the boxed combination in the 
Jij-tablc and introdu(;ing the boxiMl combination occurring in the Cij~ 
table. In step 2 there was ambiguity as to the combination (/, j) in 
our example to be dropped. Thus min Xij = .7-21 = ^*34 = 2 = Bo. 
In thin case the c component of di and bj must he adjoined and a solution 
in tertus of e obtained. It is not possible with this component to have 
any ambiguity. Thus X34 < :c2i for € > 0, and combination ( 3 , 1) is 
the one to be dropped in sU^p 3 . U M = 0 in ship k, the jj, -table 
repn'sents the final shii)ping table. 

(h) The total cost of any solution is given by Y^^ijXij. A simple 
formula for evaluating z from one step to the next is given in Table VH. 


Tahlk VII. Kvaluatino Totaii Cost, z 


Step 

1 

2 

2/41 = 2/ - ^^l0t 

zi = 52 * 

Z2 - 52 

M = max f ,7 -- i'ij 

Ml = 5 

3/2 == 10 

0 

»! = 0 

th = 2 

3 

Z 3 = 32 

Mi = !) 

03=0 

4 

Zi = 32 

Mi - 0 

04 = 1 

T) 

2s - 23 

Mi = 6 

fls = 1 

(> 

26 * 17 

A/6 « 2 

9o = 1 

7 

27 = 15 

3/7 = 2 

97 = 1 

8 

28 = 13 

Mg -0 



* F^'uluatcd directly, z — 
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4. Concluding Remarks 

The basis of the first step is characterized by Cij ^ Cij for all (?’, j), 
so that it is the maximum cost basis. Only two of the seven combina- 
tions in this basis were also in the minimum cost basis. Thus, as a 
minimum, five additional steps or six total would be recpiircd to eliminate 
the five wrong combinations in the basis. It took, however, a total of 
eight instead of six steps. Unfortunately, on step 1 combination (2, 3) 
appearing in the final basis was dropped and later had to be reintroduced. 
Also, combination (1, 2) was introduced in step 4 and later had to be 
eliminated. Experience on large scale problems indicates that the 
criterion of using max (cij — a^) to introduce a new combination into 
a basis seldom selects combinations other than ones required in the final 
basis, or seldom leads to elimination of a correct combination. This 
does not mean that theoretical problems could not be “cooked up“ 
where this criterion is weak, but that in practical problems the number 
of stops has not been far from m + n — 

The indirect unit cost table, Cij = Ui + vy, is eciuivalcnt to Koopmans* 
economic potential function [XIV, Section 2.3 and sequel]. (Table VII 
of Chapter XIV gives the corresponding notations in these two chapters.) 
Koopmans uses a linear graph to evaluate the potential function and to 
determine what combinations to introduce and drop. This device was 
used also in earlier versions of this chapter but was found difficult to 
use except in hand computations. The closest thing to a tree or linear 
graph in this chapter is the method of computing c,y. 
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ITERATIVE SOLUTION OF GAMES BY FICTITIOUS PLAY 

lU' Gkouce \V. Brown 

It is the purpose of this chapter to describe and to discuss l)ricfly a 
simple iterative m(‘(hod for approximating; to solutions of discrete zero- 
sum ^;ames. Tliis inetliod is related to some particular systems of dif- 
fereniial equations, \Yliich have been considered, alonj; with some other 
systems of differential erpiations whose steady stale solutions correspond 
to solutions of a Some of theses ami similar dynamical systems 

have been considered independently by von Neumann and will be treated 
in a joint i)aper [1050]. 

The iterative medhod in (luestion can be loosely characterized by the 
fact that it rests on the traditional statist ician’s philosophy of basinj; 
future decisions on the relevant past hi.story. Visualize two stat isticians, 
perhaps ignorant of min-max theory, playinj; many ])lays of the same 
discrete zero-sum game. One might naturally expect a statistician to 
keep track of the opponent's past plays and, in the al)S(»n(*(‘ of a more 
sophisticated calculation, perhaps to choose at each play the optimum 
pure strategy against the mixture n*pi’esentcd by all the opponent’s 
past plays. 

For calculation purposes the rule used here is that strategies will be 
nam(?d in turn for each side, choosing at each turn a i)urc strategy whi(*h 
is optimal against the cumulated history of the opponent’s plays to date. 
Stated algebraically, let A represent the matrix of payments from player 
2 to player 1 , let and jn be the ?dh choices of pure st rategies for the 
two sides, let and be the relative freiiucncic^s of strategiiis i and 
j in (q, Uj ••• , in) and (./i, j 2 , ••• , jn)f respectively; then the rule 
adopted is that Jn should minimize i maximize 

If ?i is spcciti(;d arbitrarily, this defines the s('(|uence ii, 
j\y • * • recursively, except for possible multiple extrema, which can 
be handled by any con vcaiicmt rule, for example, by ordering the st rah'gies 
for each i)Iayer. I.etting Vn — min; and V„ - max,- 

it is readily seen that T,, ^ V ^ V„j wheI•(^ V is the value of tlu; game. 
If the method is to be successful it is to lx* hopcxl that and Vn con- 
verge to V or, at least , that their limits superior and inferior, respectively, 

n\ 
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are equal. The mixtures and reiiresont mixed stratoRics, 
and the corresponding Yn and Vu are the most favorable payoff that 
either player could insure by the use of the particular mixture indicated. 

It should be clearly pointed out that practically no nontrivial prop- 
erties of this iterative scheme have been mathematically established.’ 
All that is rigorously proved so far is that if the Vn and Yn converge at 
all they must converge to V. This is comforting, of course?, but far 
from sufficient to justify the method. Some support can be gained from 
the relation the method bears, as a difference eipiation, to a set of dif- 
fcrential' equations whose (;onvcrgcnce can be shown to b(? like 1 /f, where 
I corresponds to n in the discrete version. In the system of differential 
eiiuations the convergence rests on the fact that tV{t) and tY{t) main- 
tain a constant difference between them. Further empirical support 
can be drawn from the experience gained in using the method on a num- 
ber of different examples, of dimensions up to the now-farnous diet prob- 
lem (which reduces, in one form, to a 9 by 20 game). In the examfiles 
worked, tlui accuracy of the approximation, measured by the approach 
of Vn and Yn to V related to the range of the matrix elements, seems to 
go essentially like 1/a. If this is indeed so, it is extremely important 
for the solution of large matrices, by virtue of the fact that each iterative 
step tak(?s a number of operations proportional to the linear dimension 
of the matrix, rather than to a higher power of the dimension, as in 
other computation schemes which have been suggested. Granting that 
for very high aciairacies (!onvergcnce like l/n becomes painful, it may b(? 
possible to use this method to get near, and some other method to finish, 
the calculation. It should also be pointed out that extreme precision 
is ordinarily not rcquiretl in practical applications. 

The (calculations reciuired by this method arc extremely simpk*. 
Calculation of optimum strategics at each step dcK's not recpiire nor- 
malization of the mixed strategy and payoff to make the sum of the 
probabilities unity. Inst<»ad, we may simply cumulate the vector payoff 
against in into the last cumulative vector sum, and similarly for the 
payoffs against jn- Division of the maxima and minima by n to get 
Vn and Yn need not always be performed, but in any case this operation 
would be negligible in time compared with the vector addition if the 
dimensions of the game matrix were large. 

The attached calculation consists of 25 steps carried out for the 4 by 3 
matrix in Table I and illustrates typical b(?havior of this iteration. The 
values of Yn and Vn were calculated for each step to show the progress 
of the (lalculation in the early stages. The initial choice of i\ = 2 is an 

* It lifts since In'cn shown by Julia Robinson that ileratioiis of this kind must con- 
verge. Her njsult will apiiear in Tim Anmls of Maihemalics. 
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unfavorable choice with respect to minimum payoff to the first player 
for a single strategy. In case of tics the lowest index has been chosen. 

Table I. Game Matrix 


V 

1 

2 

3 

! 

3 

1.1 

1.2 

2 

1.3 

2 

0 

3 

0 

1 

3.1 

4 

2 

1.5 

1.1 


Note particularly that, while Vn and Yn joff around considerably, tlu^ 
difference between the maximum element on one side and the minimum 
element on the other {nVn — n>Yn) stays practically constant. 

Table 11. Cumulative Payoffs 


n 

hi, 

i = 1 

i = 2 

1 

i 1 

L'n 

F . 

in 

i = 1 

i = 2 

1: = 3 

i = 4 

1 

2 

1.3 

2.0 

0 

0 

3.1 

3 

1.2 

0 

3.1 

1.1 

2 

3 

1,3 

3.0 

3.1 

0.65 

2.1 

1 

4.4 

1.3 

3.1 

3.1 

3 

1 

1.3 

4.1 

4.3 

1.37 

1.77 

2 

5.3 

3.3 

4.1 

4.G 

4 

1 

7.3 

5.3 

5.5 

1.30 

l.GO 

2 

6.4 

5.3 

5.1 

G.l 

5 

1 

10.3 

6.3 

0.7 

1 .20 

1.52 

2 

7.5 

7.3 

G.l 

7.6 

G 

4 

12.3 

7.S 

7.8 

1.30 

1.55 

2 

8.G 

9.3 

7.1 

9.1 

7 

2 

13. G 

9.8 

7.8 

1.11 

1.4G 

3 

9.8 

9.3 

to. 2 

10.2 

8 

3 

13. G 

10.8 

10.9 

1.35 

1.4G 

2 

10.9 

11.3 

11.2 

11.7 

9 

4 

15. G 

12.3 

13.0 

1.33 

1.59 

3 

12.1 

11.3 

t^.;i 

12.8 

10 

3 

15.6 

13.3 

15.1 

1.33 

1.53 

2 

13.2 

13.3 

15.3 

14.3 

11 

3 

15. G 

14.3 

18.2 

1.30 

1.48 

2 

14.3 

15.3 

16.3 

15.8 

12 

3 

15. G 

15.3 

21.3 

1.28 

1.11 

2 

15.4 

17.3 

17.3 

17.3 

13 

2 

16.9 

17.3 

21.3 

1.30 

1.48 

1 

18.4 

18.0 

17.3 

19.3 

14 

4 

18.9 

IS.S 

22.4 

1.34 

1.49 

2 

19.5 

20. 0 

18.3 

30.8 

15 

4 

20.9 

30.3 

23.5 

1.35 

1.51 

2 

20. G 

33.6 

19.3 

22.3 

16 

2 

32.3 

22.3 

23.5 

1.39 

1.52 

1 

23. G 

23.9 

19.3 

34.3 

17 

4 

24.2 

33.8 

24.1) 

1.40 

1.52 

2 

24.7 

35.9 

20.3 

25.8 

IS 

2 

25.5 

25.8 

34.6 

1.37 

1.49 

3 

25.9 

25.9 

23.4 

36.9 

19 

4 

27.5 

27.3 

35.7 

1 .35 

1.47 

3 

27.1 

25.9 

2G.5 

38.0 

20 

4 

29.5 

28.8 

26.8 

1.34 

1.48 

3 

28.3 

25.9 

39.6 

29.1 

21 

3 

39.5 

29.8 

29.9 

1.40 

1.49 

1 

31.3 

27.2 

29. G 

31.1 

22 

1 

32.5 

30.9 

31.1 

1.40 

1.48 

2 

32.4 

29.2 

30. G 

33.6 

23 

4 

34.5 

32.4 

33.3 

1.40 

1.47 

3 

33. G 

29.2 

33.7 

33.7 

24 

3 

34.5 

33.4 

35.3 

1.39 

1.47 

2 

34.7 

31.2 

31.7 

35.3 

25 

4 

30.5 

34.9 

30.1 

1.10 

1.17 

2 

35.8 

33.2 

35.7 

36.7 
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COMPUTATIONAL SUGGJ«TIONS FOR MAXIMIZING A 
LINEAR FUNCTION SUIUECT TO LINEAR INECJUALITIES 

By George W. Brown and Tjalling C. Koopmans 

It is the purpose of this chapter to record siigjy(\siions that arose from 
discussions between the authors and G. JL Dantzig regarding iterative 
computational procedures for maximizing a linear function, 

(0 y = c'x 

{y scalar, c and x vectors), subject to linear inequalities, 

(2) oik + (ikX ^ 0 {k = I, • • • , K, ak scalar, vector). 

We distinguish two main cases (1 and 2) and record in each case two sug- 
gestions. At present, insufficient experience or tlujoretical knowledge 
is available to assess the possible usefulness of these suggestions. No 
proofs of coiivergcn(!e arc ottered. The general idea underlying the sug- 
gestions is an attempt to make big jumps rather than “crawling along 
the edges” of the (convex set (2), as in the simplex method. It depends 
on the set (2) whether in fact faster convergence is obtained. In com- 
paring two different methods, it is usually possible to construct sets 
(2) so as to favor one method as compared with the other. All methods 
indicated arc based on some idea of steepest ascent and thus depend on 
the units of measurement of the variables x. 


1. The Case in which an Initial Point xq Satisfying (2) Is Known 

1.1. Traversal method. Find the largest value of the scalar 6 such 
that 


X = 


(3) 

satisfies (2), and write 

(4) 


^’0 = J-n + ^oc. 
377 
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Then, if we insert xo for x in (2), we must for at least one value, fro, 
say, of fr, have an (‘quality 

(5) Dffco + = 0 

because otherwise values ^ could be found for which x satisfies 
(2). If (5) is true for only one value of fc, determine scalars Xo, mo, such 
that 

(6) c'(Xoajfco + Moc) = 0. 

This is impossible only if c = v a positive scalar, in which case 

already maximizes y, Dctennine Bq as the largest value of 6 for whicli 

(7) j = ^0 + 0(Xo«jfco + Moc) 
satisfies (2), and write 

( 8 ) 3:1 = Xn + + /*oc). 

Proceed with xi as previously with 0 * 0 - c-t the nth step more than one 
value of fr,* of fc satisfies, or nearly satisfies, an equation like (5), select 
one arbitrarily, or use an avc^rage of all that satisfy (5) (exactly, or 
within a small amount 6, under some rule of normalization used for the 
vectors Ufe. 

1.2. Plane intersection rnctliocL Having obtained the point (4) above, 
intersect tlie plane 

(9) X = Xi) + Xflifco + fic 

(X and /i fn^ely variable s(;alar parameters) successively with each of th(‘ 
hyperplanes 

(10) ak + = 0. 

The intersections consist of K straight lines inside (9). TIk^ segments of 
these lines on which (2) is satisfied form a convex polygon. On the 
polygon select a point on which y reacthes its maximum, (ienerally 
there is just one such point, for which wrib? Xi. Now there are two 
variants. 

1.2a. Pla7ie determined by normal to the convex set (2). If a*i is uni(iue, 
there are at l(\‘ist two values of fr for which (10) is satisfied. Take any 
one of these, or take their average, as and pnxiced as in (9) with 
Xo replaced by xi, 

1.2b. Plane determined by normal within boundary of the convex set (2). 
Having arrived close to the maximum, it may be desirable to attempt not 
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to lose any of the e(iualiti(\s (10) once they arc satisfied. Let Xn be such 
that 

(11) a/fc + rtiXn = 0 (A; = *1, hy - • y KJ. 

In the space of the vectors d such that 

(12) dV = 0 fr=l, •••,r„), 

choose the vector of steepest as(;ent, i.c., the vector d satisfying 

(18) d'd = 1, d'e maximum, 

and ust^ that vector as hi (9). This will have been wasted effort if 
the r(\sulting j i fails to satisfy (11). Since iterations on this principle 
b(M;om(^ compulalionally more (expensive as r,* grows, i\u) prc'sent variant 
should only be employiid toward the end of a serpiencii of iterations. 


2. Ilow TO OuTAIN AN INITIAL PoiNT SATISFYING (2) 

2.1 . Successive penetration inethofL Take an arbitraiy initial point, .Tq. 
'rhis point partitions the set aS of ineipialities (2) into two subsets, So and 

those of So being satisfied by j'o, those of So not l.>eing satisfied by Xq. 
If So is empty, the goal has lieen achieved. If it is not, select arbitrarily 
an ine<piality of Soy numbered ko, say. Use as the vector c in (1) 
indicating tin? “dcisircd direction.” Use the ineiiualitics of So instead 
of the full set of conditions (2), and apply any variant of the method in 
ScHdion 1 until a ])oint is reairlied in whi(*h the ineipiality number ko 
is satisfied, (’^all that point xi and proceed with a new subset Si of 
flu? ine(iualilies (2). Obviously 

(M) SoCzS.dS^-^-. 

If for any n a maximum Xn of subject to the ineiiualities of fails 
to satisfy (2) for k = A:,i, no point satisfying (2) exists. 

2.2. Guided penetration method. Instead of selecting an arbitrary «*• 
of aS’o to be the c in (1), take 

(15) c = (afc + a*/,,) • 

This is the vector sum of the normals dropped from 3*0 onto the pianos 

(16) (ttfc + ttkx) =0 (^' c S'). 

Two alternative modes of proceeding from here are worth considering. 
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2.2a. Keep the c so selected constant while making a number of itera- 
tive improvements to xq by method X, always requiring that the in- 
equalities aSq be i)reserved. 

2.2b. Be willing to sacrifice some inequalities of aSo if thereby a larger 
number of inequalities of can be satisfied. In this case determine Ot) 
in (4) in such a way as to minimize the number of inequalities in S[. 

For neither of these variants certain attainment of the objective 
(if attainable) has been proved. They might, however, work faster 
than the successive penetration method. The second alternative is sus- 
pect if the convex set (2) is not bounded. 
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<listortion of, 284 
errors in, 282 

estimation of, 282 
Kconomic transformation, 00 
Kconomy, 
closi'd, 108 
plaiuK^d, {)5 
Kflii-iency, 

of allocation, 2, 8, 70 
conditions for, 60, 63 
under availability restrictions, 80, 
82, 83, 8(i 

economic inlcr|)retation »)!, (>5 
under trading with an outside econ- 
omy, 03 

undia* d(‘C(‘ntralized decision-making, 
03 

of a facet, c()nditions for, 64 
in production .scheduling, 4 
Kfficieiic*y piice.s, 06, 235 238, 255, 251) 
and freight rail's, 257 
on intermediate commodities, SO, 236 
interpn'ted as marginal rates of sub- 
stitution, 238 
of location of .ship.s, 336 
as market prices under competition, 
256 

normalized, 255 
of ship apiiearances, 254 
under trading with an out.side econ- 
omy, 01 

usi's of, by ;i central .shipping author- 
ity, 255 



SUBJECT INDEX 


393 


EffifitTit alloraiion, 2, 6, 38, 95, 96 
Efficic'iil, (!lioic!o, 31 
Klficuait cornhinal ion of activilios, 8 
faiTl, 63-65, 232, 233, 237 
(liiiu‘nsiori!ili1.y of, (>6 
nornijil 1o, 65 

EfTicioiil, graph of oinpl.y ship inovc*- 
inorits, 24J, 248 
computation of, 254 

h^fficiont point sot, 35, 3(), ()9, 70, 150, 
157, 179, 182, 255 

uiuh'i* availability n‘st ricrl ions on pri- 
mary comimxlitios, 79 
in commodity space, 35 
contract ibility of, 76, 77 
facets of, 183, 231, 232 
in th(^ presence of int(*rm(‘diat(* com- 
modities, 89 

in th(^ rcnliiced technology, 59 
topological classification of, 73 
topological prof)erli<'s of, under avail- 
ability restrictions, 96 
as transformation function, 233 
Efficient points, 28, 61, 76, 145, 152, 100, 
164, 229, 21)1, 320, 329 
under capacity restrictions, 237 
comiiutation of, 79, 80, 85, 86 
corresponding to transportation pro- 
gram, 240 
didinition of, 60 

in the presence of availability re- 
strictions, 79 
existence of, 87 
frontier of, 145 
possible program as, 28 
repr(‘sentation of, 160 
for transportation model, 230, 238 
1‘Jflicient process, 106 
Efliciimt production, 6 
EflicuMit utilization, 
of technological possibilities, 35 
of transportation eiiuipment, 222 
h3(‘ctronic computer, 7, 17, 30, 202 
Employment, 135, 138, 139 
Entn^pnaieurs, 95 

discontinuity in the behavior of, 118 
Equation systems, 
of Leonti(*f models, 134 
simultaneous, representing economic 
relatH)nships, 17 
Walrasian, 1 


Equations, 

ditTenaice, 375 

diiT(a-(*ntial, representing fisymmetric 
movcaiieiit, 117 
homogeiu'ous, 287 

linear homogeneous, reprt;senting an 
economic systcan, 133 
Equilibrium, 108, 143 
ill a <‘los(‘d linear model, 108 
dynamic, unstable, 127 
indeterminate, 115 
int(‘n‘st at, 126 
ill Leontief models, 172 
long-run competitive, 166, 171, 172 
in phas(>-|)eriodir; systems, 119, 121 
static, 125 
unstable, 125, 173 
Equilibrium process, 171 
contained in the technological informa- 
tion, 114 
existimce of, 1 14 
rate of growth of, maximal, 114 
Equilibrium theory, 
com|)etitive, 187 
general, 98 
Errors, 282 
of observation, 283 
Euclidc*an spaces, 
linite diimmsional, 298 
n-dimensional, 288, 298 
Exchangt* activities, 91, 93 
Expansioti, 

of activities, i)rofitable limits to, 187 
maximum rate of, 2 
uniform, scalar cocdlii-ient of, 2 
see also (4 row I h rat(* 

Expansion capability function, 209 
lOxpansion curve, geometric, for produc- 
tion, 216, 217 
Expenditures, 
autonomous, 139, 140 
governmiMit , 140 

Exports, increase of, in relation to in- 
crease in imports, 141 

Facets of a convex polyhedral cone, 
70 72, 312- 316 
closed, 63, 64 

efficient, 63, 6-1, 232, 233, 237 
of efficient point set, 182, 231, 232 
incidence of, 77 
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Kac'otsof a oofivox pohyhcdral cone (oiwf.), 
normal to, 235 
open, 03 (>5 

relative interiors of, 233 
Factors, 201 
availability of, 
changes in, 271 
ratio of, 200 

changes in the supply of, 207 
continuous substitution between, 33 
free*, 3, 80, 2t)0, 272 
limit at ional, 33, 1t)5, 100 
primary, 34, 35, 30, 40, 80, 201, 203, 
205, 207 

availabilities of, 1 

availability restrict ions on, 53, 00, 79 
changes in relative scarcity of, 2ti0 
as (lesiretl commodities, 50 
fre(‘, 80, 203 

labor as, 30, 48, 142, 147, 150, 100 
limit at ional, lii5, 100 
limitations on, 31, 30 
minimisation of a function of, 201 
a model without availability restric- 
tions on, 50 
partitioning of, 81 
scarce, 203, 2()l, 200, 207, 272, 277 
substitution of, 8 
mi aim Commodities 
Feasible* point, 115, ItiO 
represi*n1ation of, 157, 150 
Feasible |Kiinl se-t, 157, 150, lt>4 
sec also Possible point set and Attain- 
able point set. 

Feasible program, 25 
Feasible solution, 310, 312, 310, 353 
construction of, 315 
maximum, 3 10, 3-11 
construction of, 341 
uni(]uein*ss of, 315 
nonexistcaice of, 345 
optimum, 332 

of transportation problem, 301 
Feed-back elTects, 137 
exclusion of, in o|K*n Leemtief moelels, 

137 

Finn, production decisions in, 95 
Flow cocflicients, 200, 21 1 
Flow functions, charact(;rislic, of an ac- 
tivity, 19 

Flow model, static, 8 


Flows, 211 
of (commodities, 100 
empty ship movements, (drcular trans- 
format ion of, 248, 252, 253 
inner circuits of, 100 
of inputs, 1 18 

moru^y, measurement of input-output 
(M)efFicients by, 3 
of outputs, 118 

and stocks, in program planning, 210 
of transported goods, substitution b(;- 
tw(M*n, 222 

Foreign trade, 132, 135, 110 
Frame* of cone*, 1 1, 13, 300, 303, 304, 307, 
308, 310, 311 
Frame of matrix, 43 
Five commoditii's, 37, 104, 115 
Fr(M* factors, 200, 272 
primary, 80, 203 

Oamc', 

discn*t(‘ z(‘ro-sum, 374 
iterative* method for solution of, 374 
accuracy of approximation in, 375 
calculations in, 375 
number of operalieins in, 375 
matrix, 370 
skew-symme! ric, 332 
solutiem e^f, by Oct it ions play, 374 
symmetric, 327 
theory of, 10, 11,317, 318 
conn(*ction of, with theory of pro- 
duct iem, 10 

two-person constant-sum, 348 
twf>-i)erson zero-sum, 317, 320, 327, 330 
main theM)rem of, 295 
optimal strat(‘gii!s for, 287 
value e»f, 35t>, 37-1 
see also Strategies 
Game problem, 333 
application of simplex method to, 318 
redue;tion of, to a programming prob- 
lem, 12, 330, 349 

Gauss-Seid(*l m(‘thoel for solution of si- 
mult aiUMms linear systemis, 10 fn. 
Gov(*rnmeinl. expi'iiditures, 140 
separation of autonomous and inducenl 
parts of, 140 

Graph, 

circuits in, 247, 248, 253 
cyclomat ic numbe^r of, 252 
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Graph {cont.)^ 

eflident, of empty ship movements, 
214, 256 

linnir, t), 211, 25S, 373 
Growth curve, iionlinear, n'pnjscMitation 
of, in ii linear model, 0 , 216 
Growth rate, 217 
constant, 125 
eiiuilihrium, 114 
general, 219 
limitations on, 16, 216 
limiting, as a separate side condition 
in the model, 216 
of processes, 110, 112, 113 
as a result of shortages, 216 
statistically (hdermined, 207 
Guided penetration method, 379 

Ilalfline, 289, 299 
exti-em(‘, 300-302, 304, 305 
Halfspace, 289, 301, 308, 309 
extreme, 291 
supporting, 2tX) 

Harvard I0(!onomic llesearch Project, 98, 
116 fn., 117, 165 fn. 

Helmsman, 93, 95 
Hessian determinant, 144 fn. 

High cost, firoduction, 217 
Plorizon, technological, see Technological 
horizon 
Household, 

technological information of, 173 
twaitment of, in Leontief models, 132, 
134 

Hull, (foiivex, 10, 13, 88 fn., 149, 150, 
157, U»4, 300, 304 
Hyperplane, supporting, 290 

Imports, relation of increa.se of, to in- 
crease in exports, 1 11 
Incidence ndalions among facets, 77 
Income, 

changes in, as a re.sult of technological 
changes, 267 

comparisons of, with the introduction 
of new comiiKM lilies, 279 
Income-consumption ratio, 130 
Income tdlect., 280 
Income index, 262 
Indivisibilities, 21 
in prodmdion, 21, 36, 96 


Induced changes in inputs, 139 fn. 
Induced injait.s, 1 10 
Industrial managc'inent, 4 
Indust Hal planning, 207 
Indust lies, 
as activil,ie.s, 3 
integration of, 101 
useful, 164 
Inequalities, 
b(dwoen vectors, 45 
linear, see Lirn*ar inequalities 
system of, varhibh's of liiie.'ir functions 
constrained by, 317 
Innovations, technological, 9 
Input coellicKmls, 118, 133, 136, 140, 195, 
219 

Input isoquant.s, 107 
concavity of, 107 
Input-output analysis, 98 
Input -out put coefficients, measurement 
of, by monf‘y flows, 3 
Input -out put tables, 98, 132, 203, 283 
Input .s, 21 1 

autonomous and induced, distinction 
lK'twe(‘n, 140 
cost of, 103 
flows of, 118 
invest m(‘nt, 141 
net, 35 

proportionality of, to outputs, 6 
Institutional assumi)tions, spirification 
of, 6 

Integration, 102 
of inti list rie.s, 101 
of proce.sse.s, 101, 107 
Interest, rate of, 103, 109, 127 
e<iuilibrium, 126 

conditions for, positive or negativi*, 
126 
zero, 125 

Interindustry relationships, 3, 18 
Inventories, see Stocks 
Inventory, normalized, 215 
Irrevei-sibility posluhite, 18 
Irreversibility of ])ro»luction, 48 
Iso-curves, 107 

IscKlromes, 123, 125, 127, 129 fn., 130 
lso(iuant, 107, 108, 265, 272 
Iteration, 374, 377, 379 
in program planning, 205 
in simplex method, 313 
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Ttorativo motliods, 
of coniputiition, 12 
of cost mini luizat ion, 370 
for maximization of linear function, 
377 

for solution of game, 374, 375 
KirchhoiT’s law, 258 
Labor, 

coats of, in aircraft production, 217, 
218, 220 

in Lconlicf models, 142, 147, 155, lIMi 
as numeraire, 172 

as primaiy factor, 30, 48, 1 12, 1 17, 150 
Lagrange multipliers, 114 
Lebesgm'-iSlieltjes integral, 23 
Leg-of- voyage activities, 227, 228 
Leg-of-voyage coordinates, 220, 233 
Leontii^f models, llOfn., 115, 147 
absence of joint production in, 3, 147, 
150, 100 

alternative nu'thods of production in, 

8 

assumptions for, 155 
closed, 132, 107 
cfiuilibrium in, 172, 173 
constant njturns to scale in, 1 13 
definition of input cot^fficients in, 133 
dynamic, 21, 20, 27, 124, 128 
generalization of, 4, 8 
ecpiation systtansof, 134 
generalization of, 15, 105 
generalizcHl, 105 
assumptions for, 105 
open, optimum allocation under 
long-run competitive ecpiilibnum 
in, 100, 171, 172 
theorems for, 170 

impossibility of priec* change or substi- 
tution in, 143, 145 
labor in, 142, 1 17, 155, 150, 100 
limit at ional, 105, 100, 108 
open, 132, 133, 138, 130, 107 
conditions for tin* production of a 
complete bill of goisls in, 130, 170 
elT(!cts of investment in, 130 
employment caxdficients (total ami 
direct) in, 135, 130 
(?mpIoym(*nt effect in, 130 
equation system of, 134 


Leontwd models, open (conf.), 

exclusion of feed-back elTect in, 137 
fondgn trade in, 132 
general t heorems for, 167 
government- in, 132 
households in, 132, 134 
imiM)rtance of industry classification 
in, 130 

investment in, 132 
labor coetlicieiit of, total, 135 
limitations of, 130 
as mod(4 of autonomous expend i> 
tnres, 130 
rank of, 170 

n*lat ions bet wtien output and foreign 
trade in, 135 
rank of, 170 173 
siibslilntion in, I, 115 
substitution theorem for, 112, 113, 
1 17, 1 18, 155, 171 
conditions for validity of, 153 
generalization of, 155 
proof of, 101 

under strong assumptions, 158 
und(‘r \V(‘ak assumptions, 104 
technological horizon of, 107 
use of input -out put tables in, 08, 132 
Limit at ional factors, 33, 105 
Limitations, 

capacity, in transportation moihd, 225, 
220 

commodity, 10 18, 180 
on factors, S, 34, 30 
on rcsourt'cs, 31, 30, 12 
Lineality of a cone, 45, 200, 204 
Lineality sj)ace, 
of a cone, 15, 310, 31 1 
of a set, 301 
Linear comlanations, 
of basic activiti(!S, 37, 156 
convex, 200, 300, 303 
positive*, 200, 305 
strictly convt'x, 200 
strictly j)osilive, 200, 304 
Jiinear eepiality, replacement, of linear in- 
equalities by, 330 

Linear functions, maximization of, 8, 11 
on a <'omp:i<*,l convex set, 88 
on convex polyhedral sets, 12 
of nf)nn(‘gative variables, 10 
objective, 20, 28 
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LiiK'Hr functions (cow/.), 
sul)j(;ct to lin<?!U- incciinililios, 5, 287, 
317, 331, 339, 377 

guided |)(*!i(*l ration inetluxl for, 379 
itcriitivo methods for, 377 
to obtain efficioiit points, 80, 85, 80 
plane intersc'ct ion method for, 378 
successivi? penetrating method for, 
to obtain an initial |)oint, 379 
traversal method for, 377 
Linear functions, minimization of, 31 
Idnear graph, 9, 211, 258, 373 
Liiavir homogeiUMUis equation, 133 
Linear ineciualities, 11, 20, 287, 333 
homogeneous, 318 

inaxiniization of a linear funelion sol)- 
jecl. to, 5, 287, 317, 331, 339, 377 
and polyhedral cones, 287 
replacement of, by linear ('(luality, 339 
LiiH'ar models, 0 
of aircraft production, 217 
ap|)lications of, 31 
capital eipiipment in, 15, 195, 211 
closed, (‘quilibriuin in, 108 
dynamic, 110, 129 
of production, .see Production model 
repr(‘sent.Mtion of nonlinear growth 
curve in, i), 210 
time lags in, 15 
us(* of in ])roduction policy, 9 
Tiinejir objective’ function, 20, 28 
lanear processe’s, sre Processes, linear 
Linear programming, 5, 12, 1 15, 155, 282, 
283, 281, 287, 297, 317, 319, 331, 
332 

ap))lications of, 31 
errors in data of, 282 
matrix problems in, 317 
nonexistencj' of local maxima for, 30 
Linear Programming Conference, 5, 
282 fn. 

Linear ])rogramming problem, equiva- 
IcfRH^ of, to game problem, 12, 349 
Linear spac(', 2tK) 

I vocation, 

potential fiim-tion of, 237 
and ships, see Ships 
and transportation, 37 
Locatioiiid potential, 25!) 

sre also Potential function 
Low cost production, 218 


Management, industrial, 4 
Management capjicity, 217, 218 
Manpower, see Labor 
Margin.al cost, of variations in trans- 
portation program, 234, 253 
Marginal cost, ])ric(‘s .at, 90 
Margin.al pioductivity, 107 
Marginal rales of substitution, 8, 00, 107, 
108, 114, 180, 182, 183, 222, 234, 
238, 253 

nonincn’asing, 07 

Marginal rates of tninsformation, 180, 
183 

Market, 

allocation model independent of, 7, 8, 
42 

competitive, 2, 3, 95, 10!), 1 13, 177, 257 
prices in, 8 

irnxh’l of transp«)rtation with, 25ti 
Market mechanism, 0 
Matrices, inequalities between, 318, 319 
Matrix, 
frame of, 13 
gaiiK’, 37t) 
invei’sion of, 57 
maximal, 11,319,321,328 
minimal, 319, 321, 328 
p;iyotT, 320, 327, 330, 31!), 350 
technology, sec Technok)gy matrix 
Mat rix problems in linear programming, 
317 

Matrix reprc’sentation of cone, 43 
Maxima, local, nonexistence of, for linear 
programs, 30 
Maxiiniz.'dion, 

of linear functions, sir Linear functions 
of objective function, 15 
of return to dollar, 10!) 

Maximizing princi|)le, 20 
Military planning, I, 18, IK!) 
Minimization, 

*)f cost, 217, 240, 370 
of a function of primary factors, 202 
Model, 

aircraft production, 217 
allo<*ation, 7, 8, 42 
of autonomous expeinlituros, 139 
of Berlin airlift, simplitied, 1!)5, 204, 
205 

eloml, cajiital formation in, 2 
oontimioiis, for })rogram pliinning, 21 1 
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Model {aml.)f 

(leiiumenil)l(‘ with tiino shiftn, 22 
dyiuiinie, for progniin planning, 18!), 
211 

finite, with timo shift «, 22 
lioontief, see Ijcontief models 
linear, sec Linear models 
military programming, 4 
von Neumann, 21, 28 
open, 7, 8, 138 

production, introduction of |)riccs in, 
267 

of i)?*ograinming, for U. S. Air Forces, 24 
rectangular, 200 

special continuous, time shifts, 22 

sp(‘cial finite, 15 fn. 

static, 

of production, 1 
of transportation, 0, 31 
triangular, 180, 202,. 203, 205 -207 
of transportjition, see Transportation 
without availability rest rieit ions, 50 
Multiplier, 130 
aggregate, 141 
pseudo-, 130 
specific, 141 

National Bureau of Standards, 202 
Negative jadar cones, 44 
Negative polar of set, 200 
Negativti prices, 01 
von Neumann model, 21, 28 
von Neumann’s theorem, alternative 
proof of, 8 

Nonnegative variables, linear functions 
of, 10 

Null activity, 21 

Objective function, 2, 8 
linear, 26, 28 
maximization of, 15 
Objective's, 
of allocation, 38 
allocative?, of production, 59 
formulation of, 17 
of production, 31 
of program i)lanning, 1!K), 201 
Observation, 

(Mionomie;, ac<‘uracy of, 282 
(jrrors e)f, 283 

Office? of Naval lle?search, 282, 317 fn. 


Opportunity cewt, 234 
Opportunity ce)st curv(»s, 107 
Optimizing conditions, 261, 262 
Organization, 

centralized, allocatie)n in, 7, 15 
economic, problems of, 95 
industrial, dege?nerat.e, 161, 163 
Orthogonal complement, 
of cone, 44 
of sot , 290 

Output (;oe?fficients, 1!)5, 219 
Output, ise^ejuants, 107, 108 
Output variables, stocks as, 7 
Outputs, 

final, 35, 142, 143 
variation in, 143 
flows of, 118 

anel foredgn trade', ivlations betwe'e'ii, 
in Le'ontie'f nmdels, 135 
negative* ne't, 540 
net , 35, 37 

proportionality e)f, to in|mts, 6 
value* of, 103 

zero, of inte‘rme‘diatc commoditie's, 55 
Oveirdeterininalion of triangular nmde'Is, 
20 () 

Payoff, 375 

Payoff imitrix, 326, 327, 330, 34‘), 350 
Periodicity, 116, 117 
Ph;us('-perioilicity, 119, 121, 128 
Plane intersectiem method, 378 
]Manne*<l eicononiy, efficie'iit allocation in, 
!)5 

Planning, 
industrial, 207 
military, 189 

program, see Program planning 
Planning factors, 193 
Player, 

maximizing, 355, 356 
minimizing, 355 
Pejint-periodicity, 1 19 
Point se*t see. Attainable point set, Kfli- 
ciejiit point set, Fe?asible* point set, 
ti?ul Possible? point set 
Point set, the*ory, im|M)rLancc of, to 
e?conomi(?s, 10 
Polyh(?dral, 
elefinition of, 289 
sec also Cones 
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Possible activities, technology as a stjt of, 

20 

Possible cone, 
loc^al, 01, 62, 64 
iioiisolid, 51 
poiiitcdncss of, 49 
reiluced, normal to, 00 
Passible point, 22-1, 229 
sf'fi also Feasible point 
Possible point s(‘t, 47, 157, 179, 182, 
183, 226, 229, 232. 261 
in commodity si)ace, 17 
definition of, 47 

as an intersect itni of halfspaces, 233 
relation of attainable point set- to, 79 
sec also Fc?a.sil)l(; point set 
Potential function, economic, 103 fn., 
257, 259, 373 

of th(' location of a ship, 237, 251 
Price coiici^pt, in allo(%‘ilion model, 8, 
12 

Price s|)ace, 185, 187 
division of, into sectors on the bjisis of 
the profitability of crop rotations, 
185 

Price vector, 91, 320 
und<‘r availability restrictions, 83, 89, 
91 

external, 91 

as a positive normal to an efficient 
fa(;(;t., ()5 

unhine, marginal rates of substitution 
d(;fined by, 66 
nni(pien(*ss of, 66 
Prices, 65, 66, 144 
accounting, 65, 267 
in a competitive market, 8 
constellation of, 101, 108, 109, 112, 113 
equilibrium, 115 
efficiency, sec l<]fficiency prices 
external, 9 fn. 

of intc'rmediate commoditic's, 89, 91 
internal, 9 fn. 

introduction of, in prtHluction mod(4, 
267 

negative, \)l 
relative, 180 

Primary commodities, see Commodities 
ami Factors 

Primary factors, see Factors ami Com- 
modities 


Processcis, 

achievable, 101 

choice of, by maximizing n*turn to tla* 
dollar, 109 

completely integrated, 167, 170, 172, 
173 

most efficient, 167 
economical, 266 
see also Activitic’s, economical 
efficient, 106 

elemeiitary, 28, 29, 36, 155, 156, ItiJi, 
170, 171, 173 
integration of, lt»6 
eligible^, 266 
equilibrium, 111, 171 
integration of, 101, 102, 170 
lin(‘ar, 9‘), 104, 109 
b;is(» of, 100 
comparison of, 103 
criterion for clioice between, 103 
d(*finition of, 99 
missing, 108 

nonlinear, integration of, 107 
profitability of, 104 
rale of growth of, 110, 112, 113 
Production, 216 
aircraft, 216-218 
allocative object iv(5 of, 38, 59 
alternative methods of, in Leontief 
iiKslels, 8 

coefri<*i(*nts of, 143, 193, 278 
changes in, 278 
constancy of, 98 

of complete bill of goods, conditions 
for, lt)8 -170 
cumulative, 220 
efficient , 6 

expansion curve for, geometric, 216, 
217 

fixetl coefficients of, 142 
high-cost, 217 
high-cost, fraction of, 221 
indivisibilities in, 21, 36, 96 
irreversibility of, 48 
joint, 3, 34, 15t), 166 
exclusion of, in Leontief models, 3, 
147, 156, 166 

labor costs of, 217, 218, 220 
«‘is a lim*ar combination of bitsic activi- 
ti«*s, 36, 156 
low-cost, 218 
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Produclion (cord.), 

met hod of, rrprcscmted by an activity, 
201 

model of, sre ProducMion model 
ol)jcetivo of, 34 

possibility of, with intermediate com- 
modities, 55 

possibility of, without intermediate 
commodities, 52 
rate of increase of, 220 
scale of, 100, 103 
stat ie model of, 1 
technical possibilities of, 34 
theory of, connection of, with theory 
of j?ann*s, 10 

with zero output of intermediate com- 
modities, 55 

Produclion curve's, cumulative, 208 
Production decisions in the linn, 05 
lilted to program requirements, 208 
Production (expansion capability func- 
tion, 200 

Production experience, 218 
Protluclion function, 0, 8, 33, 34, 00, 260 
linear, 08, 100, 107 
continuity of derivatives of, 0 
application of, 107 
expressed as continuous function, 
107 

with continuous derivatives, 6 
dilTerentiable, 0, 147 
homoj'eiKMms, 148 
of (li’Kreo one, 0, 143 
inclusive, 34 
kitiks in, 34 

linear, aKgreKate, 08, 100, 107 
nondilTerentiable, 155 
polyhedral, 0 

t('chnolofi;ical change as shift in, 200 
aer. abio Transformation function 
IVoduction model, linear, 11, 177, 178, 
217 

conditions for an optimal solution of 
the naluced system of, 20-1 
introduction of prices in, 2t)7 
reduced systtans of, 203, 204, 207, 208 
with one final pnxiuct, 203 
Production j)olicy, use of linear models 
in, 0 

Pro<luction scheduling?, efficu'ncy in, 4 
Production surface, 205 


Productivity, marginal, 107 
Productivity ratio, 105, 114, 115 
Producks, 
joint, 100 
see Commodities 
Profit, 187 

accounting, of an activity, 05 
in allocation model, 42 
rate of, 103 
Z(*ro, 2, 100 
Profitability, 
of an activity, 03, 185 
of crop rotation, 177, 178 
ncKat ive, 04 
positive, 04 
«)f a process, 104 
zero, 04, 235 
Pro|?ram, 

com))utatit)n of, 100, 202 
consistency of, 100 
dynamic, 15 
feasibk', 25 

initial status of, 16, 17 
possil)le, 21, 25 
as an efficient point, 28 
optimum, 26 
selection (»f, 25 
uni(|U(‘, 26 

Program planning, 104 
aggregation of items in, 215 
arithm(‘lie (>lements in, 1!)3 
ciipital equipiiK'iit in, 105, 211 
commodity limitations in, 16 18 
communication betwi'cn stalT agiaieies 
in. 102 

computational ecjuipment for, 202 
continuous models for, 211 
criteria for, 180 
decision-making in, 103 
definition of, 15 
dynamic imxh'ls for, 180, 211 
flow e«)(‘fricients in, 210, 211 
military, 18, 180 
normalized inventories in, 215 
obj(;ctiv(?s of, 100, 201 
obstacles to consistency in, 102 
optimal, over all time pcaiods, 201 
overiletermination of t riangular modf'ls 
in, 206 

re(!iangular models in, 200 
n'source limitations in, 17 
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ProgrMin planning (corU.)^ 
solving of simultanoous equations in, 
hy iteration, 20.5 
stages in, IIK) 
stocks and flows in, 210 
storage a(;1 ivit i(^s in, 208 
triangular models for, 202-200, 210 
ad vantages of, 200 
elements of optimization in, 207 
undenleterinination of, as a result 
of relaxing restrictions, 207 
Program re(iuirementa curve, cumula- 
tive, 208, 209 
Programming, 
comparative, 104 
linear, see Linear prograimning 
military, modc4 of, 4 
S(!hedule for, PK) 
in U. S. Air Force, model for, 24 
Programming models, military, 4 
Programming inoblems, 4 
in a large organization, 9 
linear, equivalence of, to game jmd)- 
lem, 12, 349 

reduction of game problems to, 330 
syst(unatic study of, 5 

HAND Corporation, 210 fn. 

Pay, see Halflino 

Ib'gimes, discontinuity of, 117, 118 
Uelative boundary, 15 
of <'onv(*x nonpolyhedral cone, 302 
of convex polyhedral cone, 45, 309, 312 
of set, 301 
Pelative interior, 
of coiK! of normals, 71 
of convex nonj)olyhedral cone, 302 
of convex polyhedral cone, 11, 15, 71, 
230 fn., 303, 309, 311,310 
of faced , 233 
of set, 301 

Relaxation phenomena, 116, 117, 119, 
120 , 122 
Rent, 187 
Representation, 

of commodity vector, 157, 159, 100 
of eiricient point, 100 
of feasible point., 157, 159 
matrix, of cone, 43 
nontrivial, 104 
trivial, 161-163 


Resource requirements, 203 
R(‘sourc(*s, limitations on, 34, 36, 42 
R(d.urn to dollar, 103, 101, 110, 115 
attainment of greatest, lower bound of, 

no 

attainment of least upper bound of,l 1 1 
continuity of, 110 
maximi/ation of, 109 
Returns, dc'creasing, 0, 107 
Rtdurns to scale, 
coiistant, 0. 30, 143, 150 
varying, 90 

Round- voyage, activities, 227 

Saturation, 38 
Scalar weights, 149 
Scale, 

constant returns to, in Leont ief models, 
113 

economies or diseconomies of, 36 
of production, 100, 103 
returns to, 0, 30, 90, 143, 156 
Set, 

convex, 10, 300 
closed, t), 158, 164 
extreme point of, 300 
convex hull of, 300, 301 
dimensionality space of, 301 
diimaisions of, 301 
finite, convex hull of, 300 
interior of, 299 
lineality space of, 301 
mapping of, onto a sub.space, 303 
negative* f)olar of, 29‘.) 
orthogonal comphunent of, 299 
polyhedral, 10 
positive polar of, 299 
relative bourulary of, 301 
relative interior of, i301 
subspace spanned by, 301 
Set theory, im|)ortaiice of, to econom- 
ics* 10 

Shadow priccjs, 65 
Ship movements, empty, 256 
circuits in the* graph of, 247, 218 
neutral, 253 

circular transformation of the flows of, 
248, 252, 253 

disconnect c*d gra))h of, 218, 250 
efficient graph of, 211, 218, 256 
computation of, 251 



402 SUBJKCT 

Ship movoments, empty, eflScient graph 
of (conf.), 

determined by potential function, 
218 

maximal, 253 

minimization of the cost of, 240 
optimal routing plan for, 241 
Ships, 

economic potential function of the lo- 
cation of, 23t), 237, 253, 251 
efTiciency price of the locat ion of, 236, 
237, 253, 254 

locatiotial pot('nt ial of, 236, 237, 253, 254 
Simplex method, 12, 340, 348, 351, 355, 
362, 377 

application of, to degenerate eases, 365 
application of, to game problems, 348 
application of, to transportation prob- 
lem, 359 

computational rules for, 367 
chang(? of basis in, 353 
formula for, 358 
computations in, 343 
iteration in, 343 

Siimiltan<*ous equations, system of, 
in program planning, 205 
representing economic interrelation- 
ships, 17 

Smoke pollution, 38 fn., 39 
Social cost, minimum of, 109 
Socialist sociiity, 3 
Solid cone, 45, 301 
S|»ace, linear, 290 

Splicing conditions, und(?r a discont inuity 
of r(*gime, 118 
Stability, 

conditions for, under decentralized dc- 
cisioii-making, 94 
dynamic, 127 

Static equilibrium, 125, 173 
Static; model, 
of i)roduetion, I 
of trarisiKu lation, 9, 31, 222 
Stationary economy, 115 
Statistical data, 
accuracy of, 282 
inaccuracy of, 10 
Statistical tlioory, 283, 284 
Step functions, 29 
Stocks, 118, 210, 211 
activities njlated to, 200 


INDEX 

Stocks (cow/.)» 
of commodities, 100 
and flows in ])rogram planning, 210 
as output variables, 7 
pro|)cr, 124 

Storage activities in program planning, 
208 
Strategies, 
dummy, 350, 356 
excluded from final basis, 357 
mixed, 330, 349, 375 
mixed optimal, 326, 327, 330, 333, 354, 
356 

of the minimizing player, 357 
optimal, 349 
pure, 356 

real, included in Gnal basis, 357 
Structure;, 
of activities, 193 
static, of (h'lnand, 2 
statistically detcrmineMl, 193 
technological, see Technology matrix 
Substitutability, 

and fix(‘d cocflicients of proeluction, 143 
pcM’fect, in consumption, 2t)4 
Substitution, 142 
cofilinuous, between factors, 33 
of factors, 8 

and Leontief models, com))a(ihility of, 
4, 143, 145 

marginal rates of, 8, 107, 114, ISO, 182, 
183, 231, 238, 253 

betvve*en flows t)f transported goods, 
222 

betweeui groups of commodities, 68 
decrt;asing, 108 

defined on an efficu;nt face‘l, 234 
defined by a uni(|ue‘ price V(*ctor, 66 
offic.ieney prices, interpreted as, 238 
inci-easiiig, 107, 108 
noniiKireasing, 67 
opportunity costs as, 234 
Substitution curve, 182 
Subsl it ulion tlieonun, Leont ie*f mexlL'ls 
Suce(*ssive penetration method, 379 
Supporting halfspaeo for cone, 2tH) 
SuiJfiorting hyperplane for cone, 290 
Supposing plane, definition of, 167 fn. 

Tactical plan, basic, 190 
Technical ccKffiicients, changes in, 266 
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Technicjil nitios, fixed, 33 
Teehnical superiority, definition of, 104 
Toehiiicpies, 277 

TeehnoloKieal change, 200, 2()2, 203, 207, 
2(i8, 272, 277 280 
activities promoting, 281 
cost-saving effect, 281 
derivcid, 272 
in economic theory, 200 
income effect of, 2()7, 272, 280 
empirical estimation of, 209, 277 
introducing new commoditi(‘s, 279, 281 
meaning of, 200, 202 
2 isa product of column transformations 
of the reduced t.e(dinol<}gy matrix, 
273 

and puldic activily, 281 
relative magnitud(‘ <)f, 2(i9 
resource-saving (*ffeet of, 209 
resource-wi<Jening, 281 
IIS a shift in produ(;tion function, 200 
suhslitution (*ff(*ct of, 209 
terminology of, 277 
“trigger effects” of, 208, 271-273, 277 
T(*ehnological eo(*fficients, 
changes in, 271 
fixed, 2 

Teclmological horizon, 98, 101, 102, 108, 
114, 107, 109 
closed, 172, 173 
as a closed cone, 171, 172 
of Leontief models, 107 
linear, 114 

as a 2w-ilimensional cone, 114 
Teclmological information, 102, 108, 107 
equilibrium process contained in, 114 
of t he housidiold, 173 
linear, 108 

Te(dinological innovations, 9 
'rechnological knowledge, 102 
Technological k'aders, 279, 280 
Technological possibilities, 279-281 
changes in, 279, 280 
efficn*nt ulilization of, 35 
Technological structure, see Technology 
mat rix 

Technology, 37, 230, 2li0, 277, 278 
average, 279 
and choice, 33 

distinguished from techniipies, 277 
enlarged by exchange activities, 92 


Technology (cont.), 
fundamental postulates of, 47 
linear, 19, 21 

continuous, 21, 23, 25, 20 
denunu^rable, 21 
finite, 21, 25, 20, 28 
reduced, 5t), 230 

as the set of possible activities, 20 
umdianging, 2 

Technology matrix, 37, 17, 50, 09, 7f), 91, 
193, 227, 23(i, 255, 257, 320 
admissible*, 157 
completely reduced, 229 
extension of, by clianges of technologi- 
cal possibilities, 279 
for n-port model of lransj)ortation, 239 
partially induced, 221 220 
partitioning of, 52, 201 
reduc(‘d, 57. 59, 80, 89 
column transformation of. 273 
triangular, !) 

Time lags in linear moilels, 15 
ToiK)logical pro])erties of ellicient point 
set, 73, 90 
Topology, 298 
Tmnsfer of products, 132 
Transformation, 

circular, of flows of empty ship move- 
ments, 218, 252, 253 
economic, 99 

Transformation function, 35, 233 
efficient point set as, 233 
see also Production function 
Transformation, marginal rates of, 180, 
183 

Transformation surface, 183 
Transportation, 322, 359 
location and, 37 
static models of, 9, 31 
see also Transportation model, Trans- 
lx)rtation problem, and Trans- 
portation pn)gram 

Transportation e(]uipni(‘nt, efficient uti- 
lization of, 222 
Transportation model, 222 
activities in, 224 

analogy's of, with theory of electrical 
ni*t works, 258 

capa<*ily limitations in, 225, 220 

commoditi(*s in, 225 

with a competitive mrirkei, 250 
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Tniiisportation model (coni.), 
dyrijiinic, use of Icg-of-voyagc coordi- 
nates in, 221) 
cffieioiit poiiits for, 240 

diifiiiii.ioii of, 280 

illustrated by cargo movements in 
1913, 243 

log-of- voyage and round- voyage activi- 
ties in, 227, 228 
/Import, 238 

1 echnology mat rix for, 239 
possible points and efficient points in, 
229 

static models of, 9, 31, 222 
two-port, 222 

analysis of, in l(*g-of-voyag(j coordi- 
nates, 233 

analysis of, in round-voyage coordi- 
nates, 227 

completely reduced tecluiology ma- 
trix f<ir, 228, 229 

partially reduced te(4inology matrix 
for, 224 221), 228, 229 

technology matrix for, 223 
Transport at ion problem, 
application of simplex method to, 359, 
3(i7 

computation of, 12 
feasible solution of, 361 
Transportal ion program, 

efficient point corres|K)nding to, as 
rout(j plan for empty ships, 2-10 
marginal cost of variations in, 23-1, 
253 

in n-port transportation model, 238 
Traversal method, 377 


Triangular model, 
overdetermination of, 206 
for program planning, 202-206, 216 
underd(it.ermination of, 207 
Triangular program (^omjjut ation, 202 
“Trigger effects,” 268, 271-273, 277 

Underdetermination of triangular mod- 
els, 207 

U. S. Air Force, 24, 190, 202, 205, 206, 

210, 211 

model for internal operations of, IS, 
191 

models for ))rogramming in, 24 
Planning Kesfiarch Division, 189 
Urysohn’s theorem, 107 fn. 

Vanderbilt Uiiivei*sity, 98, 1 16 fn., 165 fn. 
Variable's, 
exogenous, 133 
nonnegative, 10 
out put., st ocks as, 7 
V’ector, maximization of, 11 
Vectors, ine(|ualitu*s between, 45, 288, 
317 

Walrasian system, Cassel’s formulation 
of, 1 

Warehouse problem, 32 
Wastt* pro<luets, reganh'd as intermediate 
commodities, 40, 91 
Weight vector, 157, 162 
Welfare ('conomics, 2, 95 
Welfare function, 2 
Wt'lfare princii>l(*, weak, 2 
WeyVs Theorem, 291-293, 305 










